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MATHEMATICAL MODEL, ELASTIC-POROUS MEDIUM, POROELASTICITY, PERMEABILITY
The goal of the project is to build a thermodynamically consistent mathematical model for liquid-saturated porous media with consideration for the frequency dependence of the friction coefficient.
The project aims to solve a fundamental Geophysics problem related to the development of the theory of seismic wave propagation in complex porous media and numerical modeling of fluid-saturated fluid flows through a porous medium.
Construction of a thermodynamically consistent mathematical model of fluid motion through an elastic-deformable porous medium, taking into account the frequency dependence of the coefficient. Application of methods of non-equilibrium thermodynamics for constructing a mathematical model of fluid motion through a porous medium, taking into account energy dissipation, and new numerical and analytical methods for solving the problem of wave propagation in porous media. These methods are based on the application of the integral Fourier-Laplace transform in one of the spatial variables and in time. As a result of these transformations, the original problem is reduced to solving a boundary value problem for a system of first-order differential equations that depend on the transformation parameters. High-precision difference methods can be used to solve the problem. These studies allow us to formulate the problem mathematically correctly and to study the existence of a numerical and analytical solution to the system of poroelasticity equations with respect to velocity components in a porous medium, stress tensors, and vapor pressure. Based on the above studies, a new stable finite difference method is also constructed for our problem. Preliminary studies show that the use of these methods makes it possible to develop high-precision and efficient algorithms for numerical modeling of elastic wave propagation in porous inhomogeneous media. These studies will allow us to assess the effect of porosity and rock permeability on the possible oil content of the studied reservoir, as well as on changes in the stress state of the environment in the seismic zone.





ТҰЖЫРЫМДАМА

Есеп 98 бет, 31 әдебиеттер, 5 қосымша.
МАТЕМАТИКАЛЫҚ МОДЕЛЬ, СЕРПІМДІ-КЕУЕКТІ ОРТА, КЕУЕКТІЛІК, ӨТКІЗГІШТІК
Жобаның мақсаты - үйкеліс коэффициентінің жиілігіне тәуелді жағдайында  сұйықтықпен қаныққан кеуекті орталарда термодинамикалық үйлесімді математикалық моделін құру.
Жобаның міндеттері – күрделі құрылған кеуекті орталарда сейсмикалық толқындардың таралу теориясын жасаумен байланысты геофизиканың іргелі мәселесін шешу және кеуекті орта арқылы флюид қаныққан сұйықтықтардың ағынын сандық модельдеу. 
Коэффициенттің жиілікке тәуелділігін ескере отырып, серпімді деформацияланатын кеуекті орта арқылы сұйықтық қозғалысының термодинамикалық үйлесімді математикалық моделін құру. Энергия диссипациясының ескерілуімен, кеуекті орта арқылы сұйықтық қозғалысының математикалық моделін құру үшін тепе-тең емес термодинамика әдістерін, кеуекті ортадағы толқындардың таралу есептерін шешудің жаңа, сандық-аналитикалық әдістерін қолдану. Бұл әдістер кеңістіктік айнымалылардың бірі мен уақыт бойынша Фурье-Лаплас интегралдық түрлендіруді қолдануға негізделген. Осы түрлендірулердің нәтижесінде бастапқы есеп түрлендіру параметрлеріне байланысты бірінші ретті дифференциалдық теңдеулер жүйесі үшін шекаралық есепті шешуге келтіріледі. Алынған мәселені шешу үшін жоғары дәлдікпен айырым әдістерін қолдануға болады. Бұл зерттеулер бізге есепті математикалық тұрғыдан дұрыс тұжырымдауға, кеуекті ортадағы жылдамдық компоненттеріне, кернеу тензорларына және бу қысымына қатысты кеуекті-серпімділік теңдеулер жүйесінің сандық-аналитикалық шешімінің бар болуын зерттеуге мүмкіндік береді. Жоғарыда келтірілген зерттеулер негізінде біздің есеп үшін, сондай-ақ, жаңа орнықты, ақырлы-айырымдық әдіс құрылды. Алдыңғы зерттеулер көрсеткендей, бұл әдістерді қолдану кеуекті біртекті емес ортадағы серпімді толқындардың таралу үрдістерін сандық модельдеудің жоғары дәлдікті және тиімді алгоритмдерін жасауға мүмкіндік береді. Бұл зерттеулер зерттелетін қабаттың мүмкін болатын мұнайлылығына кеуектіліктің, жыныстардың өткізгіштігінің әсерін, сондай-ақ сейсмикалық қауіпті аймақтағы ортаның кернеулі күйінің өзгеруін бағалауға мүмкіндік береді.
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TERMS AND DEFINITIONS

In this research report, the following terms are used with related definitions:
Poroelasticity is a field in materials science and mechanics that studies the interaction between the flow of a liquid and the deformation of a solid in a linear porous medium and is an extension of the elasticity and flow of a porous medium.
Seismic waves are vibrations that propagate in the Earth from natural (earthquakes, volcanic eruptions, mountain impacts, etc.) or artificial sources (explosions, vibrators, pneumatic, gas-dynamic, hydraulic) sources. The frequency range of seismic waves is from 0.0001 Hz to 100 Hz.
Longitudinal waves are a variable interaction of matter propagating at a finite speed in space, which is usually characterized by two functions : a vector function directed along the energy flow of the wave, and a scalar function.
Transverse waves are waves propagating in a direction perpendicular to the plane in which the medium particles oscillate or in which the electric and magnetic field vectors lie.
Stress tensor is a second-rank tensor, which describes mechanical stresses at an arbitrary point of a loaded body that occur at this point during its small deformations.


LIST OF ABBREVIATIONS AND NOTATIONS

The following abbreviations and notations are used in this research report:
	ODE
	- ordinary differential equations

	

	-velocity vector of an elastic porous body

	

	– velocity vector of a liquid

	

	– partial density of an elastic porous body

	

	– partial density of the liquid

	

	– density of a fluid-saturated porous medium

	

	– physical density of an elastic porous body

	

	– physical density of the liquid

	p
	– pore pressure

	

	· components of the stress tensor

	

	·  the Kronecker symbol 

	d0
	– porosity

	

	- elastic modulus

	

	- Lame coefficient

	

	– Lame coefficient, shear modulus

	

	- volume compression module for the liquid component of a heterophase medium

	

	· the third elastic modulus

	

	– the speed of propagation of the transverse wave

	

	– speed of propagation of a fast longitudinal wave

	

	– the speed of propagation of a slow longitudinal wave
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Project goal: Construction of a thermodynamically consistent mathematical model for liquid-saturated porous media taking into account the frequency dependence of the friction coefficient.
Project objectives: Solving the fundamental scientific problem of seismic exploration and hydroacoustics for interpretation of observational data. The project provides for the construction of a thermodynamically consistent mathematical model of fluid motion through an elastic-deformable porous medium taking into account the frequency dependence of the interfacial friction coefficient. Development of methods and algorithms for numerical and analytical modeling of seismic wave propagation in inhomogeneous porous media with an arbitrary coefficient of friction as a function of a spatial variable and time. Conducting a series of full-scale numerical experiments to establish a quantitative relationship between the dynamic characteristics, dissipative properties of seismic waves and the development of the dilatancy region. These studies will allow us to assess the effect of porosity and rock permeability on the possible oil content of the studied reservoir, as well as on changes in the stress state of the environment in the seismic zone.
Scientific novelty and significance of the project: methods of non-equilibrium thermodynamics were used to build a mathematical model of fluid motion through a porous medium, taking into account energy dissipation, new numerical and analytical methods, and solutions to the problem of wave propagation in porous media. These methods are based on the application of the integral Fourier-Laplace transform in one of the spatial variables and in time. As a result of these transformations, the original problem is reduced to solving a boundary value problem for a system of first-order differential equations that depend on the transformation parameters. High-precision difference methods can be used to solve the problem. These studies allow us to formulate the problem mathematically correctly and to study the existence of a numerical and analytical solution to the system of poroelasticity equations with respect to velocity components in a porous medium, stress tensors, and vapor pressure. Based on the above studies, a new stable finite-difference method is also constructed for our problem. Preliminary studies show that the use of these methods makes it possible to develop high-precision and efficient algorithms for numerical modeling of elastic wave propagation in porous inhomogeneous media. It should be noted that this approach makes it possible to efficiently calculate the total wave field for fluid-saturated porous media, taking into account an arbitrary frequency dependence of the friction coefficient.
An important result of studies of sound in a saturated porous medium was the prediction of the existence of three types of seismic waves: longitudinal waves of the first and second kind (sometimes called fast and slow longitudinal waves) and shear waves (transverse waves). It propagates much more slowly than a fast longitudinal wave, and quickly decays and is characteristic of a porous medium. The role of this wave in acoustic problems is most significant in the case of high compressibility of the medium filling the pore space (in particular, if this medium is air or another gas).
Considerable interest in the acoustics of porous media was generated by the experimental work of Plona T. [1], in which for the first time a slow longitudinal wave was registered in a porous medium of artificial origin. Plona T. noted that with a decrease in the porosity of the medium, the speed of the slow longitudinal wave decreases, in contrast to the fast longitudinal and transverse waves, the speed of which increases. Johnson D. L. [2], measured the speed of a slow longitudinal wave in a gas-saturated medium. Later works by Chandler and Johnson [3] and Johnson and Plona [4] show that in a water-saturated medium, a slow longitudinal wave always exists in the high-frequency region.
The main approach used for constructing mathematical models is one of the most effective methods for constructing thermodynamically consistent systems - the method of conservation laws [5,6], which allows us to obtain physically correct equations for the dynamics of two-speed media. Dynamic equations in this method are constructed on the basis of a procedure for matching fundamental physical principles: conservation laws, principles of thermodynamics, and invariance of equations with respect to the Galilean transformation. The mechanism of energy dissipation is introduced in the framework of linear non-equilibrium thermodynamics [7]. The dissipative flows obtained in this approach do not violate the laws of conservation and group invariance of equations. The thermodynamic properties of the simulated complex continuous medium are determined by setting the equation of state for a viscoelastic granular medium or a saturated porous medium [8]. When modeling the dynamics of porous media, the after effect mechanism that reflects dissipative effects is given as integral Boltzmann relations for arbitrary aftereffect functions. The mathematical model constructed within the framework of this approach is thermodynamically consistent and internally consistent, and the construction procedure ensures hyperbolicity of the non-dissipative equations of the model under consideration, consistency and closure of the resulting equations. The analysis of the model under study will be carried out using methods of mathematical physics and numerical analysis based on the combination of finite-difference transformations for one of the spatial variables and the Fourier-Laplace transformation for another spatial variable and time. In contrast to the finite-difference method, this method reduces the initial problem to solving a system of first-order differential equations only by spatial coordinate, which allows us to apply difference schemes for their subsequent solution. This approach is effective for solving non-stationary problems of dynamics of two-speed media, since when using difference schemes, due to the presence of a second slow longitudinal wave in the medium, for the stability of the solution, it is necessary to set small sampling steps, both in time and in space. Methods for constructing mathematical and numerical models of complex non-equilibrium systems correspond to the current level of modeling in the field of dynamics of two-speed media.
Significant are the problems of developing methods for mathematical modeling of wave fields in Geophysics, Biomedicine, seismology, studying the structure and geodynamic processes in the earth's crust, which is especially important in connection with the high rate of development of the oil and gas industry in Kazakhstan. The development of modern computational models of fluid motion in a deformable porous medium is extremely relevant and significant in various fields of science and technology. At the same time, there is still no generally accepted mathematical system of equations describing the flow of even two-phase compressible liquids (gases). In this project, a thermodynamically consistent mathematical model of the wave dynamics of multiphase media will be constructed, taking into account the frequency dependence of the friction coefficient, which will allow for a better understanding of the propagation of both linear waves and nonlinear waves in such media.
The mathematical model of seismic wave propagation in liquid-saturated porous media developed in the project, as well as numerical methods and algorithms for solving direct problems for two-speed hydrodynamics equations, allow us to better understand the wave dynamics of multiphase media, and give new ideas about the nature of flows of viscous incompressible fluids. The methods and algorithms developed in the scientific project can be used in the design of technological processes in the oil and gas industry, Geophysics, non-destructive testing, etc.
In the first section, we obtain a one-dimensional system of first-order dynamic equations with respect to the components of the displacement vector of an elastic porous body, a saturating fluid, and a stress tensor in the dissipative approximation. A thermodynamically consistent mathematical model is constructed to describe the propagation of shear acoustic waves in liquid-saturated porous media, taking into account the dispersion caused by inter-component friction. The variance analysis of the constructed mathematical model is carried out. The results of numerical simulation of seismic wave propagation for the absorption rate and length of the sample model of the medium are presented.
The second section is devoted to the study of the solvability of dynamic poroelasticity problems using a modified ray method. A singular solution is obtained for the one – dimensional transverse wave equation for an elastic-porous medium, taking into account the energy loss due to inter-component friction.
In the third section, a numerical and analytical method is developed for studying a mathematical model of a dynamic system of poroelasticity equations. We present some numerical results and visualization of solutions for some values of physical parameters and functions that satisfy the solvability conditions and boundary conditions.
In the fourth section, the dynamic poroelasticity problem from section 3 is solved using the finite difference method. The finite-difference method is implemented on a uniform difference grid with a staggered arrangement of nodes. Choosing the location of nodes avoids the oscillation of solutions that occur when using Central differences on a non-spaced grid. A visualization of the solution for a multilayer medium consisting of three non-intersecting elastic and porous layers is presented.
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The presence of water and gas in underground reservoirs leads to phase shifts and dependence on the frequency of changes in the amplitude of seismic waves (for example, [9, 10]).
In [11, 12], a two-phase model of the medium was introduced to describe the interconnected wave propagation in a porous fluid-saturated medium. Much attention is also paid to models of the dissipation of a porous medium and ways to account for it in equations of state.
The Frenkel-Biot theory is a linear theory of effective two-phase media (the model of the medium consists of a rigid porous framework and a saturating liquid filling the pores), the equations of which are derived under certain assumptions based on postulating the definitions of the elastic strain energy density function and kinetic energy. Using averaging methods, various authors have obtained macroscopic equations of dynamic poroelasticity (see, for example, [13-19]), which are generally consistent with the Frenkel-Biot theory in the case of a weakly viscous saturating fluid.
The fundamental property of an elastic-porous saturated medium, following from the Biot theory, is that two longitudinal waves, fast and slow, and a transverse wave can propagate in such media.
This system describes the propagation of seismic waves in a porous medium and in the isotropic case contains four independent elastic parameters [9, 12]. The linearized theory of continuous filtration theory is a closed system of second-order differential equations with respect to the velocity vectors of displacements of an elastic porous body and the velocity of a liquid [20, 21], and also like the Frenkel-Biot theory, describes the propagation of seismic waves in a porous medium. The fundamental property of an elastic-porous saturated medium is that two longitudinal waves, fast and slow, as well as a transverse wave, can propagate in such media. In contrast, the Frenkel-Biot theory in the isotropic case is described by three independent elastic parameters.
In 1987, Johnson-Koplik-Dashey (JKD) [22] obtained a General expression for dissipation in the case of random pores. The viscous forces in this model depend in the frequency domain on the square root of the frequency. Hence, this leads in the time domain to an integro-differential equation with a singular kernel.
In this paper, we obtain a one-dimensional system of first-order dynamic equations for the components of the displacement vector of an elastic porous body, a saturating fluid, and a stress tensor in the dissipative approximation.
Consider the propagation of nonlinear transverse seismic waves in the case when the partial densities of the matrix of a porous body, a saturating liquid, and the shear modulus are constant, and the friction force that determines the energy dissipation is a function of the velocity difference . Under these assumptions, the system of nonlinear one-dimensional poroelasticity equations can be written in the following form [23, 24]:


 						(1.1)









where  and  are the velocities of the porous matrix and the saturating fluid, respectively ,  are the differentiation operators; - porosity, and - the physical densities of the porous body and the saturating fluid, respectively; - stress tensor, .
Linearizing the system (1.1), we obtain a system of first-order equations


					 (1.2)


where  is the coefficient of interfacial friction.
In the case when a porous medium is with memory, integral convolution operators [22, 25] are introduced in the system (1.2):


 					(1.3)

where * - is the convolution operator in time.
In the case where the fluid flow in the pores is of the Poiseuille type, the dissipative terms in (1.3) are given by the expression





where  is the Dirac function.
We investigate the condition for the existence of a solution of the system (1.3) in the form of plane monochromatic waves


					 (1.4)

Substituting solutions (1.4) in the system (1.3), we arrive at a homogeneous system of linear algebraic equations for the amplitude:


 				(1.5)



In (1.5)  - the Fourier transform of a function  in time.
The condition for the existence of solutions of the form (1.4) is reduced to zero of the determinant of the system (1.5) and the dispersion relation takes the form





This expression allows you to determine the speed .

Let's represent  as 





where . In this case, the expression (1.4) can be transformed [21]








The speed of the transverse wave  and the absorption length  are determined by and  formulas




The ratio satisfies the high-frequency limits of the phase velocity of shear waves




Figures 1 and 2 show the dispersion curves corresponding to the velocity and absorption length of the transverse wave. The physical parameters used in numerical experiments are taken from [21,22]:




The system (1.3) can be represented in the case of variable coefficients as an integro-differential equation with respect to the displacement velocity of an elastic porous body. In the case of small porosity values, this equation has the form [26]

	



where the coefficients  are given that do not vanish at any point of the function,  describes the source.
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Figure 1 - Dispersion curve of the transverse wave velocity

[image: ]

Figure 2 - Dispersion curve of the absorption length of a transverse wave
A thermodynamically consistent mathematical model is constructed to describe the propagation of shear acoustic waves in liquid-saturated porous media, taking into account the dispersion caused by inter-component friction. We applied the variance analysis to the constructed mathematical model. We presented the results of numerical simulation of seismic wave propagation for the absorption rate and length of the sample model of the medium.
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At a finite rate of energy propagation, the perturbation captures a region of finite size at each time. Therefore, at any given time, there is a surface separating the disturbed and undisturbed regions. This surface is called the perturbation front or wave front. Therefore, the propagation of the disturbance can be described as an expansion of the front surface. If at the moment  the front surface  is defined by the surface, and after a very short time interval  at the moment - by the surface , this means that the disturbance from the surface  has spread to the surface , i.e. passed some way in the environment. If you construct a normal to this surface  at any point  on the surface , it will intersect the surface  at some point . A segment  is the path taken by the wave over time . The direction of wave propagation at a point  is indicated by a vector . It is natural to assume that the propagation velocity of the perturbation (wave)  . In General, it may depend on the position of the point . If the medium is homogeneous, then there is no reason to assume that the velocity changes from point to point of the body. In a heterogeneous environment, when they change, elastic moduli and density, the speed can also be a function of coordinates, i.e..




Statement of the problem: we consider the case when the displacement velocity vectors depend only on  and . The propagation of seismic waves in a porous half-space , when there is a loss of energy due to the coefficient of friction,  is described by the following system of equations


		 (1.6)





here  and  are the components of the displacement vectors of particles of an elastic porous body and a liquid with partial densities  and , respectively.

Suppose that an elastic-porous medium is at rest at :


				 (1.7)


Let a force with momentum be applied at the boundary  [27]:


					 (1.8)



Here  is the Delta of the Dirac function, - the Heaviside function.






It is required to determine the wave fields  and  from this information and given functions that are continuously differentiable and , continuous , ,.
The solution of the problem (1.6) – (1.8) is found in the form of a ray series


		(1.9) 

		(1.10)



where the coefficients and  are yet unknown functions.


We will consider . In formulas, the ellipsis indicates a smoother when  compared to the written term, and






From (1.9) and (1.10) by differentiation we obtain (for convenience, we omit the dependence on  and )








Substituting these expansions in equations (1.6), (1.7) and equating the coefficients for and , we get the following:

 





Boundary condition (1.8) written as




From




or

 					 (1.17)

					 (1.18)

Next, we obtain the Eikonal equation for and solve it:


					 (1.19)


where  is the velocity of propagation of transverse waves in an elastic-porous medium.

From equation (1.12) we get . Now, from equation (1.13), we get




Taking into account (1.19) we reduce this equation to the form


 				(1.20)
Where


 					(1.21)


equation (1.20) is an ordinary linear differential equation of the first order with respect to an unknown function : 




the solution of which is easily written out in quadratures




Given the initial condition (1.17), we find the constant:




Thus,


			 (1.22)



Using a known function  from (1.14), we find :
		

 					(1.23)


from equation (1.13), we get the equation for determining  :




which we represent as






Where  is a known function of : it is defined by formulas (1.21) and (1.23). Solving this first-order linear differential equation, we find


  (1.24)

using the initial condition (1.18), as well as formulas (1.19), (1.21), we define the constant:


 					(1.25)


Substituting (1.25) into (1.24), we find .

Thus, we have defined uniquely unknown functions 



You can get as many terms of the wave field expansion  и  as you want, more precisely, as much as the smoothness of the coefficient  allows.





When porosity disappears, the partial densities  and  tend to  and 0, respectively [27, 28]. Here  is the density of the elastic medium. Therefore, aiming the porosity  to zero in (1.22), (1.24) we obtain the known formulas given in [29] for the coefficients of the wave field expansion for an elastic medium.
Thus, we have obtained a singular solution for the one – dimensional transverse wave equation for an elastic-porous medium, taking into account the energy loss due to inter-component friction.
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Let's turn to the mathematical formulation of the model for a two-dimensional dynamic problem. The basic equations are based on conservation laws and Hooke's laws and are consistent with the conditions of thermodynamics. We consider a half-plane filled with a porous medium saturated with a liquid, with parameters that characterize each of them. Thus, the propagation of seismic waves in these environments in the absence of energy losses is described by the following initial-boundary value problem in terms of the components of the velocity of the saturating fluid velocity solid matrix, fluid pressure and stress tensor [5, 7]. The considered problem is formulated as follows:
The law of conservation of momentum for an elastic medium


			(2.1)

The law of conservation of angular fluid: 


				(2.2)

Hooke's law for the solid matrix (elastic medium):


	(2.3)

Hooke's law about liquids: 	


			(2.4)

Initial conditions:			


 				 (2.5)


The boundary conditions on the free surface in the plane  :


			 (2.6)

























for the two-dimensional case ,  and  are the velocity vectors of an elastic porous medium with partial density and a liquid with partial density , ,  where  and , respectively, the physical densities of the porous medium and the liquid,  is the porous pressure,  are the components of the stress tensor,  is the Kronecker symbol, and  is the porosity. In addition,  where  and  are the Lame coefficients,  >0,  is the volume compression modulus of the liquid component of the heterophase medium. Elastic modules and  ( are expressed in terms of the propagation velocity of transverse waves  and the velocity of two longitudinal waves  as follows:
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For the two-dimensional case ( and ) the system (2.1) - (2.4) will include eight equations with eight unknown functions : 
To reduce the problem for a hyperbolic system of differential equations (2.1) - (2.6) to the problem for the system of six ordinary differential equations (odes) used the Laplace transform-Fourier transform in relation to the time variable and the spatial variable in the following form:








where  - integrable function of the variables ,  and .




Then all partial derivatives of the spatial variable  will be converted to an image function  with the parameters and instead of the variables  and .




As a result of applying the Laplace-Fourier transform with respect to a time variable  and  a space variable to all partial derivatives and functions in the system (2.1) - (2.4), using the initial conditions (2.5) and some further algebraic transformations, we obtain a system of six ODEs with six unknown functions. In addition the other two functions  and  are expressed as a combination of the other six functions as follows:



  		(2.7)


Also swap the order of the ODE in the system so that the derivatives of unknown functions were located in the same order as the unknown functions in the vector  i.e.:


				(2.8)

 (2.9)

 (2.10)

 

				(2.11)

			(2.12)

					(2.13)

				(2.14)

The system (2.8) - (2.13) can be expressed in the following vector form:


					(2.15)



where  is a vector 


The system (2.15) can be rewritten in matrix form with matrices  and  as follows:

	


As a consequence, (2.15) is rewritten to the normal form of the equations as follows:




Where the matrix is such that the only non-zero coefficients are the following:


		 	


			


 	



where:
	







	











And the vector on the right side takes the form , and its components are calculated in the following form:





, , , 

Thus, an inhomogeneous system of six equations (2.8) - (2.13) is transformed into the normal form of a linear inhomogeneous system with constant coefficients having a compact vector form:



, where  			(2.16)

The general solution of an inhomogeneous system in vector form (2.16) is the sum of the General solution of the corresponding homogeneous system and the particular solution (2.16), i.e.:


,




where  is a linear combination of solutions  forming the fundamental system of the corresponding homogeneous system of equations, and  is an integral of the following form:



, .
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We construct a fundamental system formed from a set of six linearly independent solutions for a homogeneous equation.
First, we can rewrite the homogeneous system for (2.16) as follows:


.

Using the MATLAB software (see the code in Appendix D), six eigenvalues were calculated in symbolic form, and the following relations were actually obtained:




The following formulas were calculated using MATLAB software (see the code in Appendix D) to Express the eigenvalues of the matrix:




 

where the following notation is introduced:














In the course of numerical experiments, it was determined that within the ranges of values of physical parameters  the coefficients  and  are such that . Let , then we define the following sets:



 

We consider the case when the matrix has six different real eigenvalues, i.e. 



,   :

Therefore, the general solution of a homogeneous system can be expressed as:


 					(2.17) 

where:






 is such that , and . Expressions of elements of the eigenvector matrix are too long algebraic expressions. Instead, we present the corresponding MATLAB code for calculating eigenvectors in symbolic form for the general case in Appendix D to this report. Now we will get a concrete solution using the following formula:




Then the General solutions (2.16) will have the following form:


	 (2.19)

Set the following notation: 





 and 


Given the notation for any we have


					 (2.20)

Thus,


				 (2.21)

Each component can be written as follows:





where 



If we take into account the boundary conditions (2.14), then from (2.18), for , we get that  for .
In order to calculate the value of the constant Cj, for j=1,2,3, it is physically expedient to impose additional boundary (finite) conditions, that is, the velocities decrease to zero at infinity as follows:


				(2.22)

Thus, if we denote and positive eigenvalues and assume that


				 (2.23)


then we have that the last three components of the vector on the right side of equation (2.21) tend to zero when . It follows from this fact that the first three components of such a vector must be equal to zero.
As a consequence, we derive the following necessary condition to ensure that the first three components are zero:


				 (2.24)





To see that condition (2.24) is sufficient, we have that for any  under  this assumption, the limit for  the expression  is indefinite  of the form . So, using the lopital rule, we have that the limit is valid:




which by virtue of (2.19) and (2.23) is zero.
So we come to the following necessary and sufficient condition:




From the previous system, we see that in order for there to be a single solution, it is
sufficient to ensure that. In our case:


 (2.25)



where  are the coefficients that depend on the parameter values  (see the Matlab code in Appendix D). Taking into account the previous expression, we can state that the matrix is invertible. Thus, we have that Cj, j=1,2,3, are the solution of the following system:





Therefore, if we denote by , we get the following expression for the coefficients Cj, j=1,2,3:




Thus, the solution of the system (2.16) with boundary conditions (2.14) and (2.22) has the form:





with 




The additional two solution functions, namely  and  are uniquely determined by the formula (2.7). We should note that both the matrix coefficients and the eigenvalues depend on the parameters  and . We omit this dependence to simplify the notation, but this dependence must be taken into account when calculating the inverse Laplace-Fourier transform.
To obtain a solution to the original problem for the system of partial differential equations (2.1)-(2.6), the inverse Laplace-Fourier transform must be applied to the obtained solutions of the system of ordinary differential equations in the following form:


 (2.26)

Given the complexity of the previous expression, it is likely that we will not be able to get an analytical expression that is valid for all cases. Therefore, the use of numerical methods is essential for approximating the previous integral. Further research is devoted to approximations of the numerical solution of the resulting ODE system using high-precision methods, with further application of the discrete inverse Laplace-Fourier transform to solve the original problem (2.1)-(2.6).
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In this section, we present some numerical results obtained using realistic data. The purpose of this section is to show that there are real data for which sufficient conditions for the existence of a solution are satisfied, which we analyzed in the previous section. More specifically, we will see that , in the case of , we can consider the values of the parameters  and , such that the set . We also give some examples of functions  for which (2.25) is performed. In further research, we will use the formula (2.26) to obtain numerical solutions to the problem (2.1)-(2.6) and compare them with solutions obtained using other methods.
We consider the following function:




In this case:




where erfc is the complementary error function. For any a>0, we have:




It should be noted that functions that realistically describe the propagation of a seismic wave signal from some source also satisfy condition (2.23), which will be shown in Subsection 2.2.


Let the coefficients  take the following values:




Then we have the following expression for eigenvalues:







where  and  are calculated using the formulas of the second section. In this case, we have six different real eigenvalues a.e. . Note that the eigenvectors depend on the parameter values , so we must take this fact into account when calculating the solution of the problem using the formula (2.26). 
The entire algorithm for the numerical and analytical solution of this complex hyperbolic two-dimensional time-dependent problem (2.1) - (2.6) is shown in figure (1):
[image: ]
Figure 3 – Solution algorithm.
The computation of the exact two-dimensional time-dependent solutions for the initial boundary value problem of poroelasticity was obtained by applying inverse Fourier and Laplace transforms by performing parallel and sequential calculations. Visualization for some parameter values of dynamic solutions is presented for several fixed time values that confirm that the boundary conditions are satisfied. Computer and mathematical modeling of non-stationary physical processes occurring in porous media saturated with liquid plays an important role in the study of fluid flows in porous structures.

Let’s denote the following integral:


,(11)

which we can first solve analytically for a particular kind of function to save a lot of computational resources for computing (10). 
To compute numerically the solutions (2.26) we take the values of the input parameters and a form of a sample external force function satisfying the resolvability conditions of the problem as follows:















 = , =, = , =, =

		  (2.28)





We first apply Laplace-Fourier transform to function  in (2.28). Then we substitute the resulted function  into the integral (2.27) for further approximation of the double integrals in solution functions (2.26). We can first solve analytically to save computational resources as follows:


,


where is a complimentary error function.


Visualization of the solution functions is done in animated 3-dimensional format using PyPlot packages. While for the purposes of the paper the sample graphs of the solution functions are presented for two different fixed time values (when n=32, where n is a number of nods), and for  (when n=64, where n is a number of nods) as follows:

It can be seen on Figures 2 - 6 that the solution functions satisfy the boundary conditions, i.e. thereof  some are fading to zero at  and all in infinity.
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	Figure 4 – Solution function
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	Figure 5 – Solution function
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Figure 6 – Solution function 

at 

	
Figure 7 – Solution function  

at 
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For the numerical solution of the problem stated in subsection 2.1, the finite difference method is used. In the area where we introduce a uniform difference grid 




	

	

	








with the staggered arrangement of nodes shown in figure 8. The longitudinal components of the velocity vectors and are defined at the nodes , transverse components of these vectors in the nodes  , the diagonal components ,  of the stress tensor in the nodes  ,  - the nondiagonal component in knots 

[image: C:\Users\samat\Desktop\From Linux\20201014\imgs\imgs\mesh.png]
Figure 8 - Grid with a staggered arrangement of nodes
This choice of node location avoids the appearance of oscillations in the solution that occur when using Central differences on an unassigned grid [30].

The unknown grid functions will be denoted by the same letters as in the differential problem, but with the addition of a superscript , as well as subscripts and superscripts denoting the node numbers:




	

	

	



















It is assumed that the region  consists of three disjoint subdomains: ,  corresponding to an elastic medium, and  corresponding to a porous medium, where . Without detracting from generality, we assume that ,  and there are numbers  and  such that , . We denote by , , and  subsets of the set of nodes of the difference grid  corresponding to subdomains ,  , and , that is




	

	


We put the following explicit difference scheme on the difference grid  in accordance with the differential problem:

	

	

	

	((2.29)

	

	

	

	((2.30)

	

	((2.31)

	

	((2.32)

	

	

	

	

	

	((2.33)

	
,
	2(2.34)

	

	

	

	

	

	((2.35)

	


	W
((2.36)

where

	where











In the subdomains  and   equations (2.30) and (2.32) are not used, and the corresponding values of the vector components are assumed to be zero.













We define the algorithm for the numerical solution of the problem as follows. Let the values of the grid functions , , , , , , , on the  - time layer be known. Then the transition to the th time layer is performed by explicit formulas (2.27)-(2.34), and due to boundary conditions, the calculation of grid functions, , and  by for according to the formulas (2.34), (2.35) and (2.36) starts from the lower left corner of the computational grid, and the calculation of net functions and formulas (2.29), (2.30), (2.32) – with the top right corner.



To approximate the internal boundary condition  on a spaced grid , we write the equation (2.32) for the node :





Apply linear interpolation


,


from which, taking into account the boundary condition , we get





Substituting (2.38) in (2.37), we get the desired boundary value . The boundary values of the other grid functions are determined in the same way.
The results of computational experiments are stated in Appendix E. The computations were performed on a server with a 20-core Intel Xeon CPU E5-2670 with a clock speed of 2.6 GHz and 48 GB of RAM. Since an explicit computational scheme is used, cyclic sections of the algorithm allow parallelization.

	
































(2.37)











(2.38)
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A thermodynamically consistent mathematical model of fluid motion through an elastic-porous medium is constructed, taking into account the frequency dependence of the friction coefficient (with memory). These studies will allow us to assess the effect of porosity and rock permeability on the possible oil content of the studied reservoir, as well as on changes in the stress state of the environment in the seismic zone.
Conditions for the existence of an analytical solution of the system of poroelasticity equations describing the motion of waves in a porous medium for the components of velocity, stress, and pore pressure are found.
Questions of correctness of initial-boundary value problems for the constructed mathematical model of poroelasticity are studied.
In the dissipative hydrodynamic approximation, a closed system of first-order dynamic integro-differential equations is obtained with respect to the velocity components of the displacement vector of an elastic porous body, a saturating fluid, and a stress tensor. The dependence of the dispersion ratio of the obtained system on the physical and kinetic parameters is studied. A thermodynamically consistent model is constructed to describe the propagation of shear acoustic waves in liquid-saturated porous media, taking into account the dispersion caused by inter-component friction. The variance analysis of the constructed mathematical model is carried out.
For small values of the porosity, the obtained system of first-order differential equations is reduced to a second-order hyperbolic equation in a curved half-band with variable coefficients and memory. The solvability of the mixed problem for the above hyperbolic equation is studied.
Conditions of unique solvability of a number of local boundary value problems (the initial problem, the Cauchy problem, the characteristic problem, and various modifications of the Cauchy-Goursat problem) are studied.
Using the method of integral equations, the solvability of the above problems is equivalently reduced to a system of three integral equations with three unknown functions. The smoothness of the kernels and right-hand sides of a system of integral equations is studied. It is established that the smoothness of the solution of the set tasks significantly depends on these tasks. The system resolvent is constructed. Numerical series of major resolvents of the system of integral equations are constructed. The influence of the "memory" (integral term) on the convergence of the functional series describing the above formulated local boundary value problems is revealed. Estimates of solutions to Cauchy problems are obtained.
The existence, uniqueness, and stability theorems of the initial-boundary value problem and mixed problems for a hyperbolic memory equation are proved.
Methods of numerical and analytical modeling are developed and the problems of solvability of problems of propagation of seismic waves in inhomogeneous porous media with an arbitrary coefficient of friction are studied.
An algorithm based on the spectral-difference method for numerical solution of the dynamic problem for porous media is proposed. We consider a linear two-dimensional problem in the form of dynamic equations in terms of displacement components described by three elastic parameters. For the numerical solution of the problem, a method based on the combined use of the Laguerre integral transformation in time and the finite-difference approximation in spatial coordinates is used. The numerical implementation of the proposed method is described and numerical results of modeling the fields of propagation of seismic waves for the test environment model are presented.
An algorithm based on a modified ray method for solving the dynamic poroelasticity problem for SH waves is proposed. A nonlinear one-dimensional problem is considered in the form of a system of hyperbolic equations in terms of components of displacement vectors for particles of an elastic porous body and a liquid with specified partial densities. The basic equations are based on conservation laws and are consistent with the conditions of thermodynamics. It is assumed that the elastic-porous medium is at rest at the initial moment of time and a force with momentum is applied at the boundary (in terms of spatial variables).
The order of accuracy of the approximate solution (of wave fields) depending on the smoothness of the coefficients of the system equation (the friction coefficient, the partial densities of the porous body and liquid, etc.)
Based on modified ray method obtained the singular solution for the one-dimensional case the equations of propagation of seismic waves in a porous medium when there is a loss of energy due to friction.
An analytical solution of the dynamic initial-boundary value problem for the system of poroelasticity equations for the two-dimensional case is obtained in explicit form. Using the integral Fourier-Laplace transform, the original hyperbolic system of partial differential equations is reduced to a system of ordinary differential equations for one of the spatial variables. The problem solvability conditions are obtained. A numerical experiment is performed for specific initial values of physical parameters and the type of function that satisfies the solvability conditions of the problem. To obtain a solution to the original poroelasticity problem, discrete analogs of inverse Laplace transforms with Talbot approximation and fast Fourier transform are applied. Numerical solutions are obtained using parallel and sequential computing processes. The obtained solutions of the dynamic problem are visualized at fixed time points. it is shown that the solutions satisfy the boundary conditions at the origin and decay at infinity.
An algorithm is developed for the numerical and analytical solution of the dynamic poroelasticity problem using a finite-difference method for solving the problem on a uniform difference grid. Numerical experiments were performed for a multilayer medium with alternating elastic and porous layers characterized by different physical parameters of partial densities and propagation velocities of longitudinal and transverse seismic waves, as well as for various functions describing the source of the seismic signal. A visualization of the dynamics of changes in the modulus of the velocity vectors of the solid frame and the saturating liquid that make up the porous medium under study at different time points is obtained.
Based on the materials of the reporting period of the project, scientific reports were made in the following international scientific conferences and forums (Appendices B):
- world Congress of Mathematicians of the World, August 01 - 09, 2018, Rio de Janeiro, Brazil.
- Reporting conference of IICT SC MES RK, July 2-5, 2018, Almaty.
- XV international scientific and practical conference "Russian science in the modern world", April 15, 2018, Moscow.
– International scientific conference "Modern problems of the applied mathematics and information technology-Al-Khorezmiy 2018", Tashkent.
- International conference of the Voronezh spring mathematical school XXXII in the framework of "Pontryagin readings-XXX", may 3-may 9, 2019, Voronezh, VSU, Lomonosov Moscow state University, Russia;
- 9th International Congress on Industrial and applied mathematics, 15-19 July, 2019. ICIAM-2019, Valencia;
- Conference on transfer between Mathematics & Industry. CTMI-2019, 22-24 July, 2019. Santiago de Compostela, Spain;
- International Research Conference “Inverse Problems in Finance, Economics and Sciences”, August 31 – September 4, 2019, Almaty;
- IV international scientific and practical conference "Informatics and applied mathematics" dedicated to the 70th anniversary of professors Biyarov T. N., Valdemar Wujcik and the 60th anniversary of Professor Amirgaliev E. N. CSAM-2019. September 25-29, 2019, Almaty;
- International conference " Actual problems of analysis, differential equations and algebra "(EMJ-2019), dedicated to the 10th anniversary of the issue of the Eurasian Mathematical Journal, L. N. Gumilyov Eurasian national University. October 16-19, 2019, Nur-Sultan;
- Uzbek-Russian Scientific conference "Non-Classical equations of mathematical physics and their applications", held jointly by Mirzo Ulugbek National University of Uzbekistan, V. I. Romanovsky Institute of Mathematics of the Academy of Sciences of Uzbekistan, S. L. Sobolev Institute of mathematics SB RAS and Novosibirsk state University. October 24-26, 2019, Tashkent.
- Individual results of the research project were discussed with professors Waldemar Wujcik (Lublin technical University, Poland), Hamdani Saidi (Malaysian technical University, Malaysia) and Mohamed Othman (Putra University of Malaysia, Malaysia).
- Reporting conference of the IICT KN MES RK, July 2-5, 2020, Almaty.
- Scientific conference of IICT MES RK "Modern problems of Informatics and computing technologies" based on the results of research on GF and PCF for the first half of 2020, July 08-11, 2020, Almaty, Kazakhstan
- V international scientific and practical conference "Informatics and applied mathematics", September 29 - October 01, 2020, Almaty, Kazakhstan, Online
The tasks set in the Calendar plan (Appendix A) have been completed during the reporting period. The main results of this research are published in 26 scientific papers, 7 of them in foreign publications, including 5 in Scopus and Web of Science databases, 7 in Kazakhstan publications, as well as 12 publications in foreign and national proceedings of the conference.
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Annex 1.5 to 
the Agreement #____ as of_______ 2018
on grant financing 
TECHNICAL SPECIFICATION AND 
WORK CALENDER PLAN
Under agreement #211 as of March 19, 2018.
1. Republic State Entity with the Right of Operational Activity “Institute of Information and Computational Technologies” of the Science Committee of the Ministry of Education and Science of the Republic of Kazakhstan.
1.1 On the priority: 3. Information, telecommunications and space technologies, scientific research in the field of natural sciences.
1.2 On the sub-priority: 3.6 Information, telecommunications and space technologies, scientific research in the field of natural sciences. Mathematical and computer modeling in the area of mathematics, physics, and astronomy. Applied research. 
1.3 On the project theme: #AP05131026, “Mathematical modeling of the dynamics of elastically deformable porous media, taking into account the frequency dependence of the friction coefficient (with memory)”
1.4 The total sum of the project 45 000 thous. (forty five thousand tenge) tenge, including on years, for implementation of works according to the item 3:
· for 2018– 15 000 thous. (fifteen million tenge) tenge 
· for 2019– 15 000 thous. (fifteen million tenge) tenge
· for 2020– 15 000 thous. (fifteen million tenge) tenge

2. Characteristics of scientific-technical product on qualification features and 
economic parameters
2.1 Direction of work: Mathematical modeling of the dynamics of elastically deformable porous media.
2.2 Area of application: geological exploration and petroleum engineering 
2.3 Final result: 
· for 2018: Initial boundary value problem solution for a second-order hyperbolic equation in a curvilinear half-plane with variable coefficients and with memory will be obtained. Two papers will be published in the national journals.
· for 2019: Group properties for a nonlinear poroelasticity system for SH waves will be studied. Three papers will be publication in national journals correctness will be studied 
· for 2020: A thermodynamically coherent mathematical model describing fluid motion through the elastically deformable porous media will be constructed, taking into account the frequency dependence on the friction coefficient (with memory). Three papers in national journals and two in foreign journals with non-zero impact factor and two in journals with indexation in Web of Science or Scopus databases with non-zero impact factor.
2.4 Patentability: no
2.5 Scientific and technical level (novelty): A new mathematical model of wave dynamics in multiphase environment taking into account frequency dependence on the friction coefficient (with memory)
2.6 Application of scientific and technical product is performed: by the Customer 
2.7 The kind of application of scientific and (or) scientific-technical activity: The results of project works can be applied for conducting design and engineering computations of wave dynamics of petroleum fields of RK, theoretical knowledge – in petroleum and geological exploration engineering.   
3. Description of works, terms of implementation and results
	№


	Name of project tasks and activities for their implementation
	Terms of implementation
	Expected results

	
	
	Start date
	Completion date
	

	1.
	Thermodynamically consistent mathematical model construction of fluid motion through the elastic-porous medium taking into account the friction coefficient frequency dependence (with memory)
	January 2018
	June
2018
	Thermodynamically consistent mathematical model of fluid motion through the elastic-porous medium taking into account the frequency dependence of the coefficient of friction (with memory) will be constructed

	1.1
	 Initial boundary value problems solution correctness study for the poroelasticity mathematical models construction
	May
2018
	August 2018

	Initial boundary value problems solution correctness will be studied for the poroelasticity mathematical model construction 

	11.2
	Initial-boundary value problems solution for a second-order hyperbolic equation in a curvilinear half-plane with variable coefficients and with memory. Publication of 2 papers in the national journals 
	September 2018
	November 1 2018
	The initial-boundary value problems solution for a second-order hyperbolic equation in a curvilinear half-plane with variable coefficients and with memory will be obtained. 2 papers will be published in the national journals

	1.3
	2018 Annual report preparation.
	October 2018
	November 1 2018
	2018 Annual report.

	2.
	Numerical - analytical modeling methods development and resolvability conditions study for problems describing seismic waves propagation in heterogeneous porous media with arbitrary friction coefficient as a spatial variable and time function 
	January
2019
	June
2019
	Numerical - analytical modeling methods will be developed and of resolvability conditions studied for problems describing seismic waves propagation in heterogeneous porous media with arbitrary friction coefficient as a spatial variable and time function

	2.1
	Modification of ray method for solving poroelasticity dynamic problem 
	March
2019
	June
2019
	A modified ray method for solving poroelasticity dynamic problem will be develoed

	2.2
	Inverse poroelasticity (with memory) dynamic problems solution correctness study 
	May
2019
	August 2019
	Inverse poroelasticity (with memory) dynamic problems solution correctness will be studied

	2.3
	Group properties study for a nonlinear poroelasticity system for SH waves. Publication of 3 papers in national journals.
	September 2019
	November 1 2019
	Group properties for a nonlinear poroelasticity system for SH waves will be studied.
Three papers will be publication in national journals 

	2.4
	2019 Annual report  preparation.
	October 2019
	November 1 2019
	Y2019 Annual report 

	3
	Numerical - analytical modeling algorithms development  to describe process of the seismic waves propagation in heterogeneous porous media with arbitrary friction coefficient as a function of the spatial variable and time, and with the relaxation core. The numerical experiments in order to establish a quantitative relationship between the seismic waves’ dynamic characteristics, dissipative properties.
	January 2020
	September 2020
	Algorithms based on numerical - analytical modeling methods for processes of  the seismic waves propagation in heterogeneous porous media with arbitrary friction coefficients and numerical experiments will be carried in order to establish a quantitative relationship between the seismic waves’ dynamic characteristics, dissipative properties will be carried.

	3.1
	Fundamental solution construction for the dynamic poroelasticity system. 
	March
2020
	June
2020
	Fundamental solution for the dynamic poroelasticity system will be constructed

	3.2
	Algorithms development for the numerical and analytical dynamical poroelasticity equations solutions based on spectral method;

	May
2020
	August
2020
	Algorithms for the dynamical poroelasticity equations numerical and analytical solutions will be developed based on spectral method;



	3.3
	Carrying series of elastic wave propagation in porous media computational experiments and the seismic waves dynamic characteristics analysis  and quantitative study of the relationship between the seismic waves dynamics and the porous medium parameters. Publication of 3 papers in national journals and 2 in foreign journals with indexation in Web of Science or Scopus databases
	September2020
	November 1 2020
	Series of elastic wave propagation in porous media computational experiments and analysis of the seismic waves dynamic characteristics and quantitative study of the relationship between the seismic waves dynamics and the porous medium parameters will be carried. Three papers in national journals and 2 in foreign journals with non-zero impact factor and two journals with indexation in Web of Science or Scopus databases with non-zero impact factor.


	3.4
	2020 annual report preparation.
	October
2020
	November 1 2020
	Y2020 Annual report
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In this research work, the following foreign information resources were used:
― SCOPUS database; 
― Web of Science database;
― ResearchGate database.
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This Appendix includes Matlab code for generating matrices and executing necessary calculations to solve the problem. We recommend that you copy and paste the commands into the live Matlab script (version R2016a and higher). If a lower version is available, you can use a simple script, but the simplifications are not as accurate. The code can be executed in character or numeric mode by simply changing the data type for the coefficients  and . For example, in the symbolic case:
syms mu; syms rho0_l; syms rho0; syms K; syms s;
syms rho0_s; syms k1; syms alpha; syms Fhat_1; syms Fhat_2
Next, we enter the code to get the matrices:
A1=[mu, 0, 0, 0, 0, 0;...
0, 4*mu/3+rho0_l*K/rho0, -rho0_s*K/rho0, 0, 0, 0;...
0, K-alpha*rho0*rho0_s, -alpha*rho0*rho0_l, 0, 0, 0;...
0, rho0_l*K/rho0/s-2*mu/3/s, -rho0_s*K/(s*rho0), -1/(1i*k1), 0, 0;...
0, 0, 0, 0, 1/rho0_s, 1/rho0;...
0, 0, 0, 0, 0, 1/rho0];
\end{verbatim}
\begin{verbatim}
A2 = [0, mu*1i*k1, 0, s, 0, 0;...
(rho0_l*K/rho0-2*mu/3)*1i*k1, 0, 0, 0, s, rho0_s*K*(1i*k1)^2/(s*rho0^2);...
(K-alpha*rho0*rho0_s)*1i*k1, 0, 0, 0, 0, alpha*rho0_l*(1i*k1)^2/s-s;...
(4*mu/3/s+rho0_l*K/rho0/s-s^2*rho0_s/(1i*k1)^2/s)*1i*k1, 0, 0, 0, 0, ...
-rho0_s*(K*k1^2/s^2/rho0^2+1/rho0);...
0, s, 0, 1i*k1/ rho0_s, 0, 0;...
0, 0, s, 0, 0, 0];
\end{verbatim}
\begin{verbatim}

Next, we calculate the matrices 
A1inv=inv(A1);
B_1=-A1inv*A2;
B_2=A1inv*A3;
Now we can calculate the eigenvalues and eigenvectors:


	

If one uses live script, the expression for eigenvalues will be more similar to the one given in (6.3). In any case, to obtain the formula (6.3), a number of additional simplifications must be made. The expression for eigenvectors is very complex. To get (6.10) , we can run the following code:












When working with numeric values , the values of the  , and  parameters are calculated based on the specified parameter values  and  using the formula (2.7). In this case, the parameters  and  must be pre-initialized with a numeric value. For example, in the example shown in section 2.1 of the report:










 = , =, = , 





=, =

Then we must add the following lines to the code:
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A number of computational experiments were performed using the algorithm proposed in subsection 2.2. In the first computational experiment, the following parameters of the problem are accepted:



a) parameters of the integration domain: , , ;
b) values of physical quantities:








	

c) parameters of the computational grid:




, , ;

d) source function:



   


 ,   


The  function graph is shown in figure E.1.
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Figure E.1 - Function in the first computational experiment



There are several approaches to approximation of multidimensional delta functions , . The first approach is to use a function, the "beanie" form







Where . The partial derivative of this function with respect to a variable   has the form



The second approach is to represent [31]






where  is the grid step, – is an arbitrary function that satisfies the following conditions:



1)  is continuous for all real ;


2)  for ;


3)   for all real ;


4) for all real ;




5)  for all real ones , where  is a constant independent of .



The algorithm for composing a function  that satisfies these conditions is given in [31]. However, the function  approximates the function quite well







Figures E.2 and E.3 show the dynamics of changes in the modulus of the vectors  and  from  s  to  s at regular intervals.
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Figure E.2 -  module graphic in the first computational experiment
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Figure E.3 -  module graph in the first computational experiment
In the second computational experiment, the following parameters of the problem are accepted:
a) parameters of the integration domain:




, , , ;
b) values of physical quantities:




	


	


	;

c) parameters of the calculated grid:



, , ;

d) source function:



   

,

	
The graph of the function is shown in figure E.4.
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Figure E.4 - Function in the second computational experiment,






Figures E.5 and E.6 show the dynamics of changes in the modulus of vectors  and from s to s at regular intervals.
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Figure E.5 -  module graphic in the second computational experiment
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Figure E.6 -  module graphic in the second computational experiment
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	using OffsetArrays
using Base.Threads

#-----------------------------------------------------
# Given
#-----------------------------------------------------
# Domain
const Ax₁, Bx₁ = 0.0, 100.0
const Ax₂, Bx₂ = 0.0, 100.0
const At, Bt = 0.0, 1.0

const L₁, L₂ = 15.0, 75.0

# Mesh
const Nx₁, Nx₂ = 400, 400
const LastTimeLayer = 100000

# Media properties
const ρ₀sf_porous = 1500.0
const ρ₀lf_porous = 1000.0
const cp₁_porous = 2000.0
const cp₂_porous = 450.0
const cs_porous = 1400.0
const d₀_porous = 0.2

const ρ₀sf_elast = 1200.0
const cp₁_elast = 1400.0
const cs_elast = 1300.0

const h₁, h₂ = (Bx₁ - Ax₁) / Nx₁, (Bx₂ - Ax₂) / Nx₂
const Nl = 20.0
const γ = 4.0
const f₀ = cs_porous / (h₁ * Nl)
const t₀ = 1.0 / f₀
	const τ = 0.00009 * h₁ / sqrt(2.0 * cp₁_porous)
const x₁₀, x₂₀ = 50.0, 14.0
function f(t::Float64)
    if t <= 2.0 * t₀
        -2.0 * π^2.0 * f₀^2.0 * (t-t₀) * exp(-π^2.0 * f₀^2.0 * (t-t₀)^2.0)
    else
        0.0
    end
end
#---------------------------------------------------
# Arrays
#---------------------------------------------------
const ρ₀sf = zeros(0 : Nx₂)
const ρ₀lf = zeros(0 : Nx₂)
const d₀ = zeros(0 : Nx₂)
const cp₁ = zeros(0 : Nx₂)
const cp₂ = zeros(0 : Nx₂)
const cs = zeros(0 : Nx₂)
const ρ₀s = zeros(0 : Nx₂)
const ρ₀l = zeros(0 : Nx₂)
const ρ₀ = zeros(0 : Nx₂)
const μ = zeros(0 : Nx₂)
const K = zeros(0 : Nx₂)
const α₃ = zeros(0 : Nx₂)
const α = zeros(0 : Nx₂)
const u₁ = zeros(0 : Nx₁-1, 0 : Nx₂)
const u₂ = zeros(0 : Nx₁-1, 0 : Nx₂)
const v₁ = zeros(0 : Nx₁, 0 : Nx₂-1)
const v₂ = zeros(0 : Nx₁, 0 : Nx₂-1)
const σ₁₁ = zeros(0 : Nx₁, 0 : Nx₂)
const σ₁₂ = zeros(0 : Nx₁, 0 : Nx₂)
const σ₂₂ = zeros(0 : Nx₁, 0 : Nx₂)
const p = zeros(0 : Nx₁, 0 : Nx₂)



	const u₁_new = zeros(0 : Nx₁-1, 0 : Nx₂)
const u₂_new = zeros(0 : Nx₁-1, 0 : Nx₂)
const v₁_new = zeros(0 : Nx₁, 0 : Nx₂-1)
const v₂_new = zeros(0 : Nx₁, 0 : Nx₂-1)
const σ₁₁_new = zeros(0 : Nx₁, 0 : Nx₂)
const σ₁₂_new = zeros(0 : Nx₁, 0 : Nx₂)
const σ₂₂_new = zeros(0 : Nx₁, 0 : Nx₂)
const p_new = zeros(0 : Nx₁, 0 : Nx₂)
const δ = zeros(0 : Nx₁, 0 : Nx₂)
const dδ₁ = zeros(0 : Nx₁, 0 : Nx₂)
const dδ₂ = zeros(0 : Nx₁, 0 : Nx₂)
const F₁ = zeros(0 : Nx₁, 0 : Nx₂)
const F₂ = zeros(0 : Nx₁, 0 : Nx₂)
const coeff1 = zeros(0 : Nx₂)
const coeff2 = zeros(0 : Nx₂)
const coeff3 = zeros(0 : Nx₂)
const coeff4 = zeros(0 : Nx₂)
const NL₁ = round(Int64, L₁ * Nx₂ / Bx₂)
const NL₂ = round(Int64, L₂ * Nx₂ / Bx₂)
function DefineMediaCoeffs()
    porous_idx = NL₁ + 1 : NL₁ + NL₂
    elast_idx = vcat(0 : NL₁, NL₁ + NL₂ + 1 : Nx₂)
    ρ₀sf[porous_idx] .= ρ₀sf_porous   ; ρ₀sf[elast_idx] .= ρ₀sf_elast
    ρ₀lf[porous_idx] .= ρ₀lf_porous   ;
    cp₁[porous_idx] .= cp₁_porous     ; cp₁[elast_idx] .= cp₁_elast
    cp₂[porous_idx] .= cp₂_porous     ;
    cs[porous_idx] .= cs_porous       ; cs[elast_idx] .= cs_elast
    d₀[porous_idx] .= d₀_porous       ;

	  for j in 0 : Nx₂
        ρ₀s[j] = (1.0 - d₀[j]) * ρ₀sf[j]
        ρ₀l[j] = d₀[j] * ρ₀lf[j]
        ρ₀[j] = ρ₀s[j] + ρ₀l[j]
        μ[j] = ρ₀s[j] * cs[j]^2.0
    
        α₃[j] = 1.0 / (2.0 * ρ₀[j]^2.0) * (
            cp₁[j]^2.0 + cp₂[j]^2.0 -
            8.0 / 3.0 * ρ₀s[j] * cs[j]^2.0 / ρ₀[j] +
            sqrt(
                (cp₁[j]^2.0 - cp₂[j]^2.0)^2.0 -
                64.0 / 9.0 * ρ₀l[j] * ρ₀s[j] * cs[j]^4.0 / ρ₀[j]^2.0
            )
        )
    end
    
    for j in porous_idx
        K[j] = 0.5 * ρ₀[j] * ρ₀s[j] / ρ₀l[j] * (
            cp₁[j]^2.0 + cp₂[j]^2.0 -
            8.0 / 3.0 * ρ₀l[j] * cs[j]^2.0 / ρ₀[j] -
            sqrt(
                (cp₁[j]^2.0 - cp₂[j]^2.0)^2.0 -
                64.0 / 9.0 * ρ₀l[j] * ρ₀s[j] * cs[j]^4.0 / ρ₀[j]^2.0
            )
        )
        α[j] = ρ₀[j] * α₃[j] + K[j] / ρ₀[j]^2.0
    end
end




    
  
	function DefineCoeffs()
    for j in 0 : Nx₂
        if NL₁+1 <= j <= NL₁+NL₂
            coeff1[j] = (ρ₀s[j] * K[j] / ρ₀[j] - 2.0 * μ[j] / 3.0)
            coeff2[j] = ρ₀s[j] * K[j] / ρ₀[j]
            coeff3[j] = -(K[j] - α[j] * ρ₀[j] * ρ₀s[j])
            coeff4[j] = α[j] * ρ₀[j] * ρ₀l[j]
        else
            coeff1[j] = ρ₀[j] * (cp₁[j]^2.0 - 2.0 * cs[j]^2.0)
            coeff3[j] = -ρ₀[j] * (cp₁[j]^2.0 - 4.0 * cs[j]^2.0 / 3.0)
        end
    end
end
function DefineDelta()
    a = 2.0 * max(h₁, h₂)
    a² = a^2.0

    for i in 0 : Nx₁, j in 0 : Nx₂
        x₁ = Ax₁ + i * h₁
        x₂ = Ax₂ + j * h₂
        R² = (x₁ - x₁₀)^2.0 + (x₂ - x₂₀)^2.0

        if R² < a²
            δ[i,j] = exp(-a² / (a² - R²))
            dδ₁[i,j] = -2.0 * a² * (x₁ - x₁₀) * exp(-a² / (a² - R²)) / (a² - R²)^2.0
            dδ₂[i,j] = -2.0 * a² * (x₂ - x₂₀) * exp(-a² / (a² - R²)) / (a² - R²)^2.0
        end
    end
end

	function DefineRHS(n::Int64)
    @inbounds @threads for i in 0 : Nx₁-1
        @inbounds for j in 0 : Nx₂-1
            f_mid = 0.5 * (f(τ * n) + f(τ * (n + 1)))
            F₁[i,j] = 0.5 * f_mid * (dδ₁[i,j] * δ[i,j] + dδ₁[i+1,j] * δ[i+1,j])
            F₂[i,j] = 0.5 * f_mid * (δ[i,j] * dδ₂[i,j] + δ[i,j+1] * dδ₂[i,j+1])
        end
    end
end
function Integrate()
    @inbounds @threads for j in Nx₂-1 : -1 : 1
        @inbounds for i in Nx₁-1 : -1 : 0
            u₁_new[i,j] = u₁[i,j] - τ * (
                (σ₁₁[i+1,j] - σ₁₁[i,j]) / (h₁ * ρ₀s[j]) +
                (σ₁₂[i,j+1] - σ₁₂[i,j]) / (h₂ * ρ₀s[j]) +
                (p[i+1,j] - p[i,j]) / (h₁ * ρ₀[j]) -
                F₁[i,j]
            )
        end
    end
    
    @inbounds @threads for i in Nx₁-1 : -1 : 1
        @inbounds for j in Nx₂-1 : -1 : 0
            u₂_new[i,j] = u₂[i,j] - τ * (
                (σ₁₂[i+1,j] - σ₁₂[i,j]) / (h₁ * ρ₀s[j]) +
                (σ₂₂[i,j+1] - σ₂₂[i,j]) / (h₂ * ρ₀s[j]) +
                (p[i,j+1] - p[i,j]) / (h₂ * ρ₀[j]) -
                F₂[i,j]
            )
        end
    end

	
   @inbounds @threads for j in NL₁+1 : NL₁+NL₂
        @inbounds for i in 0 : Nx₁-1
            v₁_new[i,j] = v₁[i,j] - τ * (
                (p[i+1,j] - p[i,j]) / (ρ₀[j] * h₁) -
                F₁[i,j]
            )
        end
    end
    
  @inbounds @threads for i in Nx₁-1 : -1 : 1
@inbounds for j in NL₁+NL₂ : -1 : NL₁+1
            v₂_new[i,j] = v₂[i,j] - τ * (
                (p[i,j+1] - p[i,j]) / (ρ₀[j] * h₂) -
                F₂[i,j]
            )
        end
    end
    
    @inbounds @threads for j in 1 : Nx₂-1
        @inbounds for i in 1 : Nx₁-1
            σ₁₁_new[i,j] = σ₁₁[i,j] - τ * (
                2.0 * μ[j] * (u₁[i,j] - u₁[i-1,j]) / h₁ +
                coeff1[j] * ( 
                    (u₁[i,j] - u₁[i-1,j]) / h₁ +
                    (u₂[i,j] - u₂[i,j-1]) / h₂
                ) -
                coeff2[j] * (
                    (v₁[i,j] - v₁[i-1,j]) / h₁ +
                    (v₂[i,j] - v₂[i,j-1]) / h₂
                )
            )
        end
    end
	    
    @inbounds @threads for j in 1 : Nx₂-1
        @inbounds for i in 1 : Nx₁-1
            σ₁₂_new[i,j] = σ₁₂[i,j] - τ * μ[j] * (
                (u₁[i,j] - u₁[i,j-1]) / h₂ +
                (u₂[i,j] - u₂[i-1,j]) / h₁
            )
        end
    end
    @inbounds @threads for j in 1 : Nx₂-1
        @inbounds for i in 1 : Nx₁-1
            σ₂₂_new[i,j] = σ₂₂[i,j] - τ * (
                2.0 * μ[j] * (u₂[i,j] - u₂[i,j-1]) / h₂ +
                coeff1[j] * (
                    (u₁[i,j] - u₁[i-1,j]) / h₁ +
                    (u₂[i,j] - u₂[i,j-1]) / h₂
                ) -
                coeff2[j] * (
                    (v₁[i,j] - v₁[i-1,j]) / h₁ +
                    (v₂[i,j] - v₂[i,j-1]) / h₂
                )
            )
        end
    end
    





	    @inbounds @threads for j in 1 : Nx₂-1
        @inbounds for i in 1 : Nx₁-1
            p_new[i,j] = p[i,j] - τ * (
                coeff3[j] * (
                    (u₁[i,j] - u₁[i-1,j]) / h₁ +
                    (u₂[i,j] - u₂[i,j-1]) / h₂
                ) +
                coeff4[j] * (
                    (v₁[i,j] - v₁[i-1,j]) / h₁ +
                    (v₂[i,j] - v₂[i,j-1]) / h₂
                )
            )
        end
    end
end
function DumpParaview(n::Int64)
    @assert any(isnan, u₁) == false
    io = open("data.csv.$(n)", "w")
    println(io, "x1,x2,u,v,sigma11,sigma12,sigma22,p")
    @inbounds for i in 0 : Nx₁
        @inbounds for j in 0 : Nx₂
            u, v = 0.0, 0.0
            if 1 <= i <= Nx₁-1 && 1 <= j <= Nx₂-1
                u = 0.5 * sqrt(
                    (u₁[i-1,j] + u₁[i,j])^2.0 + 
                    (u₂[i-1,j] + u₂[i,j])^2.0
                )
                v = 0.5 * sqrt(
                    (v₁[i,j-1] + v₁[i,j])^2.0 + 
                    (v₂[i,j-1] + v₂[i,j])^2.0
        println(io, "$(Ax₁+i*h₁),$(Ax₂+j*h₂),$(u),$(v),$(σ₁₁[i,j]),
$(σ₁₂[i,j]),$(σ₂₂[i,j]),$(p[i,j])")
        end
    end         
	    close(io)
end
                )
            end
function UpdateTimeLayers()
    u₁ .= u₁_new
    u₂ .= u₂_new
    v₁ .= v₁_new
    v₂ .= v₂_new
    σ₁₁ .= σ₁₁_new
    σ₁₂ .= σ₁₂_new
    σ₂₂ .= σ₂₂_new
    p .= p_new
end

function Start()
    DefineDelta()
    DefineMediaCoeffs()
    DefineCoeffs()

    for n in 0 : LastTimeLayer-1
        println(n)
        
        if n % 1000 == 0
            DumpParaview(n)
        end

        DefineRHS(n)
        Integrate()
        UpdateTimeLayers()
    end
    
    DumpParaview(LastTimeLayer)
end
Start()
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[punoxenue 1.5
x JloroBopyNe__ oT 2018r.
Ha rpanToBoe QUHAHCHPOBAHHE

TEXHHUYECKAS] CHELIMOHKALIAS 1
KAJIEHIAPHBIN ILIAH PAGOT

ITo norosopy Ne_941 _or_ {5 mrpme 2018 rona

1. Pecnmy6iHKaHCKOe rocyJapCTBeHHOe NpeNpHsTHE Ha MpaBe X03IHCTBEHHOT O
peneHnst «AHCTHTYT HHQOPMANHOHHBLIX M BBHIYHCIHTEIbHBIX TEXHOJOTHH)
Komutera Haykn Munucrepcrsa OGpasosamust M Hayku  PecnyGuuku
Ka3axcran.

1.1 ITo npuopurety: 3. UHbOpMAIMOHHEIE, TEICKOMMYHUKAIIHOHHBIC i KOCMHYCECKHC
TEXHOJIOTHH, HAYJHBIC HCCIIENOBAHMsA B 00/1aCTH €CTECTBEHHEIX HAYK.

1.2 Tlo moxupuoputety:3.6 HaydHble HecieioBanks B 0671aCTH €CTECTBEHHBIX HayK.
MaTeMaTHueckoe ¥ KOMIIbIOTEPHOE MONeNMpoBaHne B 0GNACTH MATeMATHKH, (QH3HKHM
nactpoHoMuu. [IpHKIaIHOE HCCIIENOBAHHE.

1.3 ITo Teme npoexra: NeAP05131026, «MaTeMaTH4ecK0e MOAETHPOBAHUE IHHAMUKH
yIpyro-nedhopMUPYEMBIX TIOPUCTHIX CPEJ| C yICTOM YaCTOTHOH 3aBHCHMOCTH koo dhuHenHTa
TpeHus (C MaMATBIO)».

1.4 O6mascymma npoekra 45 000,0 TeiC. (COPOK IATH MUIUTHOHOB)TEHTE, B TOM

anciec pasGUBKOM MO TOXaM, sl BIOTHEHN paboT COrIACHO MyHKTY3:

- Ha 2018 rox - B cymmel5 000,0 Thic.(nsTHAANATE MUTHOHOB) TEHIE;
-1a 2019 rox - B cymme 15 000,0 THIC.(ATHANATE MHUIKOHOB) TCHIE;
- Ha 2020 rox - B cymme 15 000,0 Thic.(19THAANATS MUJLIHOHOB) TEHTE.

2. XapaKTepHCTHKA HAYIHO-TEXHHYECKOi NPOXYKIHH 10 KBANH(HKANHOHHBIM
NPH3HAKAM H YKOHOMHYECKHE NOKA3ATENH

2.1 Hanpasnenue pa6oTsi: PaspaboTka MaTeMaTHYeCKON MOJCIH JHHAMUKH YIIPYro-
Jie(OpMHUPYEMBIX IOPHCTBIX CPEN.

2.2 O61acTh MPUMEHEHHS: [e0IoropasBe/iounas i HedTera3oBas HHKCHEPHS.

2.3 KoHeuHBI} pe3ysbTar:

- 3a 2018 rom: Byayr moiy4eHsl peLIEHHS Ha4aJlbHO-KPAaeBbIX 3ajad il
runepGOIMYECKOrO YPaBHEHHS BTOPOro ToOpsika B KPHBOJHHEHHOH momynornoce ¢
HepeMeHHEIME  Kod(QdULMEHTaMH B C MaMAThio. ByayT omyGIHKOBaHEI 2 crathu B
OTEYEeCTBCHHBIX XKYypHAax.-

- 32 2019 rox: ByIyT uccle0BaHE IPYNIIOBBIC CBOMCTBA UTS HEIHHEHHOH CHCTEMBI
nopoynpyroct fist SH BonH. BynyT ony6iukoBarsl 3 CTaTbH B OTEUECTBEHHEIX XKy PHATIAX.

-1322020 roa;: Byaer nocTpoeHa TepMOIMHAMHYECKH COITACOBAHHAA MATEMATHYCCKas
MOJIE/Ib BOJIHOBOM JMHAMHMKM MHOTO(A3HBIX CpPell C YYeTOM 9YacTOTHOH 3aBUCHMOCTH
xodhuIHenTa Tperus (¢ naMaAThio). ByayT omyGIMKOBaHE 3 CTATEH B OTEYCCTBEHHBIX
JypHaJIax U 2 CTaThH B 3apy0eXHBIX XKypHAIAX C HHAEKCUPOBAHHEM B 6a3e manHEIX Web
of Science unu Scopus.

2.4 T1aTeHTOCIIOCOOHOCTE: HET

2.5 HayuHo-Texuuueckuii ypoBeHb (HoBM3Ha): B mpoexre Gyaer mocTpoeHa HoBad
MaTeMaTHuecKas MOZIENb BOJTHOBOM JMHAMHMKM MHOTO(A3HBIX CPEJ C yYETOM YacTOTHOH
3aBHCHMOCTH K02 dHIHeHTa TPEHHUS (C MAMSATBIO).

2.6 Vcrionp30BaHue HayYHO-TEXHMIECKOH IPOAYKIIMH OCYIIECTBIAETCH: 3aKa3dUKOM,

2.7 BHI HCHONB30BAHHS PpE3yibTaTa HAyuyHOH M (WIM) HAYYHO-TEXHHYECKOH
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JEeSTeTbHOCTH: Pe3ybTaThl paboT MpoeKTa MOryT OBITh HCIIONB30BAHBI IS MPOBEACHHSA
IPOEKTHEIX ¥ HHYKCHEPHBIX PACYETOB BOJHOBOM NHHAMUKH He(TErasoBEIX MECTOPOK/ICHHMIH
PK, TeopernyecKue 3HaHHs — B He(TEra3oBoi U reooropa3BeJOYHON HEKCHEPHH.

3. HanmenoBanHe pa6oT, CPOKH HX peaJTH3AIHH H Pe3yJbTaThl

Ulndp | Haumenosaunue pabot mo
3ajaHud, JlOroBOpY U OCHOBHBIE
9Tana | 3Tamsl ero BEINOJHCHHUA

[TocTpoenue
TEePMOJHMHAMHYECKH
COrj1acOBaHHOH
MareMaTuueckoi MOJEIn
IBIDKEHHS KHJIKOCTH
yepe3 yIpyro-ropucTyio
cpeny ¢ y4eToM
YaCTOTHOW 3aBUCHMOCTH
kod¢duuHeHTa TpenHs (c

VccnenoBaHKe BONPOCOB
KOPPEKTHOCTH PEIIEHHS
Ha4aJIbHO-Kpa€BbIX 3aa4
JUTA ITOCTPOEHHOR
MaTeMaTHYECKO MOJIENH

OpOyNpyrocTH

CpOK BBIITOTHEHHA

Hagano | OxoHuan

ue
Susaps | Mions
2018 2018

2018 2018

OxxuaeMeld pe3ybTaT

Byner nocrpoena
TEePMOJMHAMHYECKH
COrJIacoBaHHas
MaTeMaTH4YecKas MOJENb
JBKEHUS XKHIKOCTH Yepes3
YIIPYTO-TIOPHCTYIO Cpeny
Y4ETOM 4YacTOTHOH
3aBHCHMOCTH Kod(dunmenTa
TpeHH (C MaMATBIO)

BynyT nccneioBase! BOIpOCH!
KOPPEKTHOCTH PEIICHUS
HaYyaJlbHO-KPAeBHIX 334 UL
MMOCTPOEHHOH
MaTeMaTH4eCKOi MOJEITH

MOPOYNPYTOCTH

12 Peienue HayaipHO-
KpaeBBIX 3a/a4 JJIs
runepboIn4ecKoro
yPaBHEHHS BTOPOTO
nopsaKa B
KPHUBOJHHEHHOH
MOJTYTIONOCE C
HepeMeHHBIMH
k03¢ GULHEHTaMH U €
namaTeio. [ly6nuxamus 2
craTei B OT€YECTBEHHBIX
KypHaIax.

IToproToBka rofoBoro
oryera 3a 2018r.

Centabps | 1 HOAGPs
2018 2018

Oxkts6ps | | HoAGps

Byner nonydyeHo peumenune
HayaJIbHO-KpaeBhIX 3a/a4 JUlst
ranepOoIMIecKoro
YPaBHEHHUs BTOPOro Nopsaka
B KPHBOJIMHEHHOH
TOJIYTIONIOCE C IIEPEMEHHBIMU
K02 QHHUIHEHTAMH U C
namsTeio. bynyT
orty6JIHKOBaHEI 2 CTaThH B
OTEYECTBEHHBIX JKypHANaX.

Otuer3a 2018

PaspaGorka MeToJI0B
YUCJIEHHO-
AHATHUTHYECKOTO
MOJICIHPOBAHUA U
HCClle0BaHHE BOIIPOCOB
Pa3speIuuMoCTH 3a1ay
PacnpoCTpaHCHUA
celicMHYECKHX BOJIH B
HEOJHOPOMHBIX TOPHCTEIX
Cpesiax ¢ IPOM3BOJIBHEIM

Bynyt pazpaboraHbl METO/BI
YHC/ICHHO-aHAUTHIECKOTO
MOJZIESTHPOBAHUA U
HCCIIe/I0BaHBI BOITPOCHI
Pa3pelLIUMOCTH 33124
PacnpoCTpaHeHUs
CceHCMUYECKHX BOJIH B
HEOJHOPOIHBIX ITOPHCTBIX
cpeAax ¢ NpOH3BOIIBHBIM
k03 hburmenToM TpeHus
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Moaudukarus J1ydeBoro
METOAA JUIS PELIEHUA
JIUHAMHYECKOH 3a1auun
HOPOYNPYIOCTH
HccnenoBaHue BOPOCOB
KOPPEKTHOCTH PELICHHS
00paTHBIX IHHAMUYECKHX
3a/1a4 [OpOYIpPYTroCTH C

2019

2019

YUETOM NaMATH.
Hccnenopanue Cents6ps | 1 HOs6ps | By qyT HecneioBanb!

Byner Moguduuuposan
JIy4eBOH METOJ VIS PEIICHUA
JMHaMHYeCcKOH 3a1aun
MOPOYNPYrOCTH
Asryct |BynyT nccnelloBaHEl BOIIPOCH!
2019 |KOpPpPEKTHOCTH PEIICHHS
00paTHBIX THHAMHYECKHX
3aj1a4 MOPOYNpPYTrOCTH €
YETOM MAMSITH.

2019

IPYNIOBBIX CBOHCTB A7 2019 2019 |rpynmoBsle CBOHCTBa VISt
HETMHEHHOH CHCTEMBI HETHHEHHON CHCTEMBI
nopoynpyrocts juis SH nopoynpyroctH i SH BonH.
BouH.. [TyGmukanus 3 BynyTt ony6nikoBaHs! 3
cTareif B 0T€4ECTBEHHBIX CTaThH B OTEYECTBEHHBIX
KypHaJiax. XKypHajax.
IToaroroBka rogoBoro Oxrs6ps | 1 Hox6ps |Otuersa 2019 r
oryera 3a 2019r.. 2019 2019
Paspa6orka anropurmoB| S[ueape | Centabpb | BymyT paspaboTaHk!
YHCIIEHHO- 2020 2020 |axropuTMmsl YHCIIEHHO-
AHATUTHYECKOrO QHATUTHYECKOTO
MOJIETMPOBAHHA MOJCTHPOBAHUA  MpPOIECCOB
TNPOLIECCOB PacrpOCTPaHEeHHA
PacrpoCTpaHeHus CEHCMHMYECKHX  BOIH B
ceficMHYeCKMX BOJIH B HEOJHOPOIHBIX  TMOPHCTBIX
HEOJHOPOIHEIX TTOPHCTHIX cpejax € MPOHM3BOJBHBIM
cpefax C TNPOHM3BOJIBHEIM K0d(hGUIMEHTOM TpeHus H
K09 G )UIIHEHTOM TPEHHUS H MPOBECHBI YHCJICHHBIE
MPOBEICHHE YHCIEHHBIX 9KCTMEPHUMEHTHl € LEIbI0
9KCIIEPUMEHTOB C LEJNBIO yCTaHOBJICHHA
yCTaHOBIICHHUS KOJIHYECTBEHHOH CBA3H
KOJNIMYECTBEHHOH  CBA3H MEXIY JIMHAMHYECKUMH
MEXIy JUHAMHYECKHMH XapaKTEpUCTHKAMH,
XapaKTePUCTHKAMH, JTUCCHUITATHBHBIMU
JUCCUITATHBHBIMU CBOMCTBAMHM  CEHCMHYECKHX
CBOHCTBaMH BOJIH.
CEHCMHYECKHX BOJIH.
IMoctpoenue Mapt Hions | Byner noctpoeHo
(byHIaMEHTATEHOTO 2020 2020 |byHmaMeHTaIBHOE PEIIEHHE
PeLICHHA I CHCTEME U1 CHCTEMB! YpaBHEeHHH
ypaBHEHUH JUHAMHYECKOM
JMHAMHYECKOH HOpOYNpPYrocTH
[IOPOYNPYTOCTH

3.2 Pa3paGoTka anropurma Mait Asryct |ByayT paspabGoTaHs!
YHCIIEHHO- 2020 2020  |aJropHTMBI YHCIECHHO-
AQHAIHTHYECKOTO PENICHHA aHATUTHYECKOTO PEIEHHs
JIMHAMHYECKHX JUHAMHYECKHX YPaBHEHHH
ypaBHEHHH MOPOYNpPYrOCTH Ha OCHOBE
[OpPOYNPYTOCTH Ha CNIEKTPAJIbHOrO METOAA
OCHOBE CIIEKTPAIEHOTO L 1

M =
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MeToza
IpoBenenue cepun | Centsbpy | 1 HosOps | BymyT MPOBE/IEHEl  CepHU
BBIYHCITHTEBHBIX 2020 2020 | BBIYMCITHTENBHBIX
9KCIIEPUMEHTOB no 9KCIIEPUMEHTOB o
PacrpoCTpaHeHHIO PAacIpOCTPaHEHHIO YIIPYIHX
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cpenel.  IlyGnukaums 3 OMyGIHKOBAaHEl 3 CTaThH B
CTaTeli B OTEYECTBEHHBIX OTEYECTBEHHBIX JKYpHATax ¢
KypHanmax M 2 crated B HEHYJIEBEIM HMIIaKT-
3apy0exHBIX JXKypHANax c dakTopom u 2 cratem B
HHJICKCHUPOBAHHEM B 0aze 3apyOexHBIX KypHamax ¢
nanHelx Web of Science HHIECKCHpOBaHHEM B Oaze
unu Scopus. maHHerx Web of Science
HIH Scopus ¢ HeHyJeBBIM
MMIIaKT-(haKTOpOM.
3.4 [Toaroroska ronoBoro | Oxtsa6pe | 1 Hos6pst | OTuer 3a 2020 r
oruera 3a 2020r. 2020 2020

Or 3akazunka: Ot Ucnonuutens:
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'BECTHITK KA3AYCTAHCKO-EPITAHCKOTO TENHIMECKOTO VHIBEPCITETA, N3 (59, 2020

Hccaezosanne npomeccos, TpoRCXOITITX
B HOPHCTAC CPEARX, HACHIIEHIDES ALTOCTHO,
n soremporamme gmumeckmx czofcTe mo-
PHCTACK Cpe ST O 13 BRAIADS MecT
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TeCKI 50T B A HACKTERIAL TOPCTE.
cpeaax 3, 4, 8-12). T wmcaemmoro aozens-
‘posams TaKx Tpomeceos wacTo mETOTSyETC
sozems Spemens-Buo [1, 2], 3 xoropoi caoii-
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Mathematical modeling of the source and environment.
response for the equation of geoelectrics

In this paper an algorihma s proposed for determiniag the source of excitaion of clectromagaedic waves
emittad by the Ground-penecrating radar (GPIY) device as & functon o time. A mathematical model
for solving this problem was contructed and ested on model data. We Bave buik an algorihim for
construcing a source function base on real georadar data. For this parpose, the results of experimertal
stuics conducted in feld conditions sing the Loz-V GPR. Experiments were carrid out in tho medium:
i, The recived signal of the respore of the medium was procesed from iterfence and o, For
this purpose, we use frequency fikering, signal averaging, amplitude correction for procesing radarograms.
In the fatare, the obtained tabl form o the disturbanco signal will bo used by us to sty inhomogencous
media, including the study of localized objocts. The seies of calculation fo the consired problems are
sivea.

Kepoonds: nverse problers, source modeing, Maxwell equation, requency ieing, radasogram procssing,
mercal esits.

1 Method for soluing inverse coeficient problems

“The result of tho GPR smurvy s a sct of single traces (signals) rocorded by the recciving antcana at cach
position of the GPR. To solve cnginecring problems, it is eccssary to have the amplitude o the signal depending
‘on the depth of it reflction, while the riginal radazogram is the dependence of the signal amplitsde on the
reflcction time.

‘Asyou know, al radars an only record the time o reflcction rom the boundarics of object o inbomogencous
modia. On the ofher hand. it i a function of time o otherwise rferr to s additional information (the rexponse
o the cavironment). This function is ditional information fo solving imverse problets, n our case detcrmining
the gological section. We prescat below the rescarch methodology, which i ome of the well-known methods for
solving such problems.

The optimization method for solving inverse problems of clctrical exploration i one of the most cfcctive
‘and widly wsed methods in practice.

“The main ideas of the method were proposed by A.N. Tikhonov, MM, Lavreatior, V K. Ivanov, G.1 Machuk,
AS. Alckscov and many of ther students and followers.

‘A Bamberger, G. Ghavent, P. Lailly [1] uwed and invastigated the conjugate gradicat method to solve the
ono-dimensional fnverse sismic problem. The cscnce of the method i to minimize the quadratic function of
the discrepancy of obscrved and calculated filds. The application of the method to ficd data is given in the
artices of A. Bamberger, G. Chaveat, Ch. Hemmon, and P. Lailly [2]. The method of cast squares was also useh
to reverse the data obtaincd during, the registration of scismic ficlds, sce D.A. Cook, W.A. Schncider [3], and
W.W. Johonson, HLH. Nogami 4]

In the article of G. Chaveat, M. Dupuy, P. Lemonicr [5] the optimization method was applicd to the
problem of determining the distribution of magnctic permeabilty.

In the artice by F. Santosa, W. Symes, G. Raggio [6 considered the problem of determining the acoustic
mpedaneof a aerd modi o et mogrme n hich oy componen s sl o ae

N vid g v prblns st ad el cthods o slin e prblns (cding
the optimization method) are presented in the monograph of V.C. Romanov, S.1. Kabanikhin [7]
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ABSTRACT

In tis paper, we cmmerically computed the amalyical
soution of the inialbouadary porcelmsicity problem. We.
spplied puallel compuiation for imverse_ Laplace
tmnsformtion wad comsecutive conputstion. fonmverse
Founer s formatien to cesibe two-dmensicna tme-
depentent solvion. Vissalizaticn of he dysamse soluion
Fnctions i preseated for the Sxed te vaves and ccnfrne
that the bovadary conditions sre saefied at 7m0 snd in
iy,

Ky words: Perous media, Fousir-Laplace tsusformations,
perceasiciy thecry. acoustic wases.

1. INTRODUCTION

it liqid plays . snportant 1ole in g the uid
R —

It is paticoarly importat due 10 the complexty both
Sorexpermeatsl w04 thecretical smody, of the oteral
srucee of pocows medives While a wide spplicston of
compute siomtions based oo eslitic mathentical modele
dives fuber resench i that divcticn [1}{11] The lates
adances i soch mathemacal modelling 30d. simlston:
helpo develop many other areas ofresesrch,incloding earth
04 materalsciences, mechanics, biceckaclogy snd
‘medicioethe theory of energy sd Sltaticn tbeory Frekal.
Biottype theories [12], [13] weofien wed for smudyog
dymamic proceses i porous media. Altbough, there i 20
sufficent exidence of comparisc of he theretical reults
Sbtsined bsed oo Freakel Bic theory with experimestal
et based cn gavral smples. An shemative contouous
Sltstion thecry based on sethods of comseration aws aad
st physical prnciples was proposed by VN Dok in
1989 [14], wheressFrenkel Biot thory o3 bt within
vansion spproach. Both theories consider propagation of
ree types of acoustc waves, two loogiudiaal s0d coe
trmsversl. T the Freakel Biot model, the velciies of
sesmic waves propagatiagporons media ae described by
four elatic parameters fo given physical parametes of the
media Wheresthe Dorowsky model cbtaned by

linessization of the contiomous Sltation thecey expations
descibes the porous mediven saated with liid by el
thsee elasic modules (1SH{16] s ths paper we provide
computer siamlsicn of te sohtica fiacicasof 3 fwo-
dmensiona dmamic problem preseed in the form of the

feental eqations problem which has 2 devtive wih,
respect 9 caly coe spatial vanable. The suficient condition
of resolabaty of the problem and the exact solutioa
Soacicas in explicit form e Sbisined 9 (17) by applying.
merse Fouier Lalace tansforns. [n (18], [19] soother
method s proposed for peciodic slutions for soulinear
eptems of integro-d Svental suaticns.

2. STATEMENT OF THE PROBLEM

Letus fum o the msthemsticl formmition of the model for
the twodioensonal dypamsc problem The govemsing
equstionsare based o the conseration sad Hook's Lws and
sre conssent with the thermodymamics conditions. We.
comsider the balfplane ¥, > OSlled with porous media sd.
satuatiag liqwd with pasmeters chanceiziog exch of
them So. the propagation of sesmc waves in these
emascnmets inth abeence of o of energy is descibed by

the fllowing it boundary problens n te of the
Selocty of the sarratiag iqud, the velociies of the solid
st the i presue, ad e stess tensor

The considered problem s stated s ftlows:

‘Mormentum Comservation L fo 2 elsic medivex
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1. Introduction
Potcntialtheory has becn successull implemented in analysis s well asin computation

value problems can be represented in the form of integral cquation. And quite powerful
numerical approximation schemes can be derived from the integral equation formulation

for problems with known Green'sfunctions.
‘The double-layer potential is appeared to be criticalin solving boundary value prob-
mqummwmdmdm(m)wmwum
is sought as a double-layer potential with unknown density and the function is
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assTRact ARncLE HisToRY
We consider the generalzed Gellrstet equation Receed 26 December 2018
Accmped 8 Apr 2019
VPR g 4 X0y + Xy g 4 Yy =0 commumcATED BY

in 3 domain R = lysnixz 0y > 02> 01> 0L ere
mkJ >Oare constants. The goalofthe present paper s findingthe ot ouons,
Rundamentl soutions for the generalized four-dimensional Geller.  reohmesann
stedt equation in an explicit form. Solutions are expressed by F  hypergeometnc functons;
Laicels yper e e
expansion of the hypergeometri Lauricells function by products

Gauss hypergeometric| itis provedthatthe found solutions  Lunels ypergeomeric
have asinguiarty of thearder 1/71atr —» 0 These fundamentaloly. V7<% lour aribies
tonsareimportant for solving a numberof boundary value problems  AMS SUBJECT

for the aforementioned degenerate ellptic equation. In addition,  CLASSIFICATIONS
some propertiesof these solutions are shown. 25025,35605

1. Introduction

Increased interest in special functions in recent years, and particularly in multidimensional
‘hypergeometric functions, is explained on the one hand by the needsof applied disciplines,
for example, in constructing mathematical models for many real processes [1], and on the
other hand, by the need for mathematical science itsel. Hypergeometric functions often
arise while integrating differential equations. However, there are other important cases that
lead to these functions. Many algebraic and integral transformations in various physical
and chemical models generate multidimensional hypergeometric functions. These func-
tions arise in a number of physical applications, for example, the Appell’s functions in
‘quantum mechanics of atomic systems 2], the Lauricella functions in the model of hyper-
‘spherical harmonics 3], etc. The vast field of hypergeometric functions application i also
represented by problems of quantum chemistry. in particular, the problem of multicen-
ter matrix elements,the calculation of which is the main dificulty in applying variational
‘methods to molecular systems.

[T r—r - y—
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Abstract. I the paper, we investigate alocal boundary value problem with transmitting condition
ofthe integral form for mived parabolic-hy perbolic equation with non-characteristic line o type
‘changing, Theorem on strong solvability of the considened problem has been proved and integral
represcntation ofthe solution i cbtained in  functional space. Using Lidskii Theorem on oincidences
of matrix and spectraltraces of nuclear operator and Gaal's formul for evaluating trace of nuclear
‘operator, which i represented as a productof o Hilbert Schmids operators, we prove the existence
ofcigenalues of the considered problem.

Keywords: transmitting conditon; parabolic-hyperbolic equation; Green's function
MSC:35M10

1 Introduction

‘Misin problems o the spectral theory of boundary value problems (BVP) for mixed type equations
can b divided s follows:

(1) charackrization ofthe spectrum of boundary problems;

@) construction of roct(eigenfunctions and associaked functions) functions;

() investigation of the completencss and basis property of root functions in various
functionsl spacen.

Investigation of BVPs for mixed ty pe cquations becomes one of the main problems of the gereral
theory of parial differential equations due toseversl applications of it in both n practice and theory.
Nevertheless, despite the great atention to this problem by mathematicans, questions of the spectral
theory of BVPs, in particulr, for equations of mixed parsbolichyperbolic type equations with integrsl
transmitting conditions, emained hitherto unexplored.

In the work [1], an analog, problem o the generalized Tricomi problem, with integral gluing;
‘conditions for mixed parsbolic-hyperbolic cquation, was studied. Theorems on strong solvabilty and.
‘on the sbsence of eigenvalucs were proved. I [1] one can find historical information and notation on
main scentific el on the elted field.

Omitting huge amount of work, we just note some of them, which are closely related to the
present problem. One ofthe first investigations of BV Ps with non-continuous transmitting conditions
for parsbolic-hyperbolic equations was work [2). In 5] authors investigated initisk-boundary value

Mo 20051050 e 05590 1050 P
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Solution of Cauchy Problem
for the Generalized Gellerstedt Equation
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Abstract—In this paper,the unique solvabilty o the Cauchy problem for  generalized Iyperbolic:
‘Gellersted equation with two lines of degeneracy of diferent order 1s studied. A modified inital
problem Is formulated. By using the Rlemann method the soluion o this problem s constructed
inan explcitform inside charaeteristic rangje. The constructed Riemann functon s expressed by
special Appell funciions and Gauss hypergeometricfunctions of wovariabes.

DO 10.1134/8109508022009005%

Keywords and phrases: degenerating hyperbollc Gellerstedt equation, Riemann function,
‘Cauchy problem. hgpergeometric Appel unctions.

1. INTRODUCTION
“The theory of degenerate hyperbolic and lliptic equations originates from the fundamental works
of Darboux [, Holmgren [2] and Gellested [3] and appears in solving many applied problems, in
particular, they play an especiallyimportant roe n gas dynamics 4}
“The classical Cauchy problem for a degenerate hyperbolic equation of the ollowing form
Y Uas~Upy =0, m>0,
i soived by Darboux [1]. He proved that the solution of the Cauchy problem exists, uniquely and
depends on th inilial condlions of the problem,i.¢. Cauchy problem is sef corrctly. The
works of Tricomi [5], Gellersted 6], Frank! [7], Berezin 8}, Bilsadze [9], Protte [10]. Conti[11], and
othersare also devoted to the study of the Cauchy problem. For the equation
Yoz = Uy + 6@ Uz + @0 Uy + (2 0)U = £ (2.9), m
where m > 0,of ictype in the hli-plane y > 0 with parabolic degeneration along the straight
line y = 0 Berezin|8] established that for m < 2 the Cauchy problemis s correctly. In the case when
in5 2 Cachyproble may lumau b béncorrely e (howed n ecample). Cont 1] geesized
B e S S

limy' Fazy) =0 @
then, 25 determined by Protter, the Cauchy problem i corecly sel. In the case when the Protter

condition (2) s violated, the Cauchy problem with classica iitial condition on the line of parabolic
degeneration may tum out to be unsolvable [14]. In this case, it s natural to investigate the probiem

mai: veraysnevcoasi. ru
il amvarhasasoveyanso <ot
“E-mat a_jasarsesssy.ru
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