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РЕФЕРАТ

Есeп 57 б., 33 әдебиет, 2 қосымша.
МЕНШІКТІ ФУНКЦИЯ, РИСС БАЗИСІ, БИОРТОГОНАЛДЫ ЖІКТЕУЛЕР, ИНВОЛЮЦИЯСЫ БАР ДИФФЕРЕНЦИАЛДЫ ТЕҢДЕУЛЕР, ГРИН ФУНКЦИЯСЫ
Зерттеу нысаны ретінде инволюциясы бар екіншіі  ретті дифференциалды операторлар  үшін спектралдық есептер қарастырылған.
Жұмыстың мақсаты – инволюциясы бар екінші   ретті дифференциалды операторлардың меншікті функциялар жүйесінің базистік қасиеттерін зерттеу. 
Зерттеу әдістері – дифференциалды теңдеулер теориясының аналитикалық тәсілдері, гильберт кеңістігіндегі сызықты операторлардың абстрактілі теориясының, дифференциалды операторлар теориясының, функционалды анализдің, сандар теориясының тәсілдері. Алынған нәтижелер. Инволюциясы бар екінші   ретті дифференциалды операторлардың меншікті функциялар жүйесінің базис болуы үшін жеткілікті шарттар Грин функциясының бағалауы түрінде, сондай ақ шеттік шарттар түрінде алынған.  Қосымша алынған функциялар саны шексіз көп болатын  инволюциясы бар екінші ретті дифференциалды оператор мысалы құрастырылып, оның түпкілікті векторлар жүйесінің базис болатындығы анықталған.
Инволюциясы бар параболалық, гиперболалық және эллипстік түрдегі теңдеулер үшін аралас есептердің шешімділігі көрсетілген. Зерттеу нәтижелері дифференциалды операторлардың  спектралдық теориясында, инволюциясы бар дербес туындылы дифференциалды теңдеулер теориясында, әрқилы қолданбалы есептерде жүзеге асырылуы мүмкін.











ANNOTATION

Report 57 pp., 33 references, 2 append.
EIGENFUNCTION, RIESZ BASIS, BIORTHOGONAL EXPANSIONS, DIFFERENTIAL EQUATIONS WITH INVOLUTION, GREEN’S FUNCTION 
Subject of the research are the spectral problems for second-order differential operators with involution.
The aim of the work is to study basicity properties second-order differential operators with involution.
The research applies analytic methods of the theory of differential equations, methods of the abstract theory of linear operators and theory of linear differential operators in Hilbert spaces, methods of functional analysis and number theory. 
Results obtained. Sufficient conditions for the basicity of eigenfunctions related to second-order semi-bounded differential operators with involution are obtained in terms of Green’s function estimates and boundary conditions. An example of the second-order differential operator with involution and infinite number of adjoint functions is constructed, Theorem on the basicity of root function is proved. 
Solvability of mixed problems for equations of parabolic, hyperbolic, and elliptic types with involution is proved. 
Research results could by used in the spectral theory of differential operators, in the theory of differential equations with partial derivatives and involution, and also in several applied problems. 
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INTRODUCTION

The aim of the project is to prove theorems on basicity of eigenvectors (if necessary supplied by the adjoint vectors) of the second-order differential operators with involution. 
Research on the project has been accomplished in accordance with the calendar plan and the application for the grant funding competition. All the planned research is completely fulfilled. There are 32 papers published on the research results of the project. Among them there are 6 papers that appeared in the journals with impact factor in the Web of Science data base and 1 paper in the journal from the Scopus data base. The list of the principal published papers on the project’s results is given in Appendix A. Appendix B contains the calendar plan of the project’s tasks implementation. 
The main results of the project’s research are as follows: 
1) developing the theory of Green’s function for one-dimensional second-order differential operators with involution;


2) theorems on basicity and unconditional basicity of eigenfunctions in the space  and equiconvergence theorems for the eigenfunction expansions of an arbitrary function from the class  with respect to one-dimensional second-order differential operators with involution; 
3) the uniform convergence of eigenfunction expansions related to one-dimensional second-order differential operators with involution; 

5) the theorem on basicity in the class  of eigen- and adjoint functions related to the second-order differential operator with involution in the case when there are an infinite number of adjoint functions in the system;  
6) theorems on existence and uniqueness of solutions to the mixed problems for equations of parabolic, hyperbolic and elliptic types with involution. 
The report for the year 2018 (state registry № 0118РК00448; inv. №  0218РК00615) presented research results for the case of  Dirichlet-type boundary conditions.  The report for the year 2019 (state registry № 0118РК00448; inv. №  0219РК00034) presented results for the case of  Neumann-type boundary conditions. The research in 2020 considered conditions of periodic and antiperiodic types. 

The current report contains one section and two subsections. The first subsection presents the main results on equiconvergence, basicity and unconditional basicity of eigenfunctions related to second-order differential operators with involution, and the theory of Green’s functions for one-dimensional second-order differential operators with involution. Sufficient conditions for the basicity of eigenfunctions related to the second-order differential operators with involution were obtained in terms of estimates for the Green’s function and in terms of boundary conditions. An example of the second-order differential operator with involution that has an infinite number of adjoint functions is constructed. A complete spectral analysis of this problem has been performed. The theorem on basicity of its root functions in the class   is proved.  
The second subsection presents research results on solvability of the mixed problems for equations of parabolic, hyperbolic and elliptic types with involution. Theorems on existence and uniqueness of solutions to these problems are obtained by applying the Fourier method. An inverse problem for an equation of fractional order was studied. 








MAIN SECTION

1 Basicity properties of eigenfunctions related to second-order differential operators with involution 

1.1 Basicity of eigenfunctions related to a semi-bounded second-order differential operator with involution.  
This subsection presents research on the spectral properties of the second-order differential equations with involution. An important aspect of the spectral theory of differential operators is the question of basicity of operator’s eigenfunctions. Answering this question admits the use of the Fourier method while solving different problems for equations with partial derivatives. The Fourier method is applied in [1,2] while studying inverse problems for differential equation with involution, and in [3] while studying solution’s behavior for equation with partial derivatives and involution. Theory of Green’s function for differential equations with involution has systematically started in [4,5]. The studies of spectral properties for differential operators with involution was presented in [6-18]. The solvability of problems for partial differential equations with involution was discussed in [19 - 21]. 
 In this research the Fourier method is verified for solving mixed problems for perturbed heat equations with involution and for perturbed wave equations with involution. Equiconvergence and basicity of eigenfunctions for the second-order differential operator with involution and specified boundary conditions are studied by a modified Cauchy method which is well-known for conventional differential operators. In the interim report for the year 2018 of this project these problems were studied in the case of Dirichlet-type boundary conditions, and in the report for the year 2019 they were complemented by the case of Neumann-type conditions.  In 2020 this approach was applied to the period and anti-periodic problems. It is worth mentioning that the essential difficulty in the study lies in constructing the Green’s function related to the one-dimensional boundary value problems for the second-order differential equation with involution and its further evaluation.
 The problem of justifying the Fourier method for classical equations is extensively studied by V.A.Steklov [22], V.A.Il’in [23]. Further development of the Fourier method justification which allowed to lower demands on smoothness of initial data was given by V.A.Chernyatin [24], A.P.Khromov [25].  

Let us consider the mixed problem for the perturbed heat equation with involution over the domain  


                                      (1)


                       (2)











Equation  (1) contains the involution transform of the argument. The transform  of a function    is called involutive if .  Therefore the transform   is involutive. Further, let coefficients   be some real numbers. Everywhere further the parameter  satisfies the condition , the function   is continuous on .  If is the system of eigenfuctions of the spectral problem

                         (3)

then the series


                                                     (4)

gives a formal solution to the mixed problem (1), (2).The validity of the initial condition 




demands solving the question of expanding the initial function in the eigenfunction series. For the differentiable function (4) one should study the uniform convergence of the latter series.
Consider the boundary value problem 


                                          (5)

The functions 


,         
are linearly independent solutions to the homogeneous equation (5). 

The function is called the Green’s function of the boundary value problem (5) if the function 
	



gives the solution to the boundary value problem 






where  is a continuous function. Note that the poles of the Green’s function coincide with the eigenvalues of the spectral problem (5). We know [14] that the spectral problem (5) with Neumann-type boundary conditions  has two sequences of eigenvalues 

,

moreover the system of its eigenfunctions 






forms the orthonormal basis of the space .  If the number   is not even then all the eigenvalues of the Neumann problem are simple. This condition in several particular cases replaces the condition of absence of multiple eigenvalues. If this condition holds true then the Cauchy integral method is applicable. In [14] the boundary value problems of Dirichlet type, of periodic and anti periodic types are also considered. 




Let all the eigenvalues  of the spectral problem (5) be simple and have no accumulation points on a finite interval. We introduce the numbers . On the complex plane we consider the circles   with the common center at the origin:   


   
           






These circles are assumed non intersecting (e.g. in the case of the Dirichlet or Neumann-type problems this could always be organized) and missing the points . It means that each point  has some neighborhood which contains no other points of the spectrum. For  the circles ,  transform into the circles  on the complex - plane. Now we can proceed with the study of basicity of eigenfunctions under the above mentioned conditions. 

1.1.1  Equiconvergence and basicity theorems for the eigenfunctions related to second-order differential operators with involution in terms of the Green’s function’s estimates





We are interested by the question if it is possible to expand an arbitrary function  in the convergent eigenfunction series related to the spectral problem (3) with a continuous complex-valued coefficient  on the interval . The convergence of the eigenfunction expansion of an arbitrary function   in the class  follows from the equiconvergence theorem for the eigenfunction expansions related to the spectral problems (3) and (5). 



Denote by  the Green’s function of the problem (3) and by  the Green’s function of the problem (5) which has poles at the points . Since almost everywhere on the interval (-1,1) the following relations are sarisfied:





then 







The function  meets the boundary conditions (3). Therefore, outside the poles of   the function  has the following representation 


                                       (6)

We will show existence of the solution to the integral equation (6). This solution will coincide with the Green’s function of the boundary value problem (3).   

Let us introduce the function  .   


 Let  be a disk of a sufficiently small radius. 
The following theorem holds true. 

Theorem 1. Let the Green’s function  of the boundary value problem (5) satisfy the estimate 




outside the circles, i.e. for . Then, for sufficiently large values of  the solution to the integral equation (6) exists. 

Proof. We apply the iteration method. Let     and 


		   (7)



for all sufficiently large values of . The relation (7) with  gives the first estimate:




In further formulas we use the following notation 





			(8)





where the maximum is taken over all for any fixed   and all sufficiently large values of   outside the poles of the function . We have to verify the estimate 


						(9)




For   the estimate (9) follows from the first relation in (8). Suppose that the estimate (9) holds for   and let us prove that this estimate (9) is true also for . Then the second relation in (8) implies the inequality 
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It follows from its definition that 







The triangle inequality implies 




The inequality 




implies the estimate 




and also the relation




implies the inequality 




Moreover 




Thus we get the inequality 


.

This inequality together with inequality (10) leads to the estimate 





For sufficiently large values of  the inequality 



holds true. Therefore the estimate


  



holds true for all thus verifying the estimate (9). The obtained estimate implies the uniform convergence of the series 




and its sequence of partial sums


. 



It means the uniform convergence of the sequence   to  the limit function which satisfies the integral equation (6). Theorem 1 is proved completely.

It is important to note that the estimate for the Green’s function in Theorem 1 holds true also for the Green’s function  of the spectral problem (3). This fact plays an important role in verifying equiconvergence theorems. In the reports for the years 2018 and 2019 the validity of estimates for the Green’s function (under the assumptions of Theorem 1) was proved for both cases of problems with Dirichlet and Neumann-type conditions. Later the validity of these estimates was proved for problems with periodic and antiperiodic conditions. 
Let





be partial sums of eigenfunction expansions related to the spectral problem (5) with . The partial sums of eigenfunction expansions related to the spectral problem (3) will be denoted by 


.






The sequence   is called equiconvergent with the sequence  on the interval   if    uniformly on this interval as 
Now we formulate the equiconvergence theorem. 


 Theorem 2. If outside the circles, i.e. for , the Green’s function  of the boundary value problem (5) satisfies the estimate 





and all the eigenvalues of (5) are simple then, for any function ,  the sequence  equiconverges with the sequence  
Proof. Consider the difference of the partial sums of the eigenfunction expansions related to the spectral problems (3) and (5) : 


		(11)

The proof of the previous theorem implies that 




By virtue of this estimate, the relation (8) yields the inequality 




The relation (11) yields the following inequality 






If we denote


,

then we have





Let us split the considered interval into two parts  where 








and is sufficiently small. Thus we can rewrite the latter inequality in the form 



										            (12)



Since 

,





the second term on the right-hand side of (12) will be less than  for appropriate value of  .  Denote by   the radius of the circle . Then the relation 







yields the inequality






Choosing integer number   sufficiently large one can always make the first term in (12) less than  .  Theorem 2 is proved. 
This theorem immediately implies the basicity of eigenfunctions for the spectral problem (3). This fact is worth being formulated as a separate theorem. 


 Theorem 3. If all eigenvalues of the spectral problems (5) are simple and the corresponding eigenfunctions form the basis in  then the system of eigenfunctions of the spectral problem (3) also forms the basis of the space .  



Proof. Let  denote the norm in the space . Then, for any function  , one have


.


The first term is less than  due to the basicity of eigenfunctions of the spectral problem (3), and the second term is less than  by the equiconvergence theorem 2. Theorem 3 is proved.
Theorem 3 states the basicity of eigenfunctions of the spectral problem (3). But there is still a question whether this basis is unconditional, i.e. the Riesz basis, or not. About this question we can assert the  following. 



Theorem 4. Let the eigenvalues of the spectral problem (3) satisfy the following two conditions: 1)   2)                Then any basis consisting of eigenfunctions for the spectral problem (3) forms the unconditional basis of the space . 


To prove this theorem, it is sufficient to mention the fact that, under the assumptions of the theorem, i.e. if the system of eigenfunctions to the spectral problem (3) forms the basis of the space , we will always have the uniform estimate

,                                                   (13)


where  is the system dual to the system and consists of eigenfunctions of the spectral problem dual to (3). It follows from the paper by L.V.Kritskov and A.M.Sarsenbi [26] that, for the spectral problem (3), the  condition (13) is necessary and sufficient for the system of eigenfunctions of (3) to be the unconditional basis. Therefore, Theorem 4 is proved. 
1.1.2 Equiconvergence and basicity theorems for the eigenfunctions related to second-order differential operators with involution in terms of  boundary conditions
In the case of particular boundary conditions, it is possible to verify the estimate of the Green’s function in Theorem 2. Consider the boundary value problems 


                                               (14)


                              (15) 
 
  with one of the following four boundary conditions: 


  (16)





Let be the partial sums of the eigenfunction expansion of function  related to the boundary value problem  (14) with one of the boundary conditions (16), and  be the partial sums of the same function  but for the eigenfunction expansion related to the boundary value problem (15) with the same boundary condition (16). Let us formulate the equiconvergence theorem in the case of problems (14). 




Theorem 5. If the number   is not even then, for an arbitrary function , the sequence  equiconverges with the sequence  in all the cases of problems (16). 
In order to prove this theorem it is sufficient to verify the estimate of the Green’s function in Theorem 2. Then the validity of the statement in Theorem 5 follows from Theorem 2. The condition in Theorem 5 excludes multiple eigenvalues in any of the problems (14), (16). 
Theorem 5 will be proved in the case of the Neumann-type boundary conditions (16.2). In this perspective we assert the following facts. 
	Lemma 1. If  λ is not the eigenvalue of the homogeneous boundary value problem (14), (16.2) then the problem 



 is solvable for an arbitrary continuous function  and its solution could be represented in the form




where
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The proof of the Lemma is accomplished through direct calculation. 
Theorem 1 yields the following important assertion.
            Corollary. The Green’s function of the boundary-value problem (14), (16.2) has the form 




We note that the construction of the Green’s function is a non-trivial task and plays a crucial role in the study of boundary value problems. The Birkhoff-Tamarkin method was originally introduced to study convergence of eigenfunction expansions related to ordinary differential operators and is based on estimates of the Green’s function of the considered operator.  The constructed Green’s function allows to transfer the Birkhoff-Tamarkin theory on the case of differential operators with involution. 
Further we need to obtain the estimate of the Green’s function of the boundary value problems (14), (16). The proof will be conducted in the case of the Neumann-type problem (16.2). The obtained estimates hold true for all boundary conditions in (16).  


  Let  be a disk of a sufficiently small radius . 



Lemma 2. If   and  then the Green’s function  of the boundary value problem (14), (16.2) satisfies the following uniform estimate


 
 

  for  where  


. 


Proof. If  then the Green’s function takes the form


 



Since , we have , and therefore,







if  and





if.

Thus, in the case when   the Greens’ function satisfies the following estimate 





In the case  similar reasoning yields the estimate 





The case  produces the estimate in the from  




All these estimates could be written in the general form: 
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Thus, the boundary value problem (14), (16.2) satisfies all the conditions of Theorem 2. Hence Theorem 5 could be reformulated in terms of boundary conditions


Theorem 6. If the number   is not even then the systems of eigenfunctions related to each of the spectral problems (15), (16) form bases of the space .  




Proof. It is proved in [14] that the system of eigenfunctions related to each of the spectral problems (14), (16) forms an orthonormal basis of the space . Let  denote the norm in the space . Then, for any function , one have





for each of the spectral problems (15), (16). The first term is less than  by virtue of the basicity of eigenfunctions related to the spectral problems  (14), (16), and the second term is less than  by the equiconvergence Theorem 5. Theorem 6 is proved. 

1.1.3 Spectral problem with an infinite number of adjoint functions
In the interim report for the year 2018 there was a full spectral analysis of the problem 


		                                (17)






where ; here the differential expression contains the  involutive transform of the independent variable in the second derivative while the  boundary conditions have a non-local character. It is proved that if   is irrational then the system of eigenfunctions is complete and minimal in , but does not form a basis. In the case of rational  the technique of choosing adjoint functions is specified to provide the system of all the root functions to form the unconditional basis in . This spectral problem contains infinite number of adjoint functions which complement its eigenfunctions. 
Thus we established the fact that the problem (17) has all intrinsic features of essentially non-self-adjoint problems and its spectral properties may crucially change under small variations of the parameter  

In the reported period the problem (17) is considered in the space . The main result of this subsection is in the following theorems. 



Theorem 7. Let the number  be irrational and . Then the system of root function of the problem (17) contains only eigenfunctions, it is complete and minimal in , but does not form a basis in this space. 







Theorem 8. Let the number  be rational and . Then the spectrum of the problem (17) splits into to sequences:   where each   relates to the one-dimensional root subspace with one eigenfunction and each  relates to a two-dimensional root subspace with one eigenfunction and one adjoint function. The system of root functions is complete and minimal in , and one can choose adjoint functions in such a way that the whole system forms the basis in . 
We note that the functional-differential equations similar to (17) were studied by several authors. The algebraic and analytic aspects of theory of ordinary differential equations with involution were discussed in [4,5]. The spectral issues connected with differential equations with involution were studied for the first-order operators in [6 – 9, 10 – 12]  and for the second-order operators in [13 – 18].
The full proofs of Theorems 7 and 8 are published in the scientific journal with impact factor (see Appendix A). Due to the limits on the number of pages in the interim report we omit here the proof of Theorems 7 and 8.

1.2 Solvability of the mixed problems with involution
The results obtained above help to verify existence and uniqueness of solutions to the mixed problems for several equations of parabolic, hyperbolic and elliptic types with involution by applying the variables separation method. The following theorem approves the positivity of eigenvalues for the boundary value problems (3), (16).

1.2.1 Solvability of the mixed problems for the perturbed heat equation with involution



Theorem 9. If the function   for all then all the eigenvalues  of each of the spectral problems (3) are positive.


Proof is accomplished by multiplying both sides of equation (3) by the function  and integrating over the interval .    
The absolute and uniform convergence of eigenfunction series related to the boundary value problems (3), (16) is verified in the following assertion. 




Theorem 10.   If the number   is not even and the coefficient  of the equation (3) is real-valued then, for any twice differentiable function  that satisfies the conditions , the Fourier series  


                                                (18)


with respect to the complete orthonormal system  of eigenfunctions related to each of  the spectral problems (3), (16) converges absolutely and uniformly.   
The proof uses the representation of the form 


 .


Hence the coefficients  in expansion (18) could be transformed with further applying of the Green’s function’s properties and the Bessel inequality for orthonormal systems. 
Let us formulate the theorem on existence and uniqueness of the solution to the mixed problems related to the perturbed heat equation with involution.

We consider the following mixed problem for the equation of parabolic type on the domain : 


                  (19)


                       (20)






Equation  (19) contains the involution transform of the argument. The parameter  satisfies the condition , and the function   is continuous of the interval . Let us denote by  the system of eigenfunctions of the spectral problem 


                         (21)

Theorem 11. Let the following conditions be satisfied: 

1) the real-valued continuous function   is non-negative; 


2)  the number   is not even and .


Then, for any twice differentiable function  which satisfies the conditions , the solution to the mixed problem (19), (20) exists, is unique and could be presented by the series 


.                                                           (22)

Proof. To verify the theorem, it is sufficient to obtain the uniform convergence of the series (22) and also the series 


,                                                  (23)


.                                                         (24)








By virtue of Theorem 9 all the values of  are positive. Therefore,   for any  and .  By virtue of Theorem 10, the series   converges uniformly. Hence the series (22) also converges absolutely and uniformly. Further, the inequalities   , for some integer , yield the uniform convergence of the series (23). We rewrite the series (24) in the following way: 


        (25)



The series on the right-hand side of (25) converge absolutely and uniformly for all .  The series on the left-hand side of (25) is also absolutely and uniformly convergent for all . Hence we obtain the absolute and uniform convergence of the series 


  (26)



Let us multiply the series (26) by  and add to the series (25). The new series  






is also absolutely and uniformly convergent for all . Thus, all the series (22), (23), (24) are absolutely and uniformly convergent for all . This fact means that the function (22) is the solution to the equation (19) and satisfies the conditions (20). 



Let us proceed with the proof of the uniqueness. Suppose there are two solutions   and  of the mixed problem (19), (20). Then the function   satisfies the equation (19) and the initial condition 






Multiplying both sides of equation (19) by the function , we integrate with respect to the variable  








Then we integrate the obtained equality with respect to the variable . Hence we get the relation 










Applying the inequality    and using the non-negativity of the function  and the relation , we come to the inequality 


, 


which yields the equality . Theorem 11 is proved. 

1.2.2  Existence and uniqueness of the solution of the mixed problems for the perturbed wave equation with involution

Theorem 11 can be transfered to the case of equations of hyperbolic and elliptic types with involution. Let us consider the hyperbolic case. In the two-dimensional domain  we study the mixed problem for the equation of hyperbolic type: 


                           (27)


.                      (28)

Applying the variables separation method we get two problems: the problem (21) and the following problem


                                                                   (29)


.                                                          (30)
 


Denote by the system of eigenfunctions of the spectral problem (21) corresponding to the eigenvalues .

The solution to the equation (29) has the form . The solution to the mixed problem (27), (28) is constructed in the form of the series 


                           (31)

The results of subsection 1 give the base for verifying the Fourier method for this mixed problem. 
The following theorem holds true. 
Theorem 12.Let the following conditions be satisfied:

1) the real-valued continuous function  is non-negative; 


2)  the number   is not even and ,



3) the initial data functions  are twice continuously differentiable and satisfy the conditions , . Then the solution to the mixed problem (27), (28) exists, is unique and could be written in the form of the series (31).


In order to prove this theorem it is sufficient to obtain uniform convergence of the series (31) and the following four series on the interval  for all :


; 


; 


; 


.
 
It is easy to note that the uniform convergence of these series follows from the uniform convergence of the series 

.
We skip the full proof of their uniform convergence as it goes similar to the proof of previous statements. 
In the same way one can formulate and proof the existence and uniqueness theorem for the equation of elliptic type with involution. In the latter case we managed to solve the problem of a more general character. 

1.2.3 Solvability of some problems for the perturbed Poisson equation with involution 







Let  be a unit disk, ,  be the unit sphere,  be a real orthogonal matrix: . Suppose that there exists the integer number  such that . 








Let us note that if , or , then, for any , one have inclusions , or respectively . It is true as the transform of the space  with matrix  is isometric: . 
We give simple examples of these transforms. 






Example 1. Each point  maps into the point . In this case . It is clear that  and , and therefore .



Example 2. Evidently the transform with matrix  may be a rotation in , e.g., if  where

,








 is the identity - matrix and . It follows from the fact that  and , and therefore . Besides one should take  where . 





Let  be any real numbers,  and  be functions defined on  and  respectively. We introduce the operator  

.

We consider the following boundary value problems in the domain . 

Dirichlet problem. Find the function  which satisfies the conditions 

,                                                             (32)

.                                                            (33)

Neumann problem. Find the function  which satisfies the equation (32) and the condition 

                                                            (34)


where  is the external normal vector to the sphere .

Robin problem. Find the function  which satisfies the equation (32) and the following condition

,                                             (35)

where  is a real number.



In the case when  we get the classical Dirichlet, Neumann and Robin problems for the conventional Poisson equation. Note that in [27] the classical Laplace equation was considered in the case  with non-local boundary conditions and the transform  from Example 2. 


Theorem 13. Let for all  the inequalities  hold true and the solutions to the Dirichlet, Neumann and Robin problems exist. Then: 
1) the solution to the Dirichlet problem (32), (33) is unique;
2) the solution to the Neumann  problem (32), (34) is unique with respect to a constant term; 

3) if  then the solution to the Robin problem (32), (35) is unique.




Lemma 3. Let  for . Then the matrix  has the structure similar to that of the matrix 

,
where

                                                            (36)





for .  Moreover, for  the relation  holds where   and .
The following assertion for the problem (32), (33) holds true. 






Theorem 14. Let the numbers  be such that  for  where  are roots of the unity of degree  and. Then the solution to the problem (32), (33) exists, is unique and has the representation


where 

,



and  for  could be found from (36): .

Let us study the necessary and sufficient conditions for solvability of the Neumann problem (32), (34). Let [image: ] be the Green’s function of the classical Neumann problem. Note that the explicit form of the Green’s function [image: ] for the ball  in the cases [image: ] is given in the textbooks on partial differential equations (see, e.g., [28,29]), while, in the case of higher dimensions [image: ], it is constructed in [30, 31]. 
The following assertion holds true. 

Theorem 15. Let [image: ] . Then the condition 


is necessary and sufficient for solvability of the problem (32), (34).
If the solution to the problem exists then it is unique with respect to a constant term and could be represented in the form 



where the coefficients  come from relations  (36) and 

.


Now we give the main statement on the problem (32), (35). Let  be the Green’s function of the classical Robin problem. Note that the explicit formula for this Green’s function  is given in [32, 33]. 
The following assertion holds true. 







Theorem 16. Let  and numbers  be such that  for , where  are roots of the unity of degree  and . Then the solution to the problem (32), (35) exists, is unique and could be represented in the form 



where 


, ,

and the coefficients  are given by relations (36). 

1.2.4 Solvability of the inverse problem for a parabolic equation of fractional order with involution 
This subsection considers the problem of modeling the thermodiffusion process in a circled metallic wire wound around a thin plate of isolating material. 
Consider the equation


                        (37)






in the domain . Here the right-hand function  characterizes an exterior source that does not alter in time;  is the starting time mark and  is the final time mark of  the process. The derivative  is defined by the relation






and is called the derivative of order  in the Caputo sense, here   denotes the fractional Riemann-Liouville integral 




The Caputo derivative allows us to consider the initial conditions in the natural manner. 
As the additional information we fix the values of an initial and a final temperature condition:


                        (38)

As the wire in circled it is natural to suppose that the temperatures on the wire’s end-points coincide: 


                                  (39)


Consider the process when the temperature at one end-point at any time  is proportional to the (fractional) velocity of average temperature changing over the whole wire. Thus, we have 


                            (40)


Here  denotes the proportionality coefficient.


Thus we come to the following inverse problem: Find the right-hand side  of the subdiffusion equation (37) and its solution  satisfying the initial and final conditions (38), the boundary condition (39) and the condition (40). 

Note that this problem with  is studied in the subsection 1.2 of the report. 
The condition (40) is non-local. Applying the method of A.A.Samarskii we transform this condition. By virtue of the equation (37), the condition (40) yields the relation




Hence




Introducing the notation




we get the new inverse problem: 



Find two functions  and  in the domain  that satisfy the equation


                        (41)

the initial condition 


                          (42)

the final condition




and the boundary conditions


                    (43)






Here  and  are given sufficiently smooth functions;  is a non-zero real number satisfying  and 



Let us proceed with the definition of the problem’s solution. The pair of functions  is called the regular solution to the inverse problem (41)-(43) if they belong to the classes:   satisfy the equation (41) and conditions (42)-(43). 



The pair of functions  is called the generalized solution to the inverse problem (41)-(43) if they belong to the classes: , satisfy  the equation (41) and conditions (42)-(43) almost everywhere.

Applying the Fourier method to the problem (41)-(43) we get the spectral problem for the operator defined by the following differential expression


                    (44)

and the boundary conditions 


                                  (44)


where  is the spectral parameter. 
Thus the problems (41)-(43) and (37)-(40) also coincide. Therefore, further we will consider only the problem (37)-(39) with the boundary condition


                            (45)

In other words, we will consider the inverse problem (37)-(39), (45).
Now we give the theorem on existence and uniqueness of this inverse problem. 



Theorem 17. Let  and  be such that the condition (43) holds for all indices .
(A) 


Let  and satisfy the boundary conditions (44). Then, for any real number : , the inverse problem (37)-(39), (45) has a unique generalized solution which is stable with respect to the norm: 






where the constant  does not depend on .
(B) 




Let  and functions  and  satisfy the boundary conditions (44). Then for any real number : , the inverse problem (37)-(39), (45) has a unique regular solution.

CONCLUSION

The report presents research results on basicity properties of eigenfunctions of the second-order differential operators with involution. The following results are obtained: 
- the Green’s functions are constructed for semi-bounded one-dimensional second-order differential operators with involution and boundary conditions of Dirichlet, Neumann types, of periodic and antiperiodic types; 
- theorems on the basicity of eigenfunctions and on equiconvergence of eigenfunction expansions related to the one-dimensional second-order differential operators with involution and general boundary conditions are verified; 
- theorems on the basicity of eigenfunctions and on equiconvergence of eigenfunction expansions related to the one-dimensional second-order differential operators with involution and particular boundary conditions are proved; 

- an example of the one-dimensional second-order differential operator with involution is given with an infinite number of adjoint functions; the basicity of its root functions in the space , is verified; 
- theorems on existence and uniqueness of solutions to the mixed problems for equations of parabolic, hyperbolic and elliptic types with involution are proved.
The obtained results form a base for applying the Fourier method to initial boundary value problems in the case of partial differential equations with involution. In the case of the second-order derivative operator with involution, the important task is fulfilled – the Green’s function is constructed for several boundary value problems. The explicit form of the Green’s function demonstrates its essential distinction from that of the conventional differential operator. The Green’s functions which are constructed in the research have been used to prove the equiconvergence theorems for eigenfunction expansions in the case of one-dimensional second-order differential operators with involution.    
The results of this research let us state the creation of the theory of basicity of root vectors for differential operators with involution. These results could be applied in the solvability theory for partial differential equation with involution, for solving inverse problems etc. 
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1. Republican state enterprise on the right of economic management "South Kazakhstan State University named after M. Auezov "Ministry of Education and Science of the Republic of Kazakhstan
1.1 Name of the priority scientific research branch for this application. 3. Information, telecommunications, and space technologies, scientific research in the field of natural sciences.
1.2 Name of a specialized scientific research branch for this application, type of research.   3.6. Scientific research in the field of natural sciences. Fundamental and applied research in the field of mathematics.
1.3 Title of the Project’s theme. AP 05131225 «Basicity properties of eigenvectors related to one-dimensional differential operators with involution».
1.4  The total amount of the project is 24,000,000 (twenty four million) tenge, including with a breakdown by years, for the performance of work in accordance with paragraph 3:
- for 2018 - in the amount of 8,000,000 (eight million) tenge;
- for 2019 - in the amount of 8,000,000 (eight million) tenge;
- for 2020 - in the amount of 8,000,000 (eight million) tenge. Supposed dates of the 

2. Characteristics of scientific and technical products by qualification characteristics and economic indicators
2.1 Direction of work: Mathematics. Spectral theory of differential operators.
2.2 Applications: Theory of functional partial differential equations with involution; Mathematical models leading to differential equations with involution.
2.3 End result:
- for 2018: The theorem on the basis property of the eigenfunctions of the spectral problem with boundary conditions of the Dirichlet type. 1 article will be published in a peer-reviewed foreign scientific journal with a non-zero impact factor "Filomat". 1 article will be published in the journal recommended by the Committee for Control in the Sphere of Education and Science;
- for 2019: The theorem on the basis property of the eigenfunctions of the spectral problem with boundary conditions of the Neumann type. 1 article will be published in the journal recommended by the Committee for Control in the Sphere of Education and Science. 1 article will be published in a journal with a non-zero impact factor and 1 article in a peer-reviewed foreign scientific journal indexed in the Thomson Reuters (Web of Science) database with a non-zero impact factor;
- for 2020: The theorem on the basis property of the eigenfunctions of the spectral problem with periodic and antiperiodic boundary conditions. 2 articles will be published in peer-reviewed foreign scientific journals, indexed in the Thomson Reuters database with a non-zero impact factor
2.4 Patentability: Not patentable.
2.5 Scientific and technical level (novelty): For the first time, theorems on the basis property of eigenfunctions of spectral problems with involution with specific boundary conditions in the presence of variable coefficients will be proved.
2.6 The use of scientific and technical products is carried out: by the Contractor.
2.7 Type of use of the result of scientific and (or) scientific and technical activities: Formulas and theorems.



 3. Name of work, terms of their implementation and results
	Task code, stage
	Name of work under the Agreement and the main stages of its implementation
	Period of execution
	Expected Result

	
	
	start 
	finishing
	

	1
	Name of the task. 
The basicity properties for the eigenfunctions of the spectral problem with Dirichlet boundary conditions  
	03.01.2018 .

	Until November 01, 2018
	We will investigate the basic properties of the eigenfunctions of the spectral problem with Dirichlet boundary conditions. We will prove a theorem on the basis property of the eigenfunctions.

	1.1
	Name of the event. 
To show the positivity of eigenvalues of the spectral problem with Dirichlet boundary conditions. 
To construct the Green’s function of the boundary value problem with zero potential and Dirichlet boundary conditions.
To prove the theorem on basicity of eigenfunctions for  the spectral problem with Dirichlet boundary conditions. 
	03.01.2018 .

	30.06.2018 . 
	The positivity of the eigenvalues of the spectral problem with Dirichlet-type boundary conditions will be shown. Green's functions of a zero-potential boundary value problem with Dirichlet-type boundary conditions will be constructed.
Theorems will be proved on the basis property of the eigenfunctions of the spectral problem with boundary conditions of the Dirichlet type. 1 article will be published in a peer-reviewed foreign scientific journal with a non-zero impact factor "Filomat".

	
1.2
	Name of the task. 
The basicity properties for the eigenfunctions of the spectral problem with Dirichlet boundary conditions  
	02.07.2018 .

	Until November 01, 2018
	The existence of a solution to the mixed problem for a perturbed parabolic equation with Dirichlet boundary conditions will be proved.
The existence of a solution to the mixed problem for a perturbed hyperbolic equation with
Dirichlet boundary conditions. The existence of a solution to the mixed problem for a perturbed elliptic equation with Dirichlet boundary conditions will be proved. Uniqueness theorems will be proved. A theorem on the solvability of the mixed problem for an equation of parabolic type will be proved. Theorems about the solvability of mixed problems for equations of hyperbolic and elliptic types will be proved. 1 article will be published in the journal recommended by the Committee for Control in the Sphere of Education and Science.

	2
	Name of the task.
The basicity properties for the eigenfunctions of the spectral problem with Neumann boundary conditions.
	03.01.2019 .

	Until November 01, 2019
	We will investigate the basic properties of eigenfunctions with Neumann boundary conditions. We will prove a theorem on the basis property of the eigenfunctions 

	
2.1
	Name of the event.
To show the positivity of eigenvalues of the spectral problem with Neumann boundary conditions. 
To construct the Green’s function of the boundary value problem with zero potential and Neumann boundary conditions.
To prove the theorem on basicity of eigenfunctions for  the spectral problem with Neumann boundary conditions. To obtain the estimates for the derivative of the eigenfunctions. 
	03.01.2019 .

	30.06.2019 .

	It will be shown that the eigenvalues of the spectral problem with Neumann-type boundary conditions are positive. Green's functions of a zero-potential boundary value problem with Neumann-type boundary conditions will be constructed. Theorems on the basis property of the eigenfunctions of the spectral problem with Neumann-type boundary conditions will be proved. Estimates of the norms of the derivative of the eigenfunctions will be shown. Theorems on the equiconvergence and basis property of the eigenfunctions will be proved. 1 article will be published in the journal recommended by the Committee for Control in the Sphere of Education and Science.


	2.2
	Name of the event.
To prove existence of the solution to the mixed problem for the perturbed equation of the parabolic type with Neumann boundary conditions. 
To prove existence of the solution to the mixed problem for the perturbed equation of the hyperbolic type with Neumann boundary conditions.
To prove existence of the solution to the mixed problem for the perturbed equation of the elliptic type with Neumann boundary conditions. Theorems of uniqueness.
	01.07.2019 .

	Until November 01, 2019
	The existence of a solution to the mixed problem for a perturbed parabolic equation with Neumann boundary conditions will be proved.
The existence of a solution to the mixed problem for a perturbed hyperbolic equation with Neumann boundary conditions will be proved. The existence of a solution to the mixed problem for a perturbed elliptic equation with Neumann boundary conditions will be proved. Theorems about the uniqueness of the solution will be proved. A theorem on the solvability of the mixed problem for an equation of parabolic type will be proved. Theorems on the solvability of mixed problems for equations of hyperbolic and elliptic types will be proved.

	
	
	
	
	1 article will be published in a journal with a non-zero impact factor and 1 article in a peer-reviewed foreign scientific journal indexed in the Thomson Reuters (Web of Science) database with a non-zero impact factor;


	
3
	Name of the task. 
The basicity properties for the eigenfunctions of the spectral problem with periodic and antiperiodic boundary conditions.
	03.01.2020 .

	Until November 01, 2020 .
	The basic properties of the eigenfunctions with periodic and antiperiodic boundary conditions will be investigated. The theorem on the basis property of the eigenfunctions will be proved.

	3.1
	Name of the event.
To show the positivity of eigenvalues of the spectral problem with periodic and antiperiodic boundary conditions. 
To construct the Green’s function of the boundary value problem with zero potential and periodic and antiperiodic boundary conditions.
To prove the theorem on basicity of eigenfunctions for  the spectral problem with periodic and antiperiodic boundary conditions. To obtain the estimates for the derivative of the eigenfunctions.
	03.01.2020.

	30.06.2020 .
	The positivity of the eigenvalues of the spectral problem with periodic and antiperiodic boundary conditions will be shown.
Green's functions of a boundary value problem with zero potential with periodic and antiperiodic boundary conditions will be constructed. Theorems on the basis property of the eigenfunctions of the spectral problem with periodic and antiperiodic boundary conditions will be proved. Estimates of the norms of the derivative of the eigenfunctions will be shown. Theorems on the equiconvergence and basicity of the eigenfunctions will be proved

	3.2
	Name of the event.
To prove existence of the solution to the mixed problem for the perturbed equation of the parabolic type with periodic and antiperiodic boundary conditions. 
To prove existence of the solution to the mixed problem for the perturbed equation of the hyperbolic type with periodic and antiperiodic boundary conditions.
To prove existence of the solution to the mixed problem for the perturbed equation of the elliptic type with periodic and antiperiodic boundary conditions. Theorems of uniqueness.

	01.07.2020.

	Until November 01, 2020 .
	The existence of a solution to the mixed problem for a perturbed parabolic equation with periodic and antiperiodic boundary conditions will be proved.
The existence of a solution to the mixed problem for a perturbed hyperbolic equation with periodic and antiperiodic boundary conditions will be proved.
The existence of a solution to the mixed problem for a perturbed elliptic equation with periodic and antiperiodic boundary conditions will be proved. Theorems on the uniqueness of the solution will be proved.
A theorem on the solvability of the mixed problem for an equation of parabolic type will be proved.
Theorems about the solvability of mixed problems for equations of hyperbolic and elliptic types will be proved. 2 articles will be published in peer-reviewed scientific journals, indexed in the Thomson Reuters (Web of Science) database with a non-zero impact factor.
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Honoanurensnoe cornamenne Ne 7
K 10roBopy Ha rpaHToBOe GHHAHCHPOBAHHE
Ne 164 o1 «15» mapra 2018 ropa

: . Hyp-Cyaran oT «ﬁ» Z& 2019 r.

Tocymapersentoe yupencenue «Komuter Haykn MHuuuCTEpCTBA 06pasoBaHus M Hayki
Pecnybnuxn  Kasaxcramy, HMeHyemoe B nanbHeHileM 3akasuuk, B mue Ipencemarens
Abynxacosoki A.C., aeHCTBYIOEro Ha  OCHOBAHHH Ionoxenus o Komurere Hayku,
- YTBEPXKUCHHOIO HPHKA30M OTBETCTBEHHONO cekperapsi 10 mrons 2018 Ne 169-K, u mpuxasa
- Munuctpa obpasoparus 1 nayku Pecny6nuku Kasaxcran ot 22 mas 2019 roma Ne 52-xK, ¢ opHO#
TOPOHEL, M PecrryGiukanckoe rocyapeTsensoe npeanpusTie Ha NpaBe XO3THCTBEHHOrO BENEHHS
«IOxHO-Kasaxcranckuit FOCYNApCTBEHHBIH yuuBepeuter uM. M. Ayszosay Murucrepersa
:06pasoBarus 1 Hayky Pecry6nniu Kasaxcran, HMEHYeMbIH B anbHelmeM VcnonHutens, B aune
TpopexTopa 0o Hayunol paGore u wuHOBaumam Caraesa M.U., ACHCTBYIOMEro Ha 0CHOBAHHH
npukasa ot 03 mions 2918 rona Ne 202-1k, ¢ AIPYrOH CTOPOHbI, HA OCHOBAHHH IMYHKTA 2) CTATHH
< -386, 401 Tpaxmarckoro koackca PecnyGnukn  Kasaxcran, nocranosnes Mpasutenscrsa

PecnyGnnxu Kasaxeran ot 25 mas 2011 roma Ne 575 «O6 yrBepxkaenun ITpasun Gasosoro,
[PaHTOBOrO, [POrPAMMHO-LE/ICBOro (PUHAHCHPOBAHMS HAYYHOH M (Wimh) HAYYHO-TeXHHYECKO#
ACATEIBHOCTI, noctanoBnenus [pasurentcrsa Pecny6nuxn Kasaxcran ot 16 mas 2011 roma Ne
519 «O namuoHAIBHEX HAYYHEIX coBeTaxy, nyhkra 9 seinucku Ne 2 u3 npotokona’sacenanus No 6
HauponanpHoro  mayusoro  cosera 1o Hanpasnennio  Haykn  «MH]opMaunonmble,
. TEMEKOMMYHHKALHOHHBIC H KOCMHYECKHE TEXHONOTHH, HAy4HblE HCCJIEAOBAHHA B - 061acTH
€CTECTBEHHBIX HAYK» 0T 23 mas 2019 roaa, npukasa Munncrpa ¢punancos PecriyGuxu Kasaxcran
«O6 yTBepXKICHUN Tpasu nenomienns G101KeTa 1 €ro KACCOBOro obenysupanysy ot 04 nexabps
2014 roma Ne 540, saxmounni nactosuee Jlononnutensoe cornaimenue k Jloroeopy Ne164 or
ol 15» mapra 2018 roa (nanec - Horosop) o uuxecnenyiomen:
1Ipuioxenne 1.1-1.18 Jloronopa u3n0XHTE B HOBOM PEAaKUMH B COOTBETCTBHH ¢
TIPHIIOXKEHHE M K HilC'lO)lIlleM_V HMOIOJIHHA T€JIbHOMY COTJIAILICHHIO.
ML T ) Cpok AeHCTBIA HACTOSILIEro JIOMIOJIHUTENLHOTO cortateus 10 31 nexabps 2020 roa.
; " 3.JIonioNHATEIBHOE COrMALIEHKE SABIACTCS HEOTHEMICMOF vacteio Jlorosopa,
4.Yenosus [loioBOpa, He 3aTpOHYThle HACTOSLLMM JlononuutenbHeIM  cornamenuem,
© . OCTHIOTCS B HCHIMEHIOM B, :
PE 1 3. lonoHUTEILHOE COrNIALICHHE COCTABNEHO B ABYX SK3EMILLLPAX, 10 OXHOMY 9K3eMILIApY
; R l_x.m Ka)l(llk)ﬁ H3 CTOPOH, HMEIOLIHX OJIHHAKOBYH) IOPHJH‘WCK}’IU Ccuity.

4 LOpuanscerie apeea cropon

: ; fusss 3 Henonsurehss TBEHIO0
> 3aKazunic - n PecryBanKkanckoe rocyiaper
BB o a i nerepeTna \mp‘.uumlliml 2 oOro Bene
b ecibis | TY «Komurer nuyku ’\Q”“ :c'x:xlr;> NpeAnpHsTHE HA 1paBe XOSHCTUCH o
: u Hayky PecnyGuukn Kasa «lOxHo-Kasaxcranckuit rocyﬂaP:ATB“ el
(‘)“10000, ™ lrlyp-&yilff"vs YHHBEPCHTET UM. M. Ays30Ba» Hllzncaxgr
] npocnext Mowrinik Ex, oBpasopanys 1 Hayku PecryGamki ,aBSv
i ~* BUH 06! 140 007 608 160012, . Lbmvkent, np.-Tayke xana,

: BUKKK MFKZ2A  — BIH 990 240 005 557
feoo el MK KZ920701 01KS NOOO 0000 b SRR

Mununcerepersa

A. AlyakacoBa
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[Tpunoxenns 1.1-1.
i Jlorosopy Nel64 ot «15» mapra 2018
Ha IPaHTOBOE (PMHAHCHPOBAH

TEXHUYECKASL CIELHOUKALS 1
KAJEHJIAPHBIA TIJIAH PABOT

[To porosopy Nel64 ot «15» mapra 2018 roaa

LPecnyfimKanckoe rocyaaperBeHHoe NPEPHSITHE HA NIPABe X03sicTBEenoro
seaennsi<lOzno-Kasaxeranenii rocyaapersenubiii yuusepeurer um. M. Ayssosa»
Muumereperso ofpasosanust o nayu PeenyGanen Kasaxeran

x 1.1 Tlo upuopurery: Wu)OpMaLHOHHbIE, TeJEKOMMYHUKALHOHHBIE M KOCMHUECK
T TEXHOJIOIHH, HAYYHDIE HCCIICAOBAHIS B 001ACTH €CTECTBEHHBIX HAYK.
1.2 Mo noanpuopurery: Haydnbie ueenenoBansst B o61acTH  €CTECTBEHHLIX  Ha!
QyuuamMenTaiLible W NPUIIALHBIC HCCIeN0BalKS B 00JIACTH MATEMATHKH.
1.3 Tlo reme npoexra: AP0S131225 «Basucunie  cBoHCTBA: LOUL’[BLHMM\ BEKTOp
OAHOMEPHBIX TU(D(EPEUIAILILIX ONEPATOPOB ¢ HHBOIIONHEHR».
LA Ot eysvia npoera 24 000000 (usajinarh gerbipe MHIHOHR) TEHTC, B 11
Yyeste ¢ pasGyBKOIT 10 rojlam. JUIst BRITOIHEHHst pafoT COrTaCHO IYHKTY 3:
- na 2018 ro - B eyavnie 8 000000 (Bocers MHAIIHOIIOB) TEHTE;
- 1a 2019 rost- 1 cymme 8 000000 (Bocemb MIIIHOHOB) TEHIE;
-1a 2020 roa - B cymme 8 000000 (Bocems, MHIMOHOB) TEHTE,

2. NapARTEPHCTHRA HAYHHO-TEXHIICCROIT IPOAYKIMH 10 KBAJIHGHKRALHOIILIM
HPHBHARAM [ )ROHOMIMCCKHE TT0KA3ATE/IH

2.1 Hunpasaenne paGori: Maremariia. Cricirpaibias Teopus AudQepenuuanni
| OI1epaToOpoB.
s 2.2 O0aacrs npnvencuus: Teopust PyHKHonansHo-AMGQEPEHIHANLEBIX YPABHEHHI
YACTHLIX  HPON3BOAHLIY ¢ HHBOMOUMEH,  MaltcMaTHUeCKHe  MOACHH,  UPHBOMIILHC
JUDOEPEH AL LIHLIM YPUHCIING C HIBOIOIHCH '

2.3 Kove it pesyaniar:

- 3a 2018 rou: Teopema o GasucHoctd coOCTBENbIX (YHKUMH CHEKTPATLHON 3aitas
KpaesLiMit ycropusmun trna Lnpuxie. Byaer onyGnukosana 1 craThi B peueHsnpyem
3apyBexHOM HayHHOM Ky pHAC ¢ HeHyliesbiM uMiakt-(akropom «ilomaty. Byner ony0:mkom

“1'eratba B kypraie, pekomengosannom KKCOH MOH PK.

- 3a 2019 roa: Teopema o GazucHocTH COOCTBENHBIX (YHKIUMA CIEKTPAILHON 3ajat
KpaeBLIMH  VOaoBHsiMH - Thia  llelimana,  Byner  ony6nukosama 1 craThs B OKypiha
pexomenzosannon KKCOH MOH PK. Byuer onybnnkosana 1 craTbs B JKYPHAE ¢ Heny el
HMAAKT-QAKTOPOM M | CTaTHA 15 PELCHIUPYEMOM 3apyBeikHoM HayuHOM H3LAHHH, HHAEKCHDPYeM
B 6ase gaunpix Thomson Reuters (Web of Science) ¢ nenysiesbiM nMmakT-(hakTopoM.

- 3a 2020 ro, copema 0 GasucHocTi coberBeibIX QYHKUMA CIEKTPAIbHON 3a1atn
MEPHOLUHECKINHI 1 AHTHITCPHOANYCCKUMI KPACBBIMH YCIOBUSIMU. ByyT ory6nukoBanb! 2 ¢rai
B PELIEH3MPYENLIX HAYUILIX Is/LnniniX, inpiekepyennix B Gase nanupix Thomson Reuters (Web
. : Science) ¢ nenvienbia

- J 2.4 Iererrocniocodniocin: He narenroenocodna
2.5 Huayuno-rexnmuecknit yvpoucis (nosiusua): Brnepspie OyayT HOKa3aHbl TCOPCMbI
GazncHocTH  COBCTBENHLIN  (DYIKITIT CHCKTPAILHBIN 34/(a4 ¢ HHBOLIOLMEHN C KOHKPETHb!
KPaeBLivK yC 1oBHSIMIL [PH 14516 EPEMENHBIX KOAPPHIUHEHTOR.
2.6 VICionb30Balie naysio-rexiniieekoil npoy ki ocyuecTaserces: Menonmurescat.

CE-arTopon
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3. Hanmenonanue paGor, epoxn uy p

2.7 Bua uenonssosanns pesyiiprara Hay!

UHOM M (MIIH) HAYYHO-TeXHHUECKON HESTeNbHOCT

Ulug " Haumenosanue paGor no
p Jorosopy u ochoBHbIe I

CATNBALMT U DE3YALTATLI

CPOK BBITIOJIHEH M1

‘ Osxcunaemnrif pesysprar

| napaGosuveckoro ting ¢
| KpaeBbinit YCHOBHsIMY |
i Auprixac.
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1 T Basncrie cnonc'maf SluBapn Mo Bynyr nccnenosansr 6asmciinn
COBCTBEHHLIX )y HKuHi | 2018 r. I 15046ps | cpoiicrsa cobersennl
CHCKTPUNLHOR 3oy ¢ 2018 v | pymxumii CIEKTPAIBHOI 3aiat]
KPACBLIMi YCIOBHAMY | | c KP4eBLIMU YCIOBHSIMI
Hupuxie ! | JAupuxse.  Bynmer  pokasan:
Teopema 0 Gasucroct
N | | coGerBentibix Qyuknuit
Tloxasarn, Mapr | Mions Byner rokasan;
MOJIOICHTETLHOCTI, | 2018, | 2018, TIONOKHTENILHOCT,
coberne N sHavenmii | | COBCTBEHHBIX 3HAYEH U]
CHCKTPAILHONH  3a/aum ¢ ‘J CHEKTPAILHON ERMERT ¢
KPACBDINH YCNOBHSIMY THIIA | | KPaeBBIMH  YCIIOBHSIMH T
Mupuxie. " Jnpuxne.  Bynyr nocTpoetin,
Toctpoirts (ynxumn "puua | | | Gyuxuan  Ipuna Kpaesoi
Kpaepolt 3anaun ¢ nynespim | [ 3azaun c HYJIEBBIN
HOTEHLIAIOM ¢ KpaeBbiMy | | MOTEHIHAIIOM ¢ KpacsLIMi
yemosusivit tina Jnpuxie. [ yenosusmu thna Jupuxoe.
Jlokasanennetso reopemii o Bynyr  noxasausl TCOPCMDI ¢
{Gasuenoern  cole ruennnix | Gasucnocty coberBeniny
[NGINTR CHERTPILHON | | yniunit cnextpanbroii s
3a/lavun [ KDACBLIMH | | € KPACBLIMH YCIOBHSMH TiI:
yenosus v tuna linpuse. | Aupuxie.  Byayr  goxasans
| | TEOPEMBI O PABHOCXOMUMOCTH |
‘ 6asucuocry cobeTsenn
| | (ynxumi. Byaer ony6iicona:
I crares B penensupyenon
3apyGexnnom Hay oM wypuiic
| c HEHYIEBbIM HMITaKT
T | darxropom «Filomaty, R
12 | lokasarennerno Hions "o Bynyr JoKa3AIL
leylectionanus  peniciing 2018 r. I nosGpst | cymnecrsosanus petneriys
| CMeLA IO sajadn U | 2018 r. | eMetwanol 3a/a4m Ut
[uo:xmyl.u.:unul‘o YPaBHCHMS BO3SMYLUEHHOI'O Ypasreims

I'If!pl\GO,’IH HCCKOro THL 8
KPaeBLIMKH YCIOBHsIn

Jlupuxne.

Bynyr JOKA3AH,
CYLUECTBOBAHMS penieis
CMelantoi sanaun U1

BO3MYILEHHOTO ypasuens
runepbonnueckoro THITA ¢
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Gynkumi CICRTPAILHOG
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YCIOBHAME THNIA Hefineu
= [ Queniy HOPM

MPOH3BO A i} coOCTBeNLIX |
GyHictumii. |

|

KpaeBbIMH yenosusimuy

| Jupuxie. Byayr JOKA3aAH B
cyLucc*ruouumm PeLueHms
| CMELaHHOH 3a)aun Jutsi
BO3MYLIEHHOIO YPaBHeHMs
SMUIMNTHYECKOrO  Typg &
KpaeBbIME ; YCITOBUSIMH

Muprxne. Bynyr  noxasain,
| Teopemb o exmicTBeHoCT, |
Byrer  noxasana Teopema o |
Paspetmmocti evewsanor |

3aiavu s YpaBHeHus i
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JJUIHLITHYeC Oro Tunos, ’)‘)/,’(C'I“
onybnukoBana ] CTarTLs u}
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KKCOH MOH PK, |

J

|

l

Ho Bynyr Heenenosaus! Gasicnpie |
1 | 103Gpst | cnoitcrna coGersernpy |
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