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ABSTRACT
Report 53 p., 4 fig., 32 ref., 3 append.
FINITE-DIMENSIONAL PERTURBATIONS, MULTIVARIATE DIFFERENTIAL OPERATORS, SPECTRAL EXPANSION, DIFFERENTIAL OPERATORS ON GRAPHS, BIRKHOFF REGULAR BOUNDARY CONDITIONS
The object of research: spectral analysis of one-dimensional and  multidimensional differential operators  that resolvents represent finite-dimensional perturbations of Fredholm operators.
The aim of this work is to study the spectral properties of one-dimensional and multidimensional differential operators, the resolvents of which represent finite-dimensional perturbations of Fredholm operators.
Method or methodology: methods of operator theory and the theory of functions of complex variables are used to study the spectral properties of finite-dimensional perturbations of Fredholm operators.
Results and novelty:
-Description the classes of operators, the resolvents of which are finite-dimensional perturbations of Fredholm operators;
-Description the classes of one-dimensional differential operators, the resolvents of which represent finite-dimensional perturbations of two-point boundary value problems;
-Description the classes of operators with partial derivatives, the resolvents of which represent finite-dimensional perturbations of Fredholm operators;
-Carrying out spectral analysis of finite-dimensional perturbations of Fredholm operators;
-Development of a method for spectral analysis of one-dimensional differential operators, the resolvents of which represent finite-dimensional perturbations of Fredholm operators;
-Development of a method for spectral analysis of multidimensional differential operators, that resolvents represent finite-dimensional perturbations of Fredholm operators;
-Analysis of differential operators on stratified sets;
-Description of differential operators on stratified sets, the resolvents of which are finite-dimensional perturbations of Fredholm operators;
-Performing spectral analysis of differential operators on stratified sets, the resolvents of which are finite-dimensional perturbations of Fredholm operators.
Economical efficiency or significance of project: applicable nature.
Application field: the results of spectral analysis of one-dimensional and multidimensional differential operators, the resolvents of which represent finite-dimensional perturbations of Fredholm operators; can be used to solve topical problems of applied mathematics and theoretical physics.
Predictive propositions for the development of the object of research: application of the results obtained to solve applied problems in the classical mechanics field. 


ТҰЖЫРЫМДАМА
Есеп беру жұмысы  53 б., 4 сур., 32 әдеб. көз., 3 қосым.
АҚЫРЛЫ ӨЛШЕМДІ АУЫТҚУЛАР, КӨПӨЛШЕМДІ ДИФФЕРЕНЦИАЛДЫҚ ОПЕРАТОРЛАР, СПЕКТРЛІК ЫДЫРАУ, ГРАФТАҒЫ ДИФФЕРЕНЦИАЛДЫҚ ОПЕРАТОРЛАР, БИРКГОФ БОЙЫНША РЕГУЛЯРЛЫ ШЕКАРАЛЫҚ ШАРТТАР
Зерттеудің нысаны болып резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын бірөлшемді және көпөлшемді дифференциалдық операторлардың спектрлік талдауы табылады. 
Жұмыстың мақсаты – резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын бірөлшемді және көпөлшемді дифференциалдық операторлардың спектрлік қасиеттерін  зерттеу.
Жұмысты жүргізудің әдістемесі мен әдісі: фредгольмдік операторлардың ақырлы өлшемді ауытқуларының спектрлік қасиеттерін зерттеу үшін операторларр теориясы мен комплекс айнымылылы фукнциясының әдістері қолданылады. 
Жұмыстың нәтижелері және олардың маңыздылығы: 
- Резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын операторлардың класын сипаттау;
-Резольвенталары екі нүктелік шекаралық есептердің ақырлы өлшемді ауытқулары болып табылатын операторлардың класын анықтау:	
-Резольвенталары дербес туындылы операторлардың ақырлы өлшемді ауытқулары болып табылатын операторлардың класын анықтау;
- Фредгольмдік операторлардың ақырлы өлшемді ауытқуларына спектрлік талдау жасау;	
- Резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын бір өлшемді дифференциалдық операторлардың спектрлік талдау әдістерін әзірлеу;
- Резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын көп өлшемді дифференциалдық операторлардың спектрлік талдау әдістерін әзірлеу;
- Стратифицирленген жиындардағы дифференциалдық операторлардың талдауы;
	- Стратифицирленген жиындардағы резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын операторлардың сипаттау; 
 -Стратифицирленген жиындардағы резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын операторлардың талдауын жасау. 
Жұмыстың экономикалық тиімділігі немесе маңыздылығы: қолданбалы сипат.
Қолдану аймағы: резольвенталары фредгольмдік операторлардың ақырлы өлшемді ауытқулары болып табылатын бірөлшемді және көпөлшемді дифференциалдық операторлардың спектрлік талдауының нәтижелері теориялық физика, қолданбалы математиканың өзекті мәселелерін шешу үшін қолданылуы мүмкін.
Зерттеу нысанының дамуы туралы болжам ұсыныстар: классикалық механика аймағында қолданбалы есептерді шешу үшін алынған нәтижелерді қолдану.
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INTRODUCTION

 Let in the given  Hilbert space , for the difference of inverse operators of which the equality
					(1)
holds. Here  is a finite-dimensional operator.
Then we call the operator B a finite-dimensional perturbation of the operator .
It is known that in the case of a linear differential expression on the finite segment, any invertible operator in  generated by this differential expression is a finite-dimensional perturbation of the operator corresponding to the Cauchy problem with zero data. For partial differential equations, this effect is less common. For example, the Laplace operator with  zero Dirichlet  conditions in the unit ball is invertible. The question is, are there other invertible operators generated by the Laplacian that are finite-dimensional perturbations of the Laplace operator with Dirichlet conditions?
It turns out that for this it is necessary to consider boundary value problems for the Laplace operator in a punctured ball. In this case, however, it is necessary to expand the domain of the Laplace operator and to regulate the functions from the domain before applying the Laplace operator? 
In the proposed report, we systematically investigate the issues of a complete description of reversible restrictions generated by second-order differential equations of elliptic type with constant, as well as with variable coefficients in bounded domains with smooth boundaries. In this case, an important requirement is that the reversible restriction must be a finite-dimensional perturbation of the corresponding elliptic operator with zero Dirichlet conditions.
Another important clarification arising from relation (1). In this case, the analogue of the second Hilbert identity for resolvents turns out to be true. In particular, from (1) follows the operator equality
                                       (2)
for any , where  and  - resolvent sets of the corresponding operators.
Note that identity (2) is true, although  may not coincide with . It follows from identity (2) that the difference of the resolvents  is a finite-dimensional operator. Therefore, following M.G. Kerin, one can introduce the concept of the determinant of the perturbation  It is known that  is a meromorphic function if is an operator with discrete spectrum. Studying in detail the zeros and poles of the determinant of the perturbation , we succeed in obtaining theorems on the localization of the spectrum of the operator .
The finite-dimensional operator  allows one to investigate the basic properties of the root elements of the operator  if the operator  is assumed to be self-adjoint.
During the implementation of this project under the guidance of the project manager prof. Kanguzhina B.E. completed one doctoral dissertation (Konurkulzhaeva M.N.) and several master's works (Koshkarbaev N., Kayirbek Zh., Auzerkhan G., Beisenbai A., Nurmetova A.).
The presented final report for 2018-2020 is based on the most important results from the interim reports “Finite-dimensional perturbations of Fredholm operators and their spectral analysis”:
for 2018 (Inventory № 0218RK00833),
for 2019 (Inventory № 0219RK00407),
and includes the results of project performers for 2020.


MAIN PART OF THE RESEARCH REPORT 
1 Description of the classes of operators whose resolvents are finite-dimensional perturbations of Fredholm operators
It is often convenient to interpret linear differential operators on a finite segment as finite-dimensional perturbations of Volterra operators. This interpretation has made it possible to obtain a number of outstanding results ([1-6]). At the same time, linear partial differential equations rarely lend themselves to such an interpretation. In [7-8], separate classes of such operators in multidimensional bounded domains with smooth boundaries are distinguished. In particular, in [7] - [9] for the Laplace operator in a punctured ball, it was possible to describe operators that are finite-dimensional perturbations of the Fredholm operator. The inverse operator to the Dirichlet problem for the Laplace operator in the ball acts as a Fredholm operator. In [8] - [10], for a polyharmonic operator in a punctured ball, some classes of operators representing finite-dimensional perturbations of some Fredholm operators were studied. For more general second-order elliptic operators with variable coefficients, similar results can be found in [11]. The above works concern differential operators in a ball with distant points. A further generalization, when a set of positive dimension is removed from the ball, can be found in [12].
In the mentioned works [7] - [12] of the project executors, in essence, the following abstract scheme was used to describe correct restrictions and represent their resolvents.



In a Hilbert space  with scalar product  and norm , consider a closed linear operator  with dense domain of definition in H. We assume that


The operator  is called the maximum operator.











We define an additional norm  on the domain of definition , and denote the closure  by this norm by . We assume that the additional norm is stronger than the original norm , that is , the inequality holds . It is clear that the embedding has been completed . In the dual space , we choose a system of  linearly independent functional . Then there is a unique system of elements from , subject to the conditions






where  means the value of the functional  on the element, and  the Kronecker symbol.



Let there exist a fixed invertible restriction of the operator . We define the operator  by the formula  on the domain



Theorem 1.1. Operator  an invertible operator, and





Remark 1.1. Theorem 1.1 states that to construct an invertible restriction  of the operator , in addition to a fixed invertible restriction, it suffices to define a set of linearly independent functionals  from 
The next theorem gives a representation of the resolvents of operators, which are finite-dimensional perturbations of Fredholm operators.


Theorem 1.2. The operator  resolvent  has the following representation





Remark 1.2. The resolvent of the operator  is a finite-dimensional perturbation of the resolvent of the operator , where  some fixed Fredholm operator.

Remark 1.3. Theorem 1.1 is invertible. That is, in fact, Theorem 1.1 gives a complete description of the operators that represent finite-dimensional perturbations of Fredholm operators with respect to the maximal operator , a fixed invertible restriction . Then the set of linear functionals  uniquely determines all invertible restrictions of the maximal operator. A dual situation is possible when the system of elements from  uniquely determines all invertible restrictions of the maximal operator. Usually, for one-dimensional differential operators the restrictions are described in terms of functionals (boundary forms) , and for partial differential operators it is convenient to start the description of reversible restrictions with the set of elements . Details can be found in [7] - [12].





Remark 1.4. Theorem 1.2 states that in order to know the value of the resolvent  on an arbitrary element from , it is enough to find the values ​​of the resolvent  on the elements .


Theorem 1.3. The operator's  resolvent  can be calculated by the formula




where matrices  and  given by the formulas




It follows from the above theorem that the difference of the resolvents  is a finite-dimensional operator. In the case of partial differential operators, such statements are of independent interest.
Important information is contained in the following statements.
Theorem 1.4. The formula of M.G. Krein for the trace of the difference of resolvents


The last statement is effective in investigating questions of localization of the spectrum of the perturbed operator .


2 Description of the classes of one-dimensional differential operators whose resolvents represent finite-dimensional perturbations of two-point boundary value problems
Let and the operator  is given by the differential expression


on the domain  The coefficients  are assumed to be -times continuously differentiable functions on  and . As an operator , we take the restriction of the operator  to the domain  where



We suppose the forms are chosen so that there is a bounded inverse operator . Then Theorems 1.1, 1.2, 1.3, 1.4 are valid if the functional  are chosen in accordance with the above requirements.

Let the graph be connected. For  we choose the functional space  (for the notation see [13] - [16]). Let us choose operator B with domain

and given by linear differential expressions


As an operator , we take the restriction of the operator  to the domain . Then Theorems 1.1, 1.2, 1.3, 1.4 hold, again for an admissible choice of functional. Details can be found in [13] - [16].


3 Description of the classes of operators with partial derivatives, the resolvents of which represent finite-dimensional perturbations of Fredholm operators
Let  Take . We denote  Let . For , we denote by  the ball of radius  centered at the point . Let  represent the Green's function of the Dirichlet problem for an inhomogeneous harmonic equation in the ball . For  we introduce the limit functionals


for the function . Here  means the derivative along the normal to the boundary along  at the point .  We denote by  (for notation see [17], [18]) elements h of the space  for which the functionals are finite,  and the inclusion



Let  the Laplace operator acting on . It is convenient to denote by  to denote the regularization . We introduce the operator  on  by the formula . As an operator , we take the Laplace operator in the ball  corresponding to the Dirichlet problem. Then Theorems 1.1, 1.2, 1.3, 1.4 are valid. Note that the system  is a set of functions constructed from the Green's function at a fixed point . This system of functions corresponds to the biorthogonal set of functionals . It should be noted that these functionals are written out here explicitly. Details can be found in [17], [18]. Other examples of operators with partial derivatives can be found in [7-12]. In [11], this scheme was implemented for general second-order elliptic operators with variable coefficients. In [19], this scheme is implemented in the case when the inner circle is removed from the unit ball instead of a fixed point. In this case, it is also possible to describe the reversible restrictions of the corresponding maximal operator and their resolvents. Also, this scheme is implemented for a two-dimensional harmonic oscillator. In this case, two points that are symmetrical about the origin are removed from the plane. The reversible restrictions of the maximal operator are described and representations for their resolvents are given. In [10] - [18], the proposed technique was carried over to partial differential operators of order greater than two. In particular, invertible restrictions for a polyharmonic operator in a punctured ball are written out. Representations of their resolutions are indicated.

4 Spectral properties of operators resolvents of which are finite-dimensional perturbations of Fredholm operators



In a Hilbert space  with scalar product  and norm , consider a closed linear operator  with dense domain  in . We assume that


The  operator is hereinafter referred to as the maximum operator.












We define an additional norm on the domain of definition , and denote the closure  by this norm  by . We assume that the additional norm  is stronger than the original norm , that is , the inequality holds . It is clear that the embedding has been completed . In the dual space , we choose a system  of linearly independent functional . Then there is a unique system of elements from , subject to the conditions






where means the value of the functional  on the element , and  the Kronecker symbol.



Let there exist a fixed invertible restriction of the operator . We define the operator  by the formula  on the domain




The first section of this report describes all invertible restrictions  of the maximal operator  constructed from a fixed restriction  and a set of functionals . In Theorem 1.3, we give representations of the resolvents of invertible restrictions . Knowing such representations of resolvents, it is required to study the properties of the eigenvalues ​​of reversible restrictions. It is known that the poles of the resolvent correspond to the eigenvalues ​​of the operator.

In Theorem 1.3, the determinant of the perturbation is defined .
Lemma 4.1. If the operator has a discrete spectrum, then the determinant of the perturbation [image: ] is a meromorphic function.




It follows from such statements that the reversible restriction  also has a discrete spectrum. An important problem is figuring out how the spectrum of the operator  has changed compared to the original fixed narrowing . This requires a detailed analysis of the zeros and poles of the meromorphic function .
Now we turn to the properties of the root functions of invertible restrictions of the maximal operator given by Theorem 1.1.



 According to Theorem 1.3, the resolvents of invertible restrictions of the maximal operator are meromorphic functions. Accurate calculation of residues at the poles of the resolvent allows, according to the theorem of M.V. Keldysh to understand the structure of Jordan cells. Usually, the unperturbed constriction  is chosen to be self-adjoint, so that its Jordan cells are quite simple. The Jordan blocks of the invertible restriction  given by Theorem 1.1 are generated by the one-dimensional Jordan blocks of the unperturbed operator . It is necessary to describe their connections. By the way, B. Mityagin drew our attention to this problem [20, 21].
In the functional space , consider the differential operator , defined by the  differential expression

and a set of boundary condition
           				(3)
           In order to write down  the kernel of the integral operator , it is convenient to introduce the following notation. The row vector is composed of solutions of the homogeneous equation
	 		   		(4)
with Cauchy conditions at zero
				(5)
By  we denote the column vector , composed of boundary forms (3).  the characteristic determinant is given by the relation 
The Cauchy function  is defined in the standard way
  at at 
where

Through  we define a function on the formula

Then  the kernel of the resolvent is written in the form

In the future,  will be called the green's function of the operator  and it is convenient to rewrite it as
 	            	      (6)	
where

Let  be the zero of the multiplicity  of the characteristic determinant  that is
			    (7)
where .
It is known [23] that the functions , , , ,  are entire functions of  . Then it follows from representation (6) that the Green's function  is a meromorphic function of   and its poles coincide with the zeros of the characteristic determinant . Let us write out the main part of the Laurent expansion of the Green's function in a neighborhood of the point .
		         (8)
By the Leibniz’s formula, we have
.									    	      (9)
Note that the values depend on , while the expressions are functions of . On the other hand, according to the theorem of M. V. Keldysh [5], the main part of the green function in the vicinity of the pole has the following structure:

where  is the number of Jordan cells corresponding to the eigenvalue ;
– a chain of proper and attached functions of the operator corresponding to the eigenvalue ;
) is the canonical chain of eigenfunctions and adjoint functions of the conjugate operator corresponding to the eigenvalue .
Numbers  determine the size of the corresponding Jordan cells.
Before comparing representations (8) and (10); note some properties of the function set {x_1 .
Lemma 4.2. for a fixed j from the set  the function  has the properties:
1) 
2) 
3) 
4) .
Now from Lemma 4.2 subject to the relations (7) have
1) Functions satisfy the set of boundary conditions (3).
2) If for a certain correct ratio
,
,
then the system of functions

forms a chain of proper and attached functions of the operator  corresponding to the eigenvalue . Let  be selected as indicated in point 2). Then the representations are valid
					(11)



where

 – multi-index,
 is a matrix,
- algebraic complement of an element of the number .
By Proposition 2), there exists a greatest natural number  and a nonempty set  such that


for each  forms a chain of eigenfunctions and associated functions of the operator , corresponding to the eigenvalue . Moreover, among the eigenfunctions  can be linearly dependent. Therefore, let us select the maximum possible set of indices  so that the system of eigenfunctions  remains linearly independent. Thus, the number of linearly independent eigenfunctions of multiplicity  is equal to . Moreover, there are no eigenfunctions of greater multiplicity than . But there may be eigenfunctions of less multiplicity than . Then we find  and a non-empty set such that


for each forms a chain of eigenfunctions and associated functions of the operator  corresponding to the eigenvalue . In this case,  is selected as the maximum possible. Among the eigenfunctions  may be linearly dependent. Therefore, we select the maximum set of indices  as possible so that the system of eigenfunctions  remains linearly independent. Thus, the number of linearly independent eigenfunctions of multiplicity  is equal to . The numbers are entered similarly

and sets
.
Note the properties of the indicated sets
1. 
2. 
3. .
Immediate goal: to rewrite Keldysh's formula (10) in terms of numbers and sets . For this it is convenient to introduce notation.
is a column vector of dimension ,
 – a scalar function of ,
,
 – dimension row vector .
In what follows, we need the so-called structure matrices , where  are index sets. The dimension  of the matrices . Structural matrices of this kind were essentially used in solving inverse problems of spectral analysis in the works of ZL Leibenson [24, 25].
Let us denote by

In the new notation, formula (6) takes the form
    Main part  	      (12)
Formula (12) can be refined if we recall the meaning of numbers  and sets .
Main part 
+
+
+
+
Taking into account the sets , relation (13) can be written in the form
Main part  		    (14)
+
+
+
+

+
+
+
+.
It turns out that vectors

can be linearly expressed in terms of vectors
.
Lemma 4.3. There is a numerical matrix  of dimension  such that

Lemma 4.4. If , then there is a numerical matrix  of dimension  such that

where  is the matrix from Lemma 4.3.
Lemmas 4.3 and 4.4 can be generalized as follows.
Lemma 4.5. For  and any , the representation


+
with some matrices  и .
Proposition 4.1.
1) The eigenfunctions of maximal multiplicity  of the adjoint operator , corresponding to the eigenvalue  have the form

2) The first associated function of the corresponding canonical chain takes the form

If desired, you can write out the associated functions of higher orders in a similar way. For example, consider the case . Let's write out one more term of the main part.

+
+
+
The proposition is true.
Proposition 4.2. For , a second chain of eigenfunctions and associated functions already appears, generated by a new eigenfunction

Note that the last term on the right-hand side indicates the influence of the first canonical chain to the second canonical chain. Comparison of formulas for eigenfunctions and indicates the noted effect. Until now, no attention has been paid to such effects in the scientific literature.
The associated second-order function of the corresponding canonical chain takes the form

Representations of other elements of canonical chains are written out in a similar way.
Thus, in this subsection, the canonical chains of the original differential operator are written out in terms of  of the solution to the homogeneous differential equation  . More important information is contained in the formulas we found for the canonical chain of proper and associated functions of the adjoint operator . In the work of M.V. Keldysh says that the indicated canonical chain is uniquely found. An additional point to the theorem of M.V. Keldysh is that here the indicated canonical system is expressed in terms of  of the solution of the formally adjoint differential equation . The role of structural matrices   through which the matrix distribution function  is determined. Details on the matrix distribution function in the case of self-adjoint differential operators can be found in the monograph by M.A. Naimark [23, p. 251]. Note that we have defined the matrix distribution function even in the case of the non-self-adjoint operator . Consequently, on the one hand, M.V. Keldysh was adapted for differential operators of higher orders on a finite interval, and on the other hand, the matrix distribution function was calculated for both self-adjoint and non-self-adjoint differential operators of higher orders on an interval.

Questions of the basis property of the system of root functions in the original space also follow from estimates for the contour integrals of the difference of resolvents  over expanding contours in the case of ordinary differential operators. In the case of abstract operators and partial differential operators, it is necessary to estimate the norms of finite-dimensional operators.


5 Development of the method for spectral analysis of one-dimensional differential operators whose resolvents represent finite-dimensional perturbations of Fredholm operators
In [14, 15], invertible restrictions of the corresponding maximal operators were studied. Of these, self-adjoint restrictions are distinguished, the spectrum of which is real. It turned out that the spectra of reversible restrictions defined on trees can be described in more detail than operators on arbitrary graphs. Here, the behavior of the spectrum is essentially determined by the stock of paths between the boundary vertices.
 In [15], self-adjoint operators defined on trees were distinguished. Therefore, their systems of eigenfunctions form orthonormal bases in the original space. Perturbations of the indicated self-adjoint operators that are stable with respect to the basic property are also given there. In [26, 27], examples of differential operators on graphs are given whose systems of root functions do not form a basis. These examples are based on the concepts of degenerate boundary conditions for differential operators on a star graph introduced in this paper.
In this report, the class of non-degenerate boundary conditions has been extended, for which the completeness property is still preserved in a special functional space. Let us formulate the result using the example of the Sturm-Liouville operator.
Consider the eigenvalue problem

with boundary conditions

Here  is a function summable on  are complex numbers. Boundary conditions are set using the matrix

It is convenient to denote by  the minor of the matrix  composed of columns numbered and . We also introduce the function

The difference  is denoted by  It is clear that 
We introduce solutions  of the homogeneous equation

with the Cauchy conditions

In the same way, we introduce solutions  of the homogeneous equation

We define the characteristic determinant by the formula

Let                                     

We now state the result in the case of an arbitrary potential.
Theorem 5.1. Fair representation
+


Matrix  specifies nondegenerate boundary conditions if at least one of the following conditions is satisfied:  , , 3)  and the system of the eigenfunctions and associated functions of the Sturm-Liouville problem in this case represents a complete system in the space .
Theorem 5.2. Let  and . Then the system of eigenfunctions and associated functions of the two-point boundary value problem for the Sturm-Liouville equation is complete in the space 


6 Development of the method for spectral analysis of multidimensional differential operators whose resolvents represent finite-dimensional perturbations of Fredholm operators


In [7-12], a similar analysis was carried out for operators with partial derivatives. It was shown in [11] when all the eigenvalues ​​of the operators  and  all coincide, except maybe a finite number of eigenvalues. For example, for a two-dimensional harmonic oscillator, it is proved that the eigenvalues ​​of the reversible restrictions given by Theorem 1.1 coincide with the eigenvalues ​​of the unperturbed harmonic oscillator. Only their multiplicity is reduced by one. Due to this, additional eigenvalues ​​arise for the reversible restriction, which the unperturbed operator did not have. Moreover, these eigenvalues ​​are simple.
In the functional space , the two-dimensional harmonic oscillator  is given by the formula

The spectrum of the operator  is well known and consists of the eigenvalues . The corresponding projectors onto eigensubspaces of dimension  have the form

where  is the dot product in ,

 is the normalized eigenfunction of a one-dimensional harmonic oscillator corresponding to the eigenvalue .
The function represents the Green's function of the operator  and has the representation

Theorem 6.1. Green's function  of a two-dimensional harmonic oscillator is defined for all  and is a continuous function of  on the domain of definition. Moreover, the Green's functions  have the representation
.
Moreover,  are continuous functions of two pairs of variables 
Choose an arbitrary point in . The punctured  is denoted by . By  we denote two open circles of radius  centered at the points , respectively:
.
We introduce the class of functions  . In what follows, the following two linear functionals play an important role
,
defined on some functions . Here,  denotes the derivative along the outward normal to the circle  at the point. We introduce the class of functions  consisting of functions  such that
1) the values ​​of the functionals γ_ + (h), γ_- (h) are finite,



2) the function  can have singularities at the points , which can be eliminated by the following regularization
.
On the set  we define the operator  by the formula

for any . The operator  is called the maximal operator.
Theorem 6.2. Let there be given two functionals  defined on the whole space . Then the restriction of the operator  to the set

represents an operator invertible on all . If  are linear bounded functionals on , then the corresponding restriction is linear and has an inverse operator bounded in the following sense:
.
We denote the correct restriction from Theorem 6.2 by .
Theorem 6.3. Each number  for a fixed natural n is an eigenvalue of the operator . If the point  is a pole of the determinant of the perturbation  then its multiplicity is equal to n. When  is a point of holomorphism of the determinant of the perturbation  then its multiplicity is equal to .

It follows from Theorem 6.3 that simple eigenvalues ​​of the operator  can exist that do not coincide with the values ​​. These eigenvalues ​​will be called additional eigenvalues ​​of the operator . Each additional eigenvalue of the operator  split off from  of some eigenvalue of the unperturbed operator . In [9, 10, 27], the regularized traces of reversible restrictions for partial differential equations were calculated. In [11, 17], estimates are given for the difference of resolvents  in the case of the Laplace operator. Here, the unperturbed operator is the Laplace operator on the ball with Dirichlet conditions. Self-adjoint restrictions are distinguished, the systems of eigenfunctions of which form a basis in the original space. There are also some enhancements to such statements.


7 Analyses of differential operators on stratified sets
Differential operators are usually studied on smooth manifolds. At the same time, the needs of practice require the study of differential operators on the union of smooth manifolds of different dimensions.
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Figure 1 – Stratified set 
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Figure 2 – Stratified set 
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Figure 3 – Stratified set 








Figures 1, 2, 3 show a set ,  representing different unions of two circles and a line segment . The sets  are said to be stratified. The varieties  and  are called strata of dimensions 2, 2, and 1, respectively. In this case, an important role is played by the concept of a regular adjacency. Note [27] that strata  are regularly adjacent to each other. At the same time, for  and , the regular adjoining of its strata is violated.
Differential operators on stratified sets with regular adjoining of its strata were investigated in [30] - [33].
However, differential operators on stratified sets with violation of the adjacency regularity are less studied. Thus, an accurate definition of differential operators on stratified sets with irregular adjoining strata is urgent.
Example 7.1. Differential operators on graphs represent operators on one-dimensional stratified sets. In this example, the arcs of the graph are one-dimensional strata that adjoin each other in an irregular manner. For the correct definition of the differential operator on graphs, it is sufficient to require the fulfillment of the Kirchhoff conditions at the vertices of the graph, at which its arcs meet. In this setting, differential operators on graphs were studied in [13, 14, 15, 16, 17, 25].
Example 7.2. Hybrid operators. In this example, we will show how to correctly determine the maximum operator on a stratified set. (Fig. 3)
The domain of the maximal operator is given [22] as follows:






Therefore, the domain of definition of the maximal operator  coincides with 
  In [7], the operators  were introduced, where and  where . In [7], it was proved that the following problems are uniquely solvable:
,
,
   

   
   , 

Here  - some constants. 
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Figure 4 - Stratified set with irregular adjunction

So, the indicated problem has a unique solution. Thus, a complete description of all possible correctly solvable boundary value problems on the considered stratified sets arises. This operator is called a hybrid operator.
The research is carried out on stratified sets with a violation of regularity.


8 Description of the differential operators on stratified sets whose resolvents are finite-dimensional perturbations of Fredholm operators

In this section, consider a stratified set  consisting of the following strata:




- - unit disjoint balls, dimensions  in  and in each ball removed one interior point ;



- a line segment connecting  point to point .



In the ball , according to [7, 12], we introduce the maximal operator  in the corresponding space . Recall that the functional  are given in the following form




, 
In [12], it was proved that the inhomogeneous problem

,



for any  and any _i has a unique solution in space .

Let us consider boundary value problems on intervals 







The boundary  forms are chosen so that the indicated boundary value problem for all    has a unique solution. The operator corresponding to the indicated boundary value problem is denoted by .






Let us denote the set  of segments in . We denote by  the set of punctured balls . Then the pair  will be called a complex. In a space  with elements


(where  - the Cartesian product of subspaces). 
In the same way, the space



Then on  we define the maximum operator  by the formula

.

Theorem 8.1. Let an arbitrary set  of linear bounded functionals over . Then the inhomogeneous operator equation




where  – arbitrary constant, has the only solution in for any right-hand side .


9 Conducting a spectral analysis of differential operators on stratified sets whose resolutions are finite-dimensional perturbations of Fredholm operators
The previous section of this report describes reversible restrictions of the maximal operator on the complex . To uniquely define a fixed reversible restriction, one must choose linear continuous functionals in . Therefore, the resolvent of this restriction is a finite-dimensional perturbation of the resolvent of a fixed invertible restriction of the maximal operator is a finite-dimensional operator whose dimension does not exceed . This implies that the spectrum of an arbitrary correct restriction of the operator is discrete if at least one of its invertible restriction has a discrete spectrum.
For a more detailed analysis of the localization of the spectrum of the reversible restriction of the operator, exactly as in [11, 18, 19]. The representation of the characteristic determinant  has the form

We choose  linear bounded functionals on  according to the Riesz theorem in the following form
 and  ,
where  are arbitrary fixed elements of the space 
Then
,
,
where are Fourier coefficients in the system of eigenfunctions of a two-dimensional harmonic oscillator. The perturbation determinant  is a meromorphic function. A detailed analysis of the zeros and poles of the perturbation determinant allows us to formulate statements about the localization of the spectrum of reversible narrowing. A similar analysis for perturbations of the Laplace operator and in degrees in a punctured ball was carried out in [11, 18, 19].

CONCLUSION
 Section 1 describes operators whose resolvents are finite-dimensional perturbations of Fredholm operators. In describing one-dimensional differential operators whose resolvents represent finite-dimensional perturbations of two-point boundary value problems, some new points are refined in comparison with the general case. The proof of the theorem on the complete description of one-dimensional differential operators whose resolvents represent finite-dimensional perturbations of Fredholm operators, in contrast to the general case, is based on some geometric facts.
Section 2 describes one-dimensional differential operators whose resolvents represent finite-dimensional perturbations of two-point boundary value problems. Moreover, on the basis of the obtained representations of the resolvents, M.G. Krein, which describes the spectral properties of the considered two-point boundary value problems.
Section 3 describes classes of operators with partial derivatives, whose resolvents represent finite-dimensional perturbations of Fredholm operators. Theorems are proved on the complete description of multidimensional differential operators, the resolvents of which represent finite-dimensional perturbations of Fredholm operators. An abstract theorem on the complete description of a class of operators whose resolvents represent finite-dimensional perturbations of Fredholm operators, in the case of operators with partial derivatives, has a clear geometric meaning.
In Section 4, we give a spectral analysis of finite-dimensional perturbations of Fredholm operators. Theorems on spectral properties of finite-dimensional perturbations of Fredholm operators are proved. When performing a spectral analysis of finite-dimensional perturbations of Fredholm operators, the main component is the study of the influence of boundary perturbations on the structure of Jordan cells of differential operators.
In Section 5, we develop a method for the spectral analysis of one-dimensional differential operators, whose resolvents represent finite-dimensional perturbations of Fredholm operators. Theorems are obtained on the distribution of the eigenvalues ​​of finite-dimensional perturbations of Fredholm operators. Moreover, on the basis of the obtained representations of the resolvents, M.G. Krein, which describes the spectral properties of the considered two-point boundary value problems.
A method for spectral analysis of multidimensional differential operators is developed, the resolvents of which represent finite-dimensional perturbations of Fredholm operators. When carrying out a spectral analysis of multidimensional differential operators, whose resolvents represent finite-dimensional perturbations of Fredholm operators, some new points are refined in comparison with the general case.
In this report, the class of non-degenerate boundary conditions has been extended, for which the completeness property is still preserved in a special functional space.
In Section 6, we developув a method for spectral analysis of multidimensional differential operators, whose resolvents represent finite-dimensional perturbations of Fredholm operators. Theorems are obtained on the convergence of spectral expansions of finite-dimensional perturbations of Fredholm operators.
Section 7 analyzes differential operators on stratified sets. Section 8 describes differential operators on stratified sets whose resolvents are finite-dimensional perturbations of Fredholm operators. Further, in Section 9, a procedure is obtained for constructing finite-dimensional perturbations of Fredholm operators on starified sets and methods for their spectral analysis are developed. When analyzing differential operators on stratified sets, the main component is to study the influence of the condition at the inner vertices and boundary vertices of the graph.
Thus, for the reporting period, we have described a class of operators whose resolvents are finite-dimensional perturbations of Fredholm operators defined on graphs and more complex stratified sets in a unified way. And also, during the reporting period, we carried out a spectral analysis of finite-dimensional perturbations of Fredholm operators, and also developed a method for spectral analysis of multidimensional differential operators, whose resolvents represent finite-dimensional perturbations of Fredholm operators.
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