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ABSTRACT 

Report consists of 58 pages, 1 book, 44 references, 2 appendixes. 
[bookmark: _GoBack]INVERSE PROBLEMS, STABILITY, INTEGRAL MANIFOLD, STOCHASTIC      DIFFERENTIAL EQUATIONS, RANDOM PERTURBATIONS
The object of the investigation are differential and stochastic differential equations, difference equations. The objective of these investigations is to develop methods for solving the inverse problems of differential systems in the presence of random perturbations and to develop mathematical tools of investigation of such problems. Qualitative methods for investigating differential equations, Lyapunov functions method, stochastic differential and integral calculus are used in the investigation. There were obtained the following results:
The inverse problem of stochastic differential systems was solved by the method of Liouville and of Shulgin additional variables. The inverse problem for stochastic Helmholtz systems was solved.
The inverse problem for Birkhoff stochastic systems was solved. The force field was   constructed along the given trajectories in the presence of random perturbations. 
The set of comparison’s vector functions of the program motion that are independent on time and dependent on time was constructed in the presence of random perturbations. The     general problem of constructing the set of stochastic equations of program motion and the set of comparison was solved. 
Sufficient conditions for the stability of nonautonomous systems’ program manifold of direct control and of indirect control with stationary and nonstationary nonlinearities was      obtained. 
The research on stability of the difference dynamical systems by Poisson and by          Lagrange was investigated. The research on the Poincaré map near the homoclinic loop was    carried out.
The novelty of the results of investigation is the solution of the problems posed under the additional assumption of the existence of random perturbations. The results of the research are theoretical. These results can be used in construction of mathematical models of dynamics of the real processes taking into account the action of random perturbing forces.
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INTRODUCTION

The report on the project "Development of methods for solving inverse problems of stochastic differential systems and their application" (2018-2020) contains research on the further development of methods for solving inverse problems of differential systems. The novelty of the topic of this research lies in the further generalization and development of methods for solving inverse problems of dynamics to the class of stochastic differential equations arising in a number of practical applications.
By inverse problems of differential systems we mean both problems of constructing force fields and problems of determining functionals that are stationary in the process of motion, and of restoring and constructing equations of motion of a mechanical system from the given properties of its motion. These problems continue to attract the attention of mathematicians and mechanics for their wide applied potential and go back to such classical inverse problems for differential systems as Newton's problem, Bertrand's problem, Suslov's problem, Meshchersky's problem and Helmholtz's problem. The solutions of these problems with further generalization of their physical interpretation revealed new positions and phenomena in the natural sciences; some of them turned out to be the initial tasks in the formation and development of modern branches of science to control the movements of material systems.
At the present time, possible formulations of inverse problems of differential systems have been formulated and general methods for solving these problems in the class of ODEs have been developed quite fully. At the same time, in many works on stochastic stability and stochastic control, dynamical systems are considered, described by second-order differential equations of the Ito type. These equations describe numerous models of mechanical systems that are important in application, taking into account the effect of external random forces, for example, the motion of an artificial Earth satellite under the action of gravitational and aerodynamic forces, fluctuation drift of a heavy gyroscope in a gimbal, etc. problems of dynamics for the class of stochastic differential equations.
In the modern theory of inverse problems of differential systems, possible formulations of problems are formulated and general methods for solving these problems in the class of ordinary differential equations are developed [1]. And one of the general methods for solving inverse problems of differential systems in the class of ordinary differential equations (the method of quasi-inversion) was proposed by R.G. Mukharlyamov [2]. It should also be noted that the rapidly developing theory of inverse problems of differential systems is a generalization of methods for solving classical inverse problems of dynamics. The main ideas of this theory were first formulated by N.P. Erugin [3], A.S. Galiullin [4, 5] and were further developed in the works of I.A. Mukhametzyanova, R.G. Mukharlyamov and other authors [6, 7-10]. Moreover, for solving inverse problems of differential systems, the initial problem is the construction of differential equations from given integrals, posed by N.P. Erugin [3]. A new stage in the study of inverse problems of ordinary differential systems is associated with the growing interest in the study of the Helmholtz problem in recent years (see, for example, [11, 12] for a survey of works). The classical Helmholtz problem [13] is the problem of constructing equivalent differential equations in the Lagrange form from given ordinary differential equations of the second order. And the equations for which such a transition is possible are called Helmholtz systems [11-15]. The solution of the Helmholtz problem in a particular class of differential equations allows one to extend to this class of equations well-developed mathematical methods of classical mechanics [11, 16, 17].
One of the main requirements in the theory of inverse problems of differential systems associated with the system's operability and its intransigence to disturbances is the requirement of stability of the given properties of motion [5], therefore, solving the problem of stability of programmed motion [18-24] is essential for the further development of the qualitative theory inverse problems of differential systems and the theory of constructing systems of programmed motion. The foundations and methods for solving inverse problems of differential systems have been developed mainly only for deterministic systems, the equations of which are ordinary differential equations. And in most cases, ordinary differential equations are a fairly effective apparatus for modeling real processes in dynamic systems. But the increased requirements for the accuracy and performance of material systems leads to a situation where many observed phenomena can no longer be explained from the standpoint of deterministic processes. This circumstance requires, in particular, the involvement of probabilistic laws for modeling the behavior of real systems. Therefore, the problem of generalizing the methods for solving inverse problems of differential systems to the class of stochastic differential equations seems to be urgent. In this project it is assumed that the dynamics of the system under study is described by an ordinary differential equation, and fluctuations of its parameters are processes of the "white noise" type, the intensity of which may depend on the state of the system. A random process, caused only by initial deviations and fluctuations of parameters, is, as is known, Markovian [25], and the equation describing its trajectory can be understood as the stochastic differential Itô equation. Stochastic differential equations of the Ito type describe numerous models of mechanical systems that are important in the application, taking into account the effect of external random forces, for example, the motion of an artificial Earth satellite under the action of gravitational forces and aerodynamic forces [26], or fluctuation drift of a heavy gyroscope in a gimbal [27] and a lot others.
In this paper, we study inverse problems of dynamics in a probabilistic formulation, investigate the influence of random perturbing forces on the solvability of inverse problems of dynamics and the stability of the given properties of motion. Within the framework of this report, the results of studies on the construction of a set of stochastic differential equations with a given stable integral manifold are presented. This report reflects research on the topic "Development of methods for solving inverse problems of stochastic differential systems and their application" for 2018-2020. The results obtained by the performers are new and make a significant contribution to the modern qualitative theory of differential equations, as evidenced by the publication of the works of the performers in authoritative mathematical journals and their participation with scientific reports at international conferences.
For 2018, 2019 years of the reporting period 2018-2020, interim reports on research work "Development of methods for solving inverse problems of stochastic differential systems and their application" were prepared, inventory numbers No. 0218РК00090, No. 0219РК00051.
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1 Inverse problems in the class of stochastic differential equations

1.1 The Liouville additional variables method in the stochastic Helmholtz problem

Using the Liouville method, first-order stochastic ito equations are reduced to stochastic equations of canonical structure.
Let us consider a system of first-order stochastic ito differential equations

                          (1.1.1)
It is necessary to bring the system of equations (1.1.1) to equivalent equations of the Hamiltonian structure.
We assume that the functions included in the above equations have the smoothness necessary for further reasoning and satisfy the existence and uniqueness theorem for solving the Cauchy problem in the class of stochastic differential ito equations [28].
















Here are systems of random processes with independent increments, which, following [28], can be represented as a sum of processes  Here   is a vector Wiener process. is a Poisson process. is the number of jumps of the process  on the interval [0, t] that fall on the set . is a vector function that maps the space into the space of process values  for any t. And the equivalence of solutions of equations is understood in the sense of equivalence almost certainly [29]: random processes and are equivalent almost certainly or in a vector-wise way, if the  follows almost certainly from for all .

This problem in the absence of random perturbations  is considered in [30].




Here and further, summation is assumed for repeated indices of multipliers. Indexes change from 1 to , and the index changes from 1 to .

We use the Liouville method [30] for solving this problem. Namely, we introduce auxiliary variables , and we define the Hamilton function of the extended system as


                                              (1.1.2)


Then and the corresponding equations of motion of the extended system are written as


                               (1.1.3)




where the equations coincide with the original equations (1.1.1), and the equations are used to determine auxiliary variables .

Theorem 1.1.1 Necessary and sufficient conditions for the representation of the first-order Ito equation (1.1.1) in the form of equations of the canonical structure (1.1.3) are the representation of the Hamilton function in the form (1.1.2) using additional variables  that are determined from the equations (1.1.3a).

1.2 Shulgin's method of additional variables in the inverse problem of stochastic          differential systems

Using the Shulgin method, second-order stochastic Ito equations are reduced to stochastic equations of the Lagrangian structure.
Let be a system of second-order stochastic Ito equations of the form


                       (1.2.1)

It is necessary to reduce the system of equations (1.2.1) to equivalent equations of the Lagrangian structure.
Here is a system of random processes with independent increments, and the equivalence of solutions of equations is understood in the sense of equivalence almost certainly.
To solve this problem, we will use the Shulgin method [31]. Namely, we introduce additional variables and define the Lagrange function of the extended system as


                                                  (1.2.2)


here . Then     and, therefore, equation (1.1) will be equivalent to the equation



                            (1.2.3a)

And to determine the auxiliary variables we write the following equation of the Lagrangian structure



                                 (1.2.3b)




here    are some arbitrary functions that are continuous in their arguments and do not violate the conditions of the existence and uniqueness theorem of the Cauchy problem for the system of equations (1.2.3a) and (1.2.3b) [28], and in particular can be chosen to be identically equal to zero for all    and  .
Set of equations (1.2.3a) and (1.2.3b)


                         (1.2.3)



forms a system   of Lagrangian structure equations with a generalized Lagrangian .



Theorem 1.2.1 Let the functions   included in equations (1.2.1) have continuous partial derivatives of the second order (including mixed ones) and, in addition, have continuous partial derivatives of the third order     
 Then sufficient conditions for representing the system of stochastic equations (1.2.1) in the form of Lagrangian structure equations (1.2.3) are the representation of the Lagrangian in the form of (1.2.2) using additional variables that are determined from equations (1.2.3b).

1.3 Inverse problem for stochastic Helmholtz systems

The classical Helmholtz problem [13] is the problem of constructing equivalent Lagrange equations of motion for a mechanical system in the form of Newton using the given equations of motion. The results of further research of the Helmholtz problem can be found in [16, 17, 32], which, along with their own research, mainly in the class of odes (ordinary differential equations) and dstp (partial differential equations), provides a historical overview of the development and generalization of this problem.
Solving the Helmholtz problem [13] in a particular class of differential equations allows us to extend well-developed mathematical methods of classical mechanics to this class of equations.
The second-order stochastic ito equations are used to construct stochastic Lagrangian structure equations that are equivalent in the sense of almost certainly. Conditions for direct and indirect analytical representation of the Lagrangian in the presence of random perturbations are determined. The results are illustrated with examples.
Let a system of stochastic second-order Ito differential equations be given in the form


                                                           (1.3.1)

It is necessary to bring the system of equations (1.3.1) to equivalent equations of the Lagrangian structure


                                         (1.3.2)

We assume that the functions included in the above equations have the smoothness necessary for further reasoning and satisfy the existence and uniqueness theorem for solving the Cauchy problem in the class of stochastic differential Ito equations [28].















Here  are systems of random processes with independent increments, which, following [33], can be represented as a sum of processes:    where  , is a vector Wiener process; is a Poisson process; is the number of jumps of the process in the interval [0, t] that fall on the set  ;   is a vector function that maps the space  into the space  of process values   for any t, and the equivalence of solutions of equations is understood in the sense of equivalence almost certainly (n. n.) [29]: random processes   and    are equivalent to n. n. or in a vector-wise way, if from   n. n. follows     for all    almost certainly.

This problem in the absence of random perturbations   is considered in [16].




Here and further, summation is assumed for repeated indices of multipliers. Indexes   change from 1 to , and the index  changes from 1 to .
Fair
           Theorem 1.3.1 In order for the equation (1.3.1) to admit an equivalent analytical representation (1.3.2), it is necessary and sufficient to meet the conditions




        (1.3.3)


where 

Remark 1.3.1 If   then the conditions (1.3.3) coincide with the conditions of R.M. Santilli [16].
The above problem can be solved in a slightly different way if we use a method similar in the case of ordinary differential equations to the method described in the book by E. T. Whittaker [30] and going back to the works of N. Ya. Sonin [34] and Zh. Darboux [35]. 
The follow theorem takes place
Theorem1.3.2 In order for the equation (1.3.1) to admit an equivalent analytical representation (1.3.2) it is necessary and sufficient to meet the following conditions



    (1.3.4)


Remark 1.3.2 If     the conditions (1.3.4) coincide with those of E.T. Whitaker [30].

            In particular, when  the conditions (1.3.3) for the transition from (1.3.1) to (1.3.2) take the form (1.3.5)


                                 (1.3.5)

and the conditions (1.3.4) take the form (1.3.6), respectively


	                     (1.3.6)




















2 Construction of equations of mechanics for a given integral manifold in the presence of random perturbing forces

2.1 Stochastic Helmholtz problem for Birkhoff systems

According to the given stochastic Langevin-Ito equation in an indirect representation, both the Hamiltonian structure equation and the Birkhofian structure equation are constructed. The method of moment functions is used to determine a functional that takes a stationary value on solutions of a given stochastic Birkhoff equation. The results are illustrated with an example.
According to the equation given in the Langevin-Itô form


                (2.1.1)

it is required to construct an equivalent equation of the Hamiltonian (or Birkhofian) structure.








Here , where, following [22], is a Wiener process, is a Poisson process,  is the number of jumps of the process  in the interval  falling on the set where 

This formulation of the problem in the absence of random perturbations () was considered  by R.M. Santilli [16].

To solve the problem, we first introduce a new variable and rewrite the given equation (2.1.1) in the form


                                                                  (2.1.2)

And then, using substitutions





 
we rewrite equation (2) as


                                                                                 (2.1.3)

Further, the stochastic equation of the Hamiltonian structure

                                                            (2.1.4)

by substitution



 
and matrices




and also taking into account that



 
rewrite as                                                

                                                       (2.1.5)


Or, if we introduce the inverse matrix for 





and -dimensional vector




then equation (2.1.5) transforms to the equivalent equation


                                                   (2.1.6)


Construction of the Hamiltonian in the indirect representation. Consider the problem of indirect representation of equation (2.1.3) in the form of an equation of Hamiltonian structure (2.1.6), i.e. using some matrix , consider the relation


                                (2.1.7) 
or

                      (2.1.7 ')


where .
For identity (2.1.7) to hold, the conditions


                                          (2.1.8)

                                  (2.1.9)

                                                                 (2.1.10)

 From (2.1.9) and (2.1.10) follows that the equality


                                    (2.1.11)

takes place.
Therefore, it is true
 Theorem 2.1.1. For an indirect representation of the stochastic equation (2.1.3) in the form of the stochastic Hamilton equation (2.1.6), it is necessary and sufficient to satisfy conditions (2.1.8), (2.1.10), (2.1.11).
Further, in Section 2.1, the following stochastic Helmholtz problem is considered: for a given equation

                         (2.1.12)

construct a stochastic equation of the Birkhofian structure of the form


           (2.1.13)







Here  is called the Birkhoff function, and  is called the Birkhoff tensor [39] with components  =   .





The Helmholtz problem in the class of Langevin-Ito stochastic differential equations is divided into two interrelated problems. At the first stage, a stochastic analogue of the Lagrange, Hamilton, or Birkhoff equations is constructed using a given equation. And then, at the second stage, using the constructed, ,  or ,  we need to construct the required functional (action according to Hamilton or according to Birkhoff). Therefore, this section also considers one of the options for constructing a stochastic analogue of the Birkhoff action. And the functional that takes a stationary value on the solutions of equation (2.1.13) is constructed in the form of the averaged action according to Birkhoff in the form 

2.2 The problem of constructing a force field on given trajectories (independent of        velocities) in the presence of random perturbations

Let the trajectory 
Λ: λ (x, y) = 0.                                                        (2.2.1)

is given.
It is required to construct a force field in the presence of stochastic disturbing forces, so that the constructed force field has a given trajectory as an integral manifold

                                                   (2.2.2)

The projections of the velocity of a material point onto the coordinate axes  are determined from the equation 
Differentiating the last expression with respect to time, we obtain





We introduce the vector function A and the Erugin matrix B



Here  such that  Here

      









Definition 2.2.1 We say that some function  from the class  if it is continuous in  and Lipschitz in the whole space and satisfies the condition of linear growth in:  with some constant 
Let then
a) if for any  then

                            (2.2.3)
for arbitrary from class K;
b) if for any then

                            (2.2.4)
for arbitrary from class K.
Theorem 2.2.1 In order for the set of force fields (2.2.2)  has a given trajectory (2.2.1) in the presence of random perturbations from the class of processes with independent increments, it is necessary and sufficient that one of conditions (2.2.3), (2.2 .4) be satisfied.

2.3 The problem of constructing a force field along given trajectories (depending on velocities) in the presence of random perturbations

Let us consider the case when λ depends on both generalized coordinates and generalized velocities

                                                         (2.3.1)

It is required to construct a force field in the presence of stochastic disturbing forces, so that the constructed force field has a given trajectory as an integral manifold

                                                   (2.3.2)

Differentiating (2.3.1) with respect to time, we obtain  On the other hand 
We introduce the vector function  and the Erugin matrix 



her   such that the relation   takes place. Here  
Let     then
a) if    for any  then

                             (2.3.3)

for arbitrary  from class 
b) if   for any x, y, then

                            (2.3.4)

for arbitrary from class              
Theorem 2.3.1 In order for the set of force fields (2.3.2) has a given trajectory (2.3.1) in the presence of random perturbations from the class of processes with independent increments, it is necessary and sufficient that one of the conditions (2.3.3), (2.3.4) be satisfied.



















3 On construction of the comparison function of program motion in probable statement

One of the stochastic inverse problems of differential systems is considered. It is the problem of constructing both a set of first-order stochastic differential equations, and a set of comparison functions. There is stability in probability of the given program motion with respect to comparison functions.
It is required to construct the corresponding set of equations of motion for the material system



,  ,                                     (3.1.1)

by the given program of motion





                   , , , .                          (3.1.2)








Let the considering equations be the class of equations admitting the existence of a unique up to stochastic equivalence of solution of the equation (3.1.1) with initial condition . We also assume that there is a set of n-dimensional vector functions. is holomorphic vector functions in some -neighborhood  of the integral manifold (3.1.2) for all . There is stability in probability of the program motion (3.1.2) with respect to. 
Following [1] the equation of perturbed motion of the material system, for which the given motion (3.1.2) is possible, is represented as


                    .                                         (3.1.3)






Here is a vector function and is a -dimentional Erugin type matrix such that , .
In the future we need the following definitions: 



Definition 3.1.1 [36]. A function  is called the function of Khan class  if it is continuous and strictly increasing and satisfies the condition .

Definition 3.1.2 [25]. The program manifold (3.1.2) of the equation (3.1.1) is called -stable in probability if






3.1 A set of vector functions that are not externally depend on time




Theorem 3.1.1 Let there exist a Lyapunov function  on the neighborhood  of the integral manifold satisfying the conditions



                          , ,                                  (3.1.4)



                                , .                                             (3.1.5)







Then the program motion  of system (3.1.3) is asymptotically - stable in probability with respect to an arbitrary - dimensional vector function , which is continuous on the neighborhood  for .



Proof. By definition of stability [1] we consider the difference . By the condition of the theorem there is a Lyapunov function with properties (3.1.4), (3.1.5). This provides an asymptotically - stability in probability of program motion  [37]. i.e. 


.                       (3.1.6)


And from the continuity of the vector function  and conditions (3.1.6) we have


.


This means that the motion  of the system (3.1.3) is asymptotically stable with respect to the vector function .




3.2 A set of vector functions  depending on and 




Theorem 3.2.1 Let there exist a Lyapunov function  on the neighborhood  of the integral manifold  with properties (3.1.4), (3.1.5).                           






Then the program motion  of system (2.3) is asymptotically - stable in probability with respect to an arbitrary - dimensional vector function, which is continuous in and  and satisfying the condition



                                        , .                                            (3.1.7)


Here .




Proof. The existence of a function  with properties (3.1.4), (3.1.5) implies an asymptotical  uniform in  -stability in probability of the motion  [37] 


.

And we get from (3.1.6) and (3.1.7) that


.



Consequently, there is an asymptotic stability in probability of the motion  of the system (3.1.3) with respect to the vector function .



3.3 Program motion and a set of comparison vector functions 

Let the program motion be given as


                                            .                                                  (3.1.8)




Here , , .




Suppose that it takes place for all,  on the neighborhood 


                                    ,    .                                         (3.1.9)

The set of equations of the perturbed motion for which the given program (3.1.8) is one of the possible ones, can be represented as


.                                        (3.1.10)
                    





Here is a vector function and is a -dimentional Erugin type matrix such that , .


Consider the continuous -dimensional vector functions  satisfying the condition



                                       , .                                             (3.1.11)



Here , . 


Theorem 3.3.1 Let there exist a Lyapunov function  on the neighborhood (3.1.9) of the integral manifold (3.1.8) satisfying the condition (3.1.4) and 



     , .                                   (3.1.12)






Then the integral manifold (3.1.8)  is asymptotically stable in probability with respect to an arbitrary - dimensional vector function , which is continuous in  and  and satisfying condition (3.1.11) for .


Let us consider a set of - dimensional vector functions of the form . Let the equation of perturbed motion (3.1.3) in the first approximation has the form


                                    .                                         (2.13)






Let us consider the Lyapunov function  and - dimensional vector function. Here . In this particular case  has the form


                                            .                                                      (3.1.14)

Also suppose that



1) the matrix  is definitely negative and the vector function satisfies the condition ;


2) the matrix  is continuous and limited for all .
Then from properties 1), 2) and Theorem 3.2.1 the following theorem holds.





Theorem 3.4.1 Let and are continuous matrices such that conditions 1) and 2) hold. Then the motion of the system (3.1.3) is stable in probability with respect to an arbitrary vector functions .











4 Stability of the program manifold of automatic control systems with variable             coefficients

4.1 Stability of the program manifold of non-autonomous direct control systems with   stationary nonlinearities 

The absolute stability of the program manifold of non-autonomous basic control systems with stationary nonlinearities is investigated.
The stability conditions for the basic systems are investigated in the vicinity of a given program manifold. Nonlinearities satisfy to the conditions of local quadratic connection. Sufficient conditions for the absolute stability of the program manifold with respect to a given vector function are obtained by constructing the Lyapunov function, “quadratic form plus integral of nonlinearity”. A specific method for the selection of the Lyapunov matrix is ​​indicated.

Consider the problem of constructing, for a given program manifold ,  an automatic control system of the following structure [3]


,               (4.1.1)





where  is some n-vector function satisfying the conditions for the existence of a solution; are matrices; is -vector of control by deviation from the given program, satisfying the conditions 


,          (4.1.2)







. Here  is the class of continuous, continuously differentiable and norm bounded matrices. The given program  is exactly realized only if the initial values of the state vector satisfy the condition . However, this condition cannot be exactly satisfied, because of always there exist initial and permanent acting perturbations. Therefore, the conditions of the stability of the program manifold  with respect to the vector function  should be additionally required in the construction of systems of program motion.

Taking into account that the manifold  is integral for system (4.1.1), we obtain


,          (4.1.3)





where  and  - is the Erugin vector function [3] that satisfies the condition  . If we assume that  , is a Hurwitz matrix, then differentiating the manifold with respect to time t by virtue of system (4.1.1) taking into account relations (4.1.3), we obtain


               (4.1.4)


        (4.1.5)



In the space  we choose the region  as follows 


                                   (4.1.6)





Definition 4.1.1. A set  is called an integral manifold of equation (4.1.1 ) if, from that  follows  for all .




Definition 4.1.2. A program manifold  is called absolutely stable with respect to vector-function  if it is asymptotically stable in whole for solution of equations (4.1.4) for all  and the function  satisfying conditions (4.1.5).


Statement of the problem. To get the condition of absolute stability of a program manifold  of the non-autonomous basic control systems in relation to the given vector-function .
By using the generalized Lyapunov theorem [3, p. 226], we can now formulate the following theorem: 

Main Theorem. If there exists a function continuously differentiable in domain (4.1.6), positive-definite, and admitting the upper limit in the whole, such that its derivative


                                                       (4.1.7)




is a positive-definite function for any function satisfying conditions (4.1.5), then the program manifold is absolutely stable with respect to the vector function . 

	a) Asymptotic Stability of a Program Manifold of the Linear System. We first consider a linear nonautonomous system for the vector function  


                                                 (4.1.8)

If for this system, we construct the Lyapunov function 


,                                                         (4.1.9)

then the derivative of this function with respect to time t has the form 


,                                                          (4.1.10)


where is the symmetric matrix 


.                                      (4.1.11)




Let the matrix be nonsingular and let the matrices and satisfy the matrix equality 


,                                               (4.1.12)



where is an arbitrary matrix. Then we can take the matrix  in the form 


.                                                     (4.1.13)

By virtue of (4.1.13) and relations (4.1.11), we obtain 


.                    (4.1.14)


By the Kronecker–Capelli theorem, the matrix satisfying (4.1.12) always exists. 





Theorem 4.1.1 If the matrix of system (4.1.8)  is nonsingular and, together with the matrix satisfies equality (4.1.12), then, for any given quadratic form with the matrix , there exists a unique quadratic form  with the matrix satisfying the equation


.                            (4.1.15)



Theorem 4.1.2 For the asymptotic stability in the whole of the program manifold of a linear system with variable coefficients with respect to the vector function , it is sufficient to demand the validity of the relations


.                  (4.1.16)

b) Absolute Stability of the Program Manifold of the Main Control System. We now consider system (4.1.4), (4.1.5). For this system, we construct a Lyapunov function of the form (4.1.9). Differentiating this function with respect to time t, by using system (4.1.4), (4.1.5) and applying the S-procedure, we obtain


,          (4.1.17)




where , ,      , and S is determined from relation (4.1.5).



Denote . For to be positive-definite, it suffices that the condition be satisfied. By the main theorem, the following theorem is true: 






Theorem 4.1.3 For the absolute stability of the program manifold of the main automatic control system with variable coefficients with respect to the vector  function , it is sufficient that the relations , and the conditions (4.1.5) be true; here, the matrix is given by relation (4.1.13) and is determined from relation (4.1.12).

4.2 The problem of stability of the program manifold of non-autonomous indirect control systems with stationary nonlinearities 



In a class of continuously-differentiable at times t and bounded on a norm matrices  we consider the program manifold , which is integral for the system 



          (4.2.1)









provided , where is a state vector of the object, is a vector-function, satisfying to conditions of existence of a solution , are continuous matrices, is a vector, is a vector-function of control on deviation from given program manifold, satisfying to conditions of local quadratic connection 



.          (4.2.2)


Due to the fact that is the integral manifold for the system (4.2.1) and (4.2.2) we have 

                                (4.2.3)



here is the Jacobi matrix and is a certain s-dimensional Erugin vector function, satisfying conditions  [3]. 
When solving inverse problems of the dynamics of automatic control systems, the main and obligatory requirement is the stability of program motion in the presence of unstable acting elements and systems that deviate from the given programs with the initial data.

Taking into account that is the integral manifold for the system (4.2.1), and by choosing the Erugin function as following 


                                                           (4.2.4)


here is Hurwitz matrix and differentiating the manifold Ω(t) with respect to time t along the solutions of system (4.2.1), we get [1]



.         (4.2.5)


Here nonlinearity satisfies to conditions (4.2.2).

Definition 4.2.1 A program manifold Ω(t) is called absolutely stable, if it is asymptotically stable on the whole at all functions satisfying to the conditions (4.2.2).
Statement of the problem. To get the conditions of absolute stability of a program manifold Ω(t) of the indirect control systems with variable coefficients in relation to the given vector-function ω. 
Some survey on the construction of control systems with variable coefficients was given in [38].

 First, we consider the following system with variable coefficients as a linear approximation of the system (4.2.5), (4.2.2) with respect to the vector function  



, .                                 (4.2.6)


We construct a Lyapunov function for the system (4.2.6) in the form . 








Theorem 4.2.1 Let the Erugin function have the form (4..2.4). Then, if the matrix  is non-degenerate and together with the matrix  satisfy to equality , then whatever the given quadratic form with the matrix there exists a unique quadratic form with the matrix and satisfies the equation .





Theorem 4.2.2. Let the Erugin function  has the form (4..2.4). Then for asymptotic stability in the whole of the program manifold of a linear system with variable coefficients relative to the vector function  it is sufficient fulfillment of relations ,   .





The basic theorem. If there is a real, continuous differentiable function of in the given domain and positive-definite and allowing the highest limit in whole such that its derivative would be definitely positive for any function satisfying conditions (4.2.2), then the program manifold is absolutely stable with respect to vector functions . 

4.3 Stability of the program manifold of control systems with non-stationary nonlinearity
   

a)  We introduce into consideration a class of continuously-differentiable at times t and bounded on a norm matrices .

 Let the program manifold as follows is given, which is integral for the system 


                 (4.3.1)




where  is a state vector of the object,  is a vector-function, is a vector-function of control on deviation from given program manifold, satisfying to conditions of local quadratic connection


                           (4.3.2)


,                                   (4.3.3)

 
 Note that the following estimate 


,                                   (4.3.4)



can be obtained from the condition (4.3.2), where are the smallest, largest eigenvalues of matrices . 




Due to the fact that  is the integral manifold for the system (4.3.1), taking into account that ,  is the Erugin vector function, satisfying conditions  [1] and by choosing F as the following 


                                      (4.3.5)

we get the following system with respect to the vector-function ω: 


                                   (4.3.6)
Statement of the problem. To get the condition of absolute stability of a program manifold Ω(t) of the non-autonomous basic control systems with non-stationary nonlinearity with respect to the vector-function ω.
For the system (4.3.6) we construct a Lyapunov function of the form 


                   (4.3.7)


Taking into account the properties (4.3.2) and making the substitution we obtain an estimate 


,                                       (4.3.8)






 Here  are the smallest and largest eigenvalues of matrices ;   

On the basis of property (4.3.4) and the substitution a derivative of the function (4.3.7) takes the form 


,                      (4.3.9)


where  expressed through the date of system (4.3.6). 

Due to the fact that  the following estimates hold 


                   (4.3.10)



where   are the smallest and largest eigenvalues of matrix . Taking into account the estimates (4.3.4) from (4.3.10), we get 

                                     (4.3.11)




Theorem 4.3.1 Let the Erugin function have the form (4.3.5). Suppose also that there are matrices such that  and the nonlinear vector-function satisfies conditions (4.3.2) - (4.3.4). Then, for the absolute stability of the program manifold  of system (4.2.5) with respect to a given vector function , it is sufficient to satisfy relations (4.3.8) and (4.3.11).


b) In a class of matrices  we consider the program manifold , which is integral for the system 


            (4.3.12)


provided . 


Here  a nonlinear vector-function  satisfies to conditions 


          (4.3.13)

According to our assumption we have 



,              (4.3.14)




where the Erugin function [3]: , . Let the system (4.3.12) has the property of asymptotic stability.
Statement of the problem. To get the condition of absolute stability of a program manifold Ω(t) of the non-autonomous indirect control systems with non-stationary nonlinearity (24), (25) with respect to the given vector-function ω.
For the system (4.3.14) we construct a Lyapunov function of the form 

                  (4.3.15)

Based on property (4.3.13), the function (4.3.15) satisfies the estimates


                                    (4.3.16)




Here are real, positive, continuous, smallest and largest roots of the characteristic equation                                                           Differentiating the Lyapunov function (4.3.15) by virtue of system (4.3.14)  in time t, we have


                         (4.3.17)


where are expressed through the data of the system (4.3.14). Based on inequality (4.3.17) we have


 	                        (4.3.18)



Here  are continuous, real, positive, smallest and largest roots of the characteristic equation .





 Theorem 4.3.2 Let the Erugin function  have the form (4.3.5). Suppose also that there are matrices such that and the nonlinear vector-function   satisfies conditions (4.3.13). Then, for the absolute stability of the program manifold  of the indirect control system (4.3.14) with respect to a given vector function , it is sufficient to satisfy relations (4.3.16) and (4.3.18).




















5 Investigation of the stability of difference-dynamic systems

5.1 Poisson stability of difference-dynamical systems

The Poisson stability of difference dynamic systems is investigated using the discrete shift operator [39]. Let us consider the following difference dynamic system

                                                       (5.1.1)

here  is vector function, definite and continuous together with its  partial derivatives  on a direct product 
The fulfillment of the indicated conditions means that the conditions of the following existence and uniqueness theorem are satisfied for the system (5.1.1).
Theorem 5.1.1 Let

                                                             (5.1.2)

be some point of the set Then for all point (5.1.2) there is a solution ξ (n) of the difference-dynamic system (5.1.1) with the initial condition

                                                       (5.1.3)

defined on some interval containing the point  Moreover, if there are two solutions with the same initial condition (5.1.3), each of which is defined on its set containing the point , then these solutions coincide in the common area of their definition.
Let 

                                                         (5.1.4)

be solution of the difference-dynamic system (5.1.1), defined on  Let 

                                                                   (5.1.5)

solution of the same system, but defined on some other interval . We will say that solution (5.1.5) is a continuation of the solution (5.1.4), if interval  contains interval   Solution (5.1.5) coincides with solution (5.1.4) on the interval  In particular, it is considered that solution (5.1.5) is a continuation of solution (5.1.4) if the interval  contains interval  And solution (5.1.5) coincides with the solution (5.1.4) on  Solution (5.1.5) is a continuation of solution (5.1.4) even in the case when the intervals  and  coincide, as solutions (5.1.4) and (5.1.5) completely coincide.
Definition 5.1.1  A point  is called Poisson positively stable if for each neighborhood  and for each positive number  one can specify such number  that  Similarly, a point    is called Poisson negatively stable if for each neighborhoods  and for every positive number  one can specify such  number  such that   And, finally, the Poisson stable point, both positively and negatively, is called Poisson stable [40-42]. 
Theorem 5.1.2 If a point   is positively Poisson stable, then each point of the       trajectory, described by the motion  is also positively Poisson stable. A similar statement holds for points that are negatively Poisson stable.

5.2 Lagrange stability of the difference dynamic systems

Using a discrete analogue of the second Lyapunov method, the necessary and sufficient Lagrange stability of the difference dynamic systems was obtained.
Let us consider the difference-dynamic system


                                                    (5.2.1)



Let  be solution with initial condition  It's clear that
a) 
This solution can be continued for all . Then the solution  can be extended indefinitely. 
b) 
There is  such that  for . Then the solution  has a finite definition time.  
c) 
The solution  is bounded.
The two possibilities a) and b) are clearly incompatible, but they complement each other. The third case c) is compatible with a) and it is not compatible with b).
Definition 5.2.1 Difference-dynamic system (5.2.1) is called Lagrange stable if



1)  solutions  for , here ; 


2)  is bounded on .

For example, if an difference-dynamic system (5.2.1) has a bounded solution that is     asymptotically stable on the whole, then this difference-dynamic system is Lagrange stable.


Theorem 5.2.1 Difference-dynamic systems (5.2.1) is Lagrange stable if and only if there exists the function  on  such that


1) here ;


2) the function  is not increasing for all solution 

5.3 On the dissipativity of dynamic difference systems

In practice, where dynamic difference systems are used, dynamic difference systems are very often encountered, in which, due to natural dissipation, each solution after a sufficiently long moment of time falls into a certain fixed region and remains in it in the future. Such        dynamic difference systems are called dissipative dynamic difference systems [43].
The main objectives of the study of dynamic difference systems for dissipativity are the problem of obtaining a criterion for belonging of the considered dynamic difference systems to the class of dissipative systems or similar classes of systems [44].
Let us consider the nonlinear difference-dynamic system


                                                      (5.3.1)    






here  is set of natural numbers,  and  -  - dimensional vector column, .


Definition 5.3.1 The difference-dynamic system (5.3.1) is called dissipative system or -system if there exists such that 


                                                        (5.3.2)




here   is solution of the (5.3.1) with initial data , .


It follows from the definition itself that all solutions of the dissipative difference-dynamic system are extended to all moments .


Theorem 5.3.1 The difference-dynamic system (5.3.1) belongs to dissipative classes if there exists a Lyapunov-type function  that in the domain


	                                              (5.3.3)  

has the following properties:




If  then  (5.1) is limited solution.


Theorem 5.3.2 Let ∃ in and


Then (5.3.1) belongs to the class of dissipative difference-dynamic systems.

5.4 On the total stability theorem for the difference-dynamic systems

Let the difference-dynamic system


                                                        (5.4.1)



be given. Here the right-hand side is defined in some real region for all  




Arbitrary functions , that do not vanish at all, are called perturbations, which   satisfy the condition in the domain . Here  is a sufficiently small positive number.
Let


                                                                        (5.4.2)

be some solution of (5.4.1). Let
 

                                                                      (5.4.2/)

be some solution of the following difference-dynamic system without perturbation


                                                          (5.4.1/)











We will compare the solution (5.4.2/) of the (5.4.1/) and the solution (5.4.2) of the (5.4.1). It is required to find out whether it is possible, for any predetermined arbitrarily small number and any predetermined value , to find such arbitrarily small other two numbers and depending in general on  and , that if the conditions are satisfied, the inequality  takes place for all finite values .
If it takes place, then we say that the motion (state) of the difference-dynamic system, which is determined by the solution (5.4.2/) of the (5.4.1/) is totally stable, otherwise it is totally unstable with respect to the same perturbations.	

If the state, determined by the solution (5.4.2/) of the (5.4.1/), is stable with respect to  perturbations and, if, in addition, the condition  is satisfied, then we say that the state determined by the solution (5.4.2/) of the (5.4.1/) is totally asymptotically stable.	




	If there  and are functions of only and they do not depend on , then we say that the state determined by the solution (5.4.2/) of the (5.4.1/) is totally uniformly stable.
The main theorem. Consider the following difference-dynamic system 


,                                                    (5.4.3)






on . Here  and , are defined on  Also consider the unperturbed difference-dynamic system


  .                                                             (5.4.4)







Suppose that equation (5.4.4) has a solution  which is defined for all and , and together with its some -neighborhood  remains inside the set .




Theorem 5.4.1 Let the function  is limited on  and satisfies the Lipschitz   condition ,  .





Let the function  be uniformly continuous in  with respect to and   bounded on . Let the solution  of the (5.4.4) be uniformly asymptotically stable.	






	Then for any , there exist  and  such that for all solutions  of the (5.4.3) with initial values satisfying the inequality , the inequality  holds.

5.5 Investigation of the Poincaré mapping near a homoclinic loop

In a neighborhood of a fixed point at the origin, the Poincaré mappping can be written in the   following form


                                                      (5.5.1)




Here  is a nondegenerate dimensional matrix, . Before         considering the nonlinear mapping (5.5.1), it is useful to study the behavior of the trajectories of the linearized mapping 


	                                                               (5.5.2)

The difference between (5.5.2) and (5.5.1) is that the solving of the (5.5.1) is essentially an impossible problem. In this connection, a natural question arises, which was first formulated by Poincaré for differential equations. Under what conditions the trajectories (5.5.1) near the     equilibrium state behave similarly to the trajectories of the linearized mapping (5.5.2).
In modern terminology, the behavior of two systems is called analogous if the systems are topologically equivalent.
The problem of topological classification of rough equilibrium states of a mapping is solved in the following theorem.


Theorem 5.5.1 (Grobman – Hartman analogy for mappings). Let point O be a rough state of equilibrium. Then there are neighborhoods and in which the original mapping and    linearized mapping are equivalent.
 In this case, the equilibrium state of a given nonlinear Poincaré mappping is said to be locally topologically equivalent to the equilibrium state of its linear part (5.5.1).


Theorem 5.5.2 A formal change of variables reduces the mapping (5.5.1) to . Here  is a formal series.

Theorem 5.5.3 If the eigenvalues of the matrix  are nonresonant and they belong to the Poincaré domain, then the mapping (5.5.1) with an analytic right-hand side can be brought to a linear form by an analytic change of variables.
Poincaré proved this theorem for differential equations with the help of morant series.





















CONCLUSION

This report contains investigations on theme «Development of methods for solving the inverse problems of stochastic differential systems and their application» carried out in 2018-2020 in the field of qualitative theory of the ordinary differential equations. The obtained results are aimed at investigation of the solvability of inverse problems of the differential systems in the presence of random perturbations, investigation of the influence of random perturbing forces on solvability of inverse problems of dynamics and stability of the given properties of motion.
The inverse problem of stochastic differential systems was solved by the method of Liouville and of Shulgin additional variables. The inverse problem for stochastic Helmholtz systems was solved.
The inverse problem for Birkhoff stochastic systems was solved. The force field was   constructed along the given trajectories in the presence of random perturbations. 
The set of comparison’s vector functions of the program motion that are independent on time and dependent on time was constructed in the presence of random perturbations. The     general problem of constructing the set of stochastic equations of program motion and the set of comparison was solved. 
Sufficient conditions for the stability of nonautonomous systems’ program manifold of direct control and of indirect control with stationary and nonstationary nonlinearities was      obtained. 
The research on stability of the difference dynamical systems by Poisson and by          Lagrange was investigated. The research on the Poincaré map near the homoclinic loop was    carried out.
This report presents investigations covering the theory of inverse problems of stochastic differential systems and Lyapunov stability theory which have been widely used in recent years in the study of complex nonlinear processes. The obtained results can be used in specific investigations in related sciences. The high level of scientific researches  is characterized by the participation of performers of the theme in a number of international conferences, also publications in authoritative mathematical journals which are listed in Appendix A (the list of published papers of this report).
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APPENDIX B
 
Work schedule

	Phase refe
rence code
	The name of works under the contract and the main stages of its implementation
	Deadline
	Expected Result

	
	
	Start
	Ending
	

	I
	To solve the inverse 
problem of stochastic 
differential systems using the method of Liouville 
additional variables.
	January 2018
	March
2018
	The inverse problem of 
stochastic differential systems will be solved by the method of Liouville additional 
variables.

	II
	To solve the inverse 
problem for stochastic Birkhoff systems.
	April
2018
	June
2018
	The inverse problem for Birkhoff stochastic
systems will be solved.

	III
	To construct the set of 
comparison’s vector 
functions of the program 
motion that are independent of time in the presence of random perturbations.
	July
2018
	September
2018
	The set of comparison’s vector functions of the program motion that are independent of time will be constructed in the presence of random 
perturbations.

	IV
	To solve the problem of 
stability of nonautonomous systems’ program manifold of direct control with 
stationary nonlinearities. 



	October
2018
	1 November 2018
	The problem of 
stability of 
nonautonomous systems’ program manifold of 
direct control with 
stationary nonlinearities will be solved. 
Sufficient conditions for the stability of 
nonautonomous systems’ program manifold of 
direct control with 
stationary nonlinearities will be obtained.

	V
	To research on stability of the difference dynamical systems by Poisson and by Lagrange.
	October
2018
	1 November
2018
	To research on stability of the difference 
dynamical systems by Poisson and by
Lagrange.

	VI
	To solve the inverse problem of stochastic differential systems by the method of Shulgin additional variables.
	January 2019
	March
2019
	The inverse problem of stochastic differential systems will be solved by the method of Shulgin additional variables.

	VII
	To construct the force field along the given trajectories in the presence of random 
perturbations.
	April
2019
	June
2019
	The force field will be constructed along the 
given trajectories in the presence of random 
perturbations.

	VIII
	To construct the set of 
comparison’s vector functions of the program motion that are dependent of time in the 
presence of random 
perturbations.
	July
2019
	September
2019
	The set of comparison’s vector functions of the program motion that are dependent of time will be constructed in the 
presence of random 
perturbations.

	IX
	To solve the problem of 
stability of nonautonomous systems’ program manifold of indirect control with stationary nonlinearities. 

	October
2019
	1 November 2019
	The problem of 
stability of 
nonautonomous systems’ program manifold of 
indirect control with 
stationary nonlinearities will be solved. 
Sufficient conditions for the stability of 
nonautonomous systems’ program manifold of 
indirect control with 
stationary nonlinearities will be obtained.

	X
	To research the stability of the difference dynamical systems by Poisson and by Lagrange.
	October
2019
	1 November
2019
	The research on stability of the difference 
dynamical systems by Poisson and by Lagrange will be carried out.

	XI
	To solve the inverse problem for stochastic Helmholtz 
systems.
	January 2020
	March
2020
	The inverse problem for stochastic Helmholtz 
systems will be solved.

	XII
	The force field will be 
constructed along the given 
trajectories in the presence of random perturbations.
	April
2020
	June
2020
	The force field will be constructed along the given trajectories in the presence of random 
perturbations.

	XIII
	To solve the general problem of constructing a set of stochastic equations of program motion and a set of comparison 
functions.
	July
2020
	September
2020
	The general problem of constructing a set of stochastic equations of program motion and a set of comparison 
functions will be solved.

	XIV
	To solve the stability problem of program manifold of 
control systems with 
nonstationary nonlinearity.
	October
2020
	1 November 2020
	The stability problem of program manifold of 
control systems with 
nonstationary 
nonlinearity will be solved.
Sufficient conditions for the stability of program manifold of control 
systems with 
nonstationary 
nonlinearity will be 
obtained.

	XV
	To carry out the research on the Poincaré map near the 
homoclinic loop.

	October
2020
	1 November
2020
	The research on the Poincaré map near the homoclinic loop will be carried out.
Presumably, the results of scientific research carried out within the framework of the project will be formalized in the form of articles and sent to such journals as "Differential Equations", "Siberian Mathematical Journal", "Ukrainian Mathematical Journal", "Izvestiya Vuzov. Series of Mathematics", "Izvestiya Vuzov. Series of applied nonlinear dynamics "," Bulletin of RUDN. Series of mathematics, computer science, physics ","Open Engineering" or others.
As a result of the implementation of this project for the entire period, at least 3 articles will be published in peer-reviewed foreign scientific journals, indexed in the databases of Web Sciences or Scopus with a non-zero impact factor, as well as at least 2 publications in peer-reviewed foreign and domestic scientific journals with a non-zero impact factor.
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