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ABSTRACT

Report 47 pages, 19 sources, 2 app.
SINGULAR DIFFERENTIAL EQUATIONS AND OPERATORS, OPERATORS OF THE SCHREDINGER TYPE, WEIGHT SPACES OF POSITIVE SMOOTHNESS, INTERPOLATION, MULTIPLIERS
The objects of research are singular differential equations and operators, Schrödinger-type operators in weighted spaces of positive smoothness.
The goal of this research was to investigate the deficiency indices of singular differential operators, for operators of Schrödinger type in weighted spaces of positive smoothness, as well as to investigate the questions of boundedness and the existence of a resolvent.
Research methods. Matrix transformations, local estimates on cubes of adjustable edge length, and functional analysis methods were used.
The results obtained and their novelty:
- A new method for investigating asymptotic behavior for solutions of singular differential equations with irregular (oscillating) coefficients and analysis of possible defect indices were obtained.
- Some subclasses from the family , a new type of spaces introduced in this project, were described. Theorems on the existence of a closure for a second-order operator with alternating coefficients, for the operator  statements about boundedness, resolution, and estimates of the distribution of eigenvalues were obtained in these spaces.
Practical application of the results includes differential equations and operators, theory of function spaces, and numerical methods.
Implementation recommendations include systemic study of singular differential operators in weighted spaces, asymptotic behavior of solutions of singular differential equations.
Work relevance is high.
Predictive assumptions about the development of the object of research include the transition to the study of differential operators with distribution coefficients.
According to the research results for 2020, 1 article was published in a foreign journal (Hungary), 1 abstracts in the collection of proceedings of international conferences and 1 article in the press of the journal "Mathematical Notes", indexed by the Web of Science base.
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INTRODUCTION

This final report presents the research results for 2020. For 2018 and 2019, the results were presented in interim reports: AP05133397-OT-18, Inv. No. 0218RK00636, AP05133397-OT-19, Inv. No. 0219RK01183.
According to the Timetable for 2020, the following tasks were set for the project executors:
– study the indices of the defect of general singular differential operators with oscillating coefficients;
– investigate the conditions under which the operator   has a non-empty resolvent set. Determine what defect indices can arise for such an operator in the case of a real singular function ;
– obtain conditions for the existence of a bounded trace operator for weighted interpolation spaces. Obtain the boundedness (compactness) conditions for Schrödinger-type operators in weighted interpolation spaces.
The relevance of research. Asymptotic formulas for the solutions of differential equations are important for obtaining the structural characteristics of the corresponding operators. Singular differential equations of odd orders, equations with degenerations, with irregular coefficients require the development of new research methods.
Investigations of differential operators in weighted spaces of positive smoothness largely depend on the methods of constructing these spaces, and also on such properties of these spaces as the existence of a scale of embeddings, the invariance of the construction of interpolation spaces, and the description of (point) multipliers on pairs of spaces.
Scientific novelty and significance. The study of the defect indices of singular differential equations is carried out by finding the asymptotics of the fundamental system of solutions of the corresponding differential equation. A new way of constructing asymptotic formulas have been developed, which allows one to study equations with irregular oscillating coefficients.
Schrödinger type operators have been investigated, acting in the new scale of weighted spaces of positive smoothness. 
The research results are presented in 3 sections.
Section 1 presents a new method for studying the asymptotic behavior of solutions of linear differential equations with arbitrary orders. Two model cases for the study of defect indices for operators of even and odd orders are considered.
In Section 2, it is shown that the family of weighted spaces (potentials) , can contain, in addition to the weighted Sobolev spaces, the weighted Sobolev-Slobodetskii and Besov spaces. A theorem on the existence of a bounded trace operator  is obtained on a manifold  of finite Hausdorff (Radon) measure for the Schrödinger operator acting on spaces of the family  in the Lebesgue space 
In Section 3, existence theorems on an injective closed extension for a non-self-adjoint operator of the second order on the axis with coefficients at the lowest terms that can change signs in any neighborhood of infinity are obtained. Conditions on the coefficients are given in terms of local means on segments of adjustable length. Next, we study the Schrödinger-type operator  acting in a pair of spaces from the family  (from the weighted Sobolev space to the weighted Besov space). Boundedness conditions are obtained. For the minimal operator  for even , a closed extension with a compact resolution and estimates for the distribution of eigenvalues are obtained. 

1 General singular differential equations and operators 

1.1 Asymptotic behavior of solutions to differential equations. Defect indices

This subsection describes a new approach to studying the asymptotic behavior of solutions of linear differential equations of both even and odd orders. The proposed scheme for constructing the asymptotics of solutions of equations consists in passing from the original equation to equations in quasi-derivatives, then to an equivalent system of first-order differential equations. Already at this stage, it is possible to significantly smooth out the coefficients of the equation. This part of the scheme is explained in sufficient detail in [1], [2] and [3]. We will supplement this construction scheme by the Hausdorff transformation, and this transformation can be applied several times.
The main goal of this paper is to demonstrate a new method for constructing asymptotic formulas for odd–order equations with irregular coefficients, in particular with oscillating coefficients. In addition, the transformations of systems of equations considered in this paper can be used in problems on the correct definition of differential operators with distribution coefficients. (see [3]).
Note that the asymptotics of solutions of second-and fourth-order differential equations with rapidly oscillating coefficients have been previously studied in [4], [5], [6], [7], [8]. At the same time in the works [6], [7], [8] to smooth out the irregularities of the coefficients of the equation, equations have been first reduced to systems of linear differential equations, then the Hausdorff  transform was applied. 
In this paper, we consider model linear differential equations of the 3rd and 5th orders and all the stages of constructing asymptotics can also be applied to binomial linear differential equations of arbitrary odd order.
Let us consider the 3rd order equation



where , the derivatives  are understood in the sense of distribution theory. 
Rewrite (1.1) as



Let us introduce the vector function  :



Then equation (1.2) can be written in the following form





The replacement 



transforms (1.3) to the system:



We apply the Hausdorff  identity to the right-hand side of system (1.4):





By calculating matrix commutators, we get:









Taking into account the type of obtained commutators, we can write system (1.4) as



Let us reapply the described procedure and make a replacement



This replacement transforms (1.5) to the system





We apply the Hausdorff  identity to the right-hand side of system (1.6). In calculating matrix commutators, it turned out that the series does not break, but the commutators have a cyclic form, which allows, omitting a number of intermediate calculations, to write out the transformed system as follows:



Let's rewrite the last system as:



where



Note that here C is a constant matrix. Therefore, if , then the matrix  will not affect the main term of the asymptotic solutions of equation (1.2).
Let us consider the following examples.
Example 1. Let us consider the 3rd-order equation



By simple calculations, we conclude that if , then the system corresponding to (1.5) has the structure (1.8) with the matrix . For  system (7) will also have form (8) and .
Example 2.



In this case . System (1.5) will have a matrix whose elements are piecewise constant functions, and therefore, admits an explicit solution , which we will not present due to the cumbersome calculations, whence



Let us consider a 5th-order equation on interval ,



where  is a locally absolutely continuous positive function,  in this case, derivatives and  are understood in the sense of distribution theory. 
Now we pass on from equation (1.9) to the system of equations in quasi-derivatives.
Let us introduce the vector function 



Then equation (1.9) can be written as follows



.

Let us denote 



and by the following replacement

,

we have



Now we introduce the function composed of coefficients of the matrix 



Here we note that if  , then



Matrix commutators from the Hausdorff  identity will take the following form:

.
The other commutators are identically equal to 0: . Therefore, system (1.11) can be represented as:



where



Additional system transformation (1.11) allows to weaken the conditions on the smoothness of the distribution coefficient   (see e.g. [2]), which is necessary to give meaning to the solutions of equation (1.9). We formulate the corresponding theorem of the existence and uniqueness of solutions to the Cauchy problem for the system of equations (1.10).
Theorem 1.1.  Let  be a complex-valued locally integrable on the interval  function,  and , then for the system of equations (12) the Cauchy problem has a unique solution     
Example 3. Now we consider equation (1.9) for   and as  let us consider oscillating functions of the form . We will be interested in the relation between  and  in which the perturbation  will not affect the main term of the asymptotic solutions of the equation 



for. To construct asymptotics, it is advisable to apply to the system of equations (1.12) a transformation of the form



Then we get 



where  is a constant matrix. Therefore, we need to find conditions on  and  for which  Simple calculations show us that if  and  satisfy at least one of the inequalities  or ,  then     
We note that the proposed method can be used to study the asymptotic behavior of the fundamental system of solutions of such equations of arbitrary order.
The problem of finding asymptotic formulas with  has been solved for the fundamental system of solutions of a modular equation of the form 





and they were used to analyze the possible defect indices of the corresponding minimal differential operator for the equation: 



where    are twice continuously differentiable functions on , satisfying conditions:
1. ,
2.  does not change sign for large enough x ≥ x0  and



3. For large enough  , where A1,2 are positive constants,
4. For large enough  , , where B0,1,2 are positive constants,
5. For    there are positive constants A, B, such that



6. For large enough  for   does not change sign.
When we find the asymptotics of solutions of equations, one always has to impose conditions on their oscillation (weak or fast) or regularity of growth. Therefore, in all of our works, coefficients fluctuating of varying degrees are considered.
We consider the following equation of the form



where       (generalized) derivatives ,  Asymptotic formulas for the fundamental system of solutions  of the form , if ,  (quasi-derivatives) are obtained. As a consequence, the statement about the existence of the inverse operator (resolvent) for the operator  (operator of the form ,  on the axis) with potential  and the ability to calculate for specific  defect index for the minimum operator  




2 Weighted spaces with positive indices of smoothness

2.1 On spaces of the type 

This section is devoted to the description of weighted spaces  ,  of functions in  with smoothness index   is a domain in n-dimensional Euclidean space  with the norm . Family of spaces  includes spaces with weights of a power nature, with weights that do not satisfy the conditions of uniform growth along the boundary of the domain, spaces with weights, regularity of which can be described only in terms of means. So in certain cases , where  is weighted Sobolev space (if ) or Sobolev-Slobodetsky (if  – non-integer,  ). 
Let  be a set of all cubes of the following form



where  and  are the class of functions infinitely differentiable in Ω and the class of all functions  with compact support , , respectivelly.
Let  be a positive function in Ω satisfying:
1) immersion condition



2) bounded oscillation condition on cubes    



where  is a constant, which does not depend on . By the covering theorem (see [9]) the set of cubes ,  , contains  - multiple and - separable Besicovitch covering  of domain .  Here   or a finite subset of ,  and  depend only on the dimension of the space . A covering   is called -separable if it splits into  subfamilies of pairwise disjoint cubes (disjoint subfamilies). Using condition (2.2), we can prove that if   then the family  will also be  - multiple and  -separable covering .  [10]. The family  will be called a double Besicovitch covering (B-covering). This covering can be associated with a partition of unity, namely, a family of functions  ,  on ,  such that


 
and for each multi-order index  





Let  be operators in  , given by equalities





respectively, where  is a direct (inverse) Fourier transform. Here are some facts from the theory of spaces (potentials) . In class , 



We can define  as the completion of class  in the norm 



Following embeddings take places



If , then 



(see [11]).
Here and below  the sets of natural, integer, non-negative integer numbers and the set of multi-indices , , , respectively. Further, ,   are the Lebesgue space with the norm



(),  the set of all defined in Ω and such that   for every compact set , weighted Lebesgue spaces with the norm
 


respectively. A weight in  is understood as a non-negative function  (), . We will use the notation  for the Sobolev space with the norm 
 


where , . By  we denote constants that depend only on numerical parameters. Let  and  be variables. Below,  will be used instead of ,  if .
Below we will assume that  is a positive function in . We put  



Let  be a double B-covering of ,  is the partition of unity assigned to this covering 

, .

Let's set the functional in the following form
 


Lemma 2.1. Let ,   satisfies the condition

,  if  . 

Then



The proof of the lemma is based on the equality  and 
Statement 2.1. Let 

,   and



Then  



Let . By the embeddings (2.8) implies that there exists a constant

, 

such that
	


In addition,  . Therefore, if  , then for  by the lemma 2.1 it follows that


  
It is easy to see that a finite-valued functional  is a norm in . We define the space  as the completion  in the norm  .  This definition is correct, since   





where  is the partition of unity associated with the covering  [12]. By (2.8) implies that
 


 Also 
 


 , , ,   

(see [12]). Here,  denotes the interpolation space obtained by the complex interpolation method.
Let ,  and  be weight functions in . Let , , denote the completion of the class  in the norm

	

Theorem 2.1. Let , ,  and   - positive functions in Ω. Let conditions (2.1) and (2.2) be satisfied for  and condition (2.2) for . Then

	

Example 4. Let , , , . One of the running Otelbaev averages of weight  in  is given by the equality 
 


In the case  the average  is finite positive and satisfies the condition 



where  with  (see [10]).
If , then  satisfies conditions (2.1) - (2.2). Let us suppose that  satisfies the weak Muckenhoupt condition (). From theorem 2.1 it follows that   



A weight  satisfies condition , if there exist  such that (see [13])



The equality  follows from the condition .
Example 5. Let  , , ,  .  Then 
 
  if ,  

	Example 6. Let   be a domain with non-empty boundary. Let us take . The pair  ,  satisfies  (2.17) with , . 
In the case when the boundary  of the space , where   is a space of type , , , introduced in [11]. 
Example 7. Let  . Then . Let us take   For each 

	

Note that for any  

	

Here we give an example of a weight pair , in which the weight  does not satisfy the condition of uniform growth to  along the boundary .
Let   be a domain in ,  – non-integer, ,  – an integer, non-integer part of , respectively. We can define the Sobolev-Slobodetskii space  as the space  with the norm 
 


where



We put  .
It is known that the norm
	

where   is a Besov space [11]. 
We define the weighted Sobolev-Slobodetskii space  as the completion of  in the norm 
 


where  



We put  .
Lemma 2.2. Let  be non-integer, ,  and 
 


Suppose that  is differentiable and  



where constant  does not depend on  .  Then
 
	

Theorem 2.2. Let  be a non-integer, and let  satisfy condition (2.1). Then 

.

In theorems 2.1 and 2.2, we showed that the family  can include weighted Sobolev and Sobolev-Slobodetskii spaces   . The equality  shows that the family  contains the Sobolev space with weight , which is important in the theory of maximal operators



If the operator  is bounded as an operator from  to , then  satisfies - regularity condition.

2.2 Schrödinger type operators. Traces on manifolds

The operator

, 

given in the space  of infinitely differentiable and compactly supported functions in  has been considered. The variable coefficients  are continuous in the neighborhood  of the compact manifold  in . It is assumed that satisfies the condition: for all 



where  are given. The set of such manifolds contains smooth manifolds, manifolds that satisfy the Lipschitz condition. We will also assume that the Hausdorff measure is -dimensional on Γ.
Theorem 2.3. Let the following conditions hold:
1) there exists a function , such that



By  we denote cube 



2) 

Then the operator  is bounded as an operator from  to the space , with the norm 



In theorem 2.3, the following notation is adopted:
 is a trace operator from the space  of continuous functions in Ω to the space   with the finite norm



By   we denote the interpolation space



 – integer, . By  we denote the weighted Sobolev space with the norm 



Theorem 2.4. Let the conditions of theorem 2.3 hold and let . Then, for any closed extension  in   the bounded operator



is correctly defined.
So, existence conditions of a bounded trace operator  from the weighted interpolation space   to  are obtained.


3 Singular differential operators in weighted spaces with positive indices of smoothness

3.1 Singular differential operators in weighted Sobolev spaces on the axis

This subsection considers the second-order non-self-adjoint operator 



in , the class of infinitely differentiable and compactly supported functions in . We assume that coefficients  can be alternating signs, but with a condition .  means that  almost all in I and . The Lebesgue measure of  is denoted by . 
Let  is the completion of the class  in the norm 



 is the Lebesgue space with the norm 


 
Below, in the intervals , the following notation will be used



Theorem 3.1. Let 



Then the operator  admits a closed extension



Let  be measurable functions in . In the proof of theorem 3.1, we used the following condition 



for the boundedness of the operator 



acting in . Moreover, the norm [14]



Statement 3.1. Let  be a finite interval, and let  and  is associated with conditions: 

, if , or  , if  .

Then  has a   continuous derivative  and 



Here  is the Sobolev space with the norm



Statement 3.1 follows from the well-known estimates and properties of intermediate derivatives in .
Lemma 3.1 [15]. Let  be an interval in , such a sequence that 
1)   in 
2)  have generalized derivatives  and    in . 
Then   has in  generalized derivative  and  in .
Let introduce the notation. For,  let the  be the set of all affine functions  for which . Further let . Functions  in  . We put





Note that  . Therefore,


 
Lemma 3.2. Let  and satisfy the conditions:
1) 
2) there exists  such that 



Then for every 




The main scheme of the proof is given in [16] in lemma 4.
Let  be weights in  and be a positive function in  .
We say that a (weighted) pair   satisfies the condition  with respect to the function , if
 


Function  at the same time we call a function of length. 
Let's write it as follows:  (with respect to ).
We say that a weight  in   satisfies the regularity condition  with respect to the length function , if there exists  such that



Here  denote positive constants, the values of which depend only on the numerical parameters. For variables  the notation  means that .
Examples. Equality  implies:
1) Let . Then  with respect to length function . 
2) Let  Then   with respect to length function  . 
3) Note that . Therefore the function



is finite and positive in . Under the condition  for the pair   with respect to l.f.  the following statement is true
Statement 3.2. Let . Then .
The proof is based on the fact that the opposite assumptions:  lead to a contradiction. 
Let . We put



Lemma 3.3. Let , the weight   satisfies the condition  (with respect to the length function ), on the interval . Following estimates are true







The proof follows from inequalities (3.7) and (3.9) for . 
Lemma 3.4. Let  satisfy the condition  with respect to the length function  and let:





Then: 
a) Every fundamental sequence  by  has a limit  in .
b)   has a continuous derivative   in .
c) For almost all  there is a finite derivative . In this case .
d) .
In the proof of this lemma, we used Lemma 3.1 and Lemma 3.3.
Theorem 3.2. Let us suppose that  satisfies the regularity condition with respect to the length function . The following statements are true: a) If 





then the operator   admits a closed extension .
b) Moreover, if 



where 



then the operator L is invertible.


3.2 Schrödinger type operators. Resolvent. Rang

In this work we considere the operator



  almost everywhere in . Here  are the set of all natural numbers, the space of locally summable functions in the - dimensional arithmetic space  functions, the space of all infinitely differentiable and compactly supported functions in , respectively.
Let us denote by  the completion of class  in the norm 



 – Lebesgue space with the norm



  - weighted Lebesgue space with the norm



Theorem 3.3. The operator  in (3.12) has a closed injective extension 



Proof. Let  There is a constant  such that 



Therefore





Passing to the limit in (3.14) for , we deduce that  whence it follows that the operator  has a closed extension . Let us assume that



(3.15) is equivalent to the condition: 



Hence  then by (3.16)   in  
On each  



Passing to the limit in (3.17), we derive: 



Hence . The operator L is proved to be injective.
Earlier in [17], two-sided estimates for the distribution of eigenvalues have beenobtained for the self-adjoint extension  of the operator . In this paper, the upper estimate for the distribution of the eigenvalues L is obtained using other estimates. 
Let  Below we use a special function from  ("running average" Otelbaev): 



If  we have
 
 for everyone .

Definition. We say that satisfies the weak Muckenhout condition (notation ) if there exist   such that for all  



Let   be the Sobolev space with the norm



where



If , then the quadratic form



generates a self-adjoint operator , such that



For an (unbounded) self-adjoint operator  in a Hilbert space  by  we denote the number of eigenvalues ​​lying to the left side of . According to the variational principle,  is equal to the maximum dimension of the linear subspaces ,  on which 



 is the scalar product in  (see [18]).
The distribution function  satisfies the estimates: there exist constants , such that





Theorem 3.2. Let , and let the following conditions hold:
1)  and 



2) .
Then there exist  such that



Proof. Let . Then there exists , such that





On the other hand,





Therefore,



So, (3.19) is true for .
Let a subspace (linear variety) in , on which



By virtue of (3.19)



So



and from estimates (3.18) we deduce that for 



where . The theorem is proved.
Remark. 1) To obtain estimates (3.18), we applied the method given in [19].
2) The operator  is self-adjoint under the conditions of Theorem 3.4. Consequently, the resolvent set of the operator contains 0 as an interior point.

3.3 Schrödinger type operators in weighted spaces of positive smoothness

Let  be a positive locally summable in the Euclidean space , satisfying any Muckenhoupt condition . We denote by  the function (running average)



where  is a natural number,   is a cube centered at  with edges of length  and parallel to the coordinate axes. Let ,  be weighted Sobolev spaces with the norm 



Besov with the norm



respectively, where  is a standard seminorm of a weightless Besov space  
Statement 3.3. Let  be a noninteger,  the weight function  in  satisfies the weak Muckenhoupt condition. Let . Then the following estimate takes place:



where the constant  does not depend on .
Let ,  on cubs   



We put 



Statement 3.4. Let  be a  noninteger,  , the weight in  satisfies the condition . Let . Then the inequality is true



Theorem 3.5. Let the conditions of statement 3.4 hold with . Then the minimal operator  extends to the bounded operator
 
,

where 



CONCLUSION

During the reporting period (according to the calendar plan), research was carried out in two main areas:
- investigation of the asymptotic behavior of solutions and analysis of the defect indices of singular differential equations (operators) with regular, irregular (oscillating) coefficients of even, odd orders, with degenerations;
- investigation of the Schrödinger-type operators in weighted spaces of positive smoothness (potential spaces) introduced in this project (questions of boundedness, existence of a resolvent, defect indices, descriptions of traces on manifolds).
The tasks set were novel, requiring the development of special research methods.
The following results were obtained:
New methods were developed for studying the asymptotic behavior of solutions and analyzing the defect indices for singular differential equations (operators) of even and odd orders, with degenerations, with oscillating coefficients. The defect indices were analyzed for model equations for the Sturm-Liouville operator with a real potential of a special form in particular.
The interpolation spaces and spaces of (point) multipliers necessary for this description were obtained to study operators of Schrödinger type in weighted spaces of potentials. Theorems on the boundedness of operators of Schrödinger type in weighted spaces of potentials, assertions on the existence of a resolvent, and estimates for the spectrum were obtained.
In addition, estimates were obtained for the interpolation widths for a two-term differential operator with compact inverse and theorems on the existence of an injective closed extension for one non-self-adjoint operator on the axis in weighted Sobolev spaces. It was proved that the family of weighted potential spaces includes certain types of weighted Sobolev, Sobolev-Slobodetsky, and Besov spaces.
All the results obtained are novel and have a high, significant theoretical significance. The research methods developed during the implementation of the project can be used for the systemic development of the theory of differential operators in scales of weighted spaces of positive smoothness and for the systematic study of the asymptotic behavior of solutions of singular differential equations (on the axis) with irregular coefficients.
Based on the research results, 5 articles were published in peer-reviewed journals with an impact factor, 1 article in a foreign journal, 9 abstracts in the materials of 5 international conferences and 1 article was accepted for publication in the journal "Mathematical Notes", indexed in the Web of Science database.
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TECHNICAL SPECIFICATION AND WORK SCHEDULE
on agreement № 132, 12.03.2018

1. RSE REM L.N. Gumilyov Eurasian National University of Ministry of Education and Science of the Republic of Kazakhstan
1.1 By priority: Information, telecommunication and space technologies, scientific research in the field of natural sciences.
1.2 Specialized field of study: Scientific research in the field of natural sciences.
1.3 Research topic: AP 05133397 «Qualitative and quantitative characteristics of singular differential operators. Multipliers in the theory of differential operators».  
1.4 Total project amount: 48,750 thousand tenge, including
2018 – 15,250 thousand tenge,
2019 – 16,750 thousand tenge,
2020 – 16,750 thousand tenge.
	2. Characteristics of scientific and technical products by qualification characteristics and economic indicators
	2.1 Direction of work: Basic research, fundamental mathematics
	2.2 Application area: In the theory of singular differential operators and equations and their applications in applied problems
	2.3 Final result:
	- for 2018: Here will be established asymptotic formulas for solutions of singular differential equations with rapidly oscillating coefficients both for large values of the argument and for large values of the spectral parameter with uniform arguments. Constructive description of multipliers in Bessel potential spaces on domains of an n-dimensional Euclidean space and conditions of boundedness (compactness) for Schrödinger type operators in weighted Sobolev space will be obtained. 
	- for 2019: Here will be obtained spectral properties of the corresponding differential operators; the head term of the asymptotic of eigenvalues, conditions for correct determination of a singular operator -(∆)^α+q, Schrödinger operator; descriptions of interpolation spaces, Sobolev spaces of general type obtained by a complex method; descriptions of pointwise multipliers in complex weighted interpolation spaces.
	- for 2020: Here will be calculated the defect indices of general singular differential operators of random order with oscillating coefficients. We will establish conditions for the existence of a nonempty resolvent set; the deficiency indices in the case of a real singular function q; conditions for the existence of a bounded trace operator for weighted Besov spaces and frames on compact manifolds with a finite isotropic Radon measure; conditions of boundedness (compactness) for Schrödinger type operators acting in Besov weighted interpolation spaces, in spaces summed over (isotropic) Radon measure of functions on compact manifolds. Three articles will be published in peer-reviewed foreign scientific journals indexed in the Web of Science or Scopus databases with a non-zero impact factor, as well as at least two publications in peer-reviewed foreign and domestic scientific journals with a non-zero impact factor.
	2.4 Patentability: Not provided.
	2.5 Scientific and technical level (novelty): All expected results are new, have a high scientific level.
	2.6 Applying of scientific and technical products is carried out: In research and educational centers of the Republic of Kazakhstan and abroad (through publications, scientific schools and seminars, reading special courses, setting tasks for master's, doctoral dissertations).
	2.7 Type of applying of the result of scientific and (or) scientific and technical activities: Theoretical and applied (for numerical analysis when modeling problems in mechanics, physics).

3. Name of work, terms of their implementation and results
	№
	Name of work
	Deadline
	Expected results

	
	
	Start
	End
	

	1
	Investigate the asymptotic properties of solutions for singular differential equations with rapidly oscillating coefficients
	03.01.2018
	 30.06.2018
	Asymptotic formulas for solutions of singular differential equations with rapidly oscillating coefficients both for large values of the argument and for large values of the spectral parameter with uniform arguments 

	2
	Make constructive description of multipliers in Bessel potential spaces on domains of n-dimensional domains
	03.01.2018
	 30.06.2018
	Constructive description of multipliers in Bessel potential spaces on domains of an n-dimensional Euclidean space

	3
	Obtain conditions of boundedness (compactness)  for Schrödinger type operators in weighted Sobolev space
	03.01.2018
	 31.12.2018
	Сonditions of boundedness (compactness)  for Schrödinger type operators in weighted Sobolev space

	4
	Investigate spectral properties of differential operators with rapidly oscillating coefficients
	03.01.2019
	 30.06.2019
	Spectral properties of the corresponding differential operators; obtain the head term of the asymptotic of eigenvalues

	5
	Determine under what conditions a Schrödinger-type operator is uniquely (correctly) defined on a singular function (distribution) q
	03.01.2019
	 30.06.2019
	Conditions for correct determination of a singular operator-(∆)^α+q, Schrödinger operator

	6
	Get descriptions of pointwise multipliers in complex weighted interpolation spaces

	03.01.2019 
	31.12.2019
	Descriptions of interpolation spaces, Sobolev spaces of general type obtained by a complex method. Descriptions of pointwise multipliers in complex weighted interpolation spaces

	7
	Study defect indices of general singular differential operators with oscillating coefficients
	03.01.2020 
	30.06.2020
	Calculate the defect indices of general singular differential operators of random order with oscillating coefficients

	8
	Investigate the conditions under which the operator - (Δ)^α+q has a non-empty resolvent set. Determine what deficiency indices can be formed for such operator in the case of a real singular function q
	03.01.2020 
	30.06.2020
	Conditions for the existence of a nonempty resolvent set. The deficiency indices in the case of a real singular function q

	9
	Obtain conditions for the existence of a bounded trace operator for weighted interpolation spaces. Obtain conditions of boundedness (compactness) for Schrödinger type operators in weighted interpolation spaces
	03.01.2020 
	31.12.2020
	Conditions for the existence of a bounded trace operator for weighted Besov spaces and frames on compact manifolds with a finite isotropic Radon measure. Conditions of boundedness (compactness) for Schrödinger type operators acting in Besov weighted interpolation spaces, in spaces summed over (isotropic) Radon measure of functions on compact manifolds
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3. Hamwenonamne pabor, X PEANHIANNN B PETYILTRTR

hetp | Hammenonssmme pafor no | Cpok sunommeres Omnssenentit pesymrar

M| Norosopy u ocHORKE | mawaio | OKONYS

B e

1 Hocrenonans SAumape | Hoouk | ByXyT HCcaeIoeanis acHMITOTHYOCKIE
ACHMITTOTHRCCKNE 2018 2018 | caoitcrsa pemesuit CHRTYAAPHAIX
CooficTRa perneHi rom ross | angepenipaatbibX yrannenit ¢
CHHTY AP GucTpo oclumpyouDG:
edPepenmmazix 2oodduuenrans. Byxyr moaysess
ypasmesail ¢ GucTpo ACHMETOTIRECKNE YOPMYITHI Ak
OCHMATHPY OUIHMM peuzensi CHRIYARPHAX

GaxTpo y 5
CCLMTHPYIOUMR
KOSP@eueenTami Kak npw Gonbumx
IWIVCHAKX APTYMCHTA, TaX 1 npe
GONRMX JHAEHIEX COSKTPATRHONO

APAVETP PAsNOMEPIO 0O
Spryventan

2 Tlpovecr Ameape | Hos | ByayT xomcrpysimio secrenonassi
KOHCTPYKTHRNOE 2018 2018 | MYSSTHILTHKETOPI B BPOCTPANCTEEX
oamcanne roa TOXA | Geocencatx NOTEHIMANS 13 n-
MYTBTHILIHKSTOPOS B wepusix ofascrex. Byser noayweso
NpOCTpancTBRT KORCTPYKTHBHOS OGICasme
Beccencanix NOTEHINANS NYASTHILTHKRTOPOR & HPOSTPANCTBEX
WA D-MEPHEX ofscTRX Geccencanix NOTCHIMANS M3

OBIRCTAX B-MEPHOTO CRCTHAOKE
NPOCTPanCcTDA.

3 Toay o yeaoans Asmpe | 201 | Byayr mecsexosmng yenomns
OTPAIISHHOCTH 2018 | HosGpe | orpmmreeImImOSTH (KOMDAKTHOCT) A8
(RoMnaxTHOCTH) 2k o 2018 | oncparopos THna lipeesrepa »
OOePETOPOD THNA rom | secossix npocrpancraax Coboncss.
Uipezmrepa & 3econsix Byayr moayweans ycaoans
npoctpancTiax Coborers OTPEMITCHNOCTH (KOMNMKTHOCTH) 2nE

omcparopos THna [lpeaeereps, |
ACRCTRYWOUINX & BecOBaIX
CoBanesa.

4 Heeaeaonars Ssmape | Homs | Byayr mocacaosans coecTpamine
CHEKTPRALIMIE COORCTRA 009 | 2019 | caofeTsa
ANQGCPEHITRATHAX o ros | oneparopoa ¢ 6exTpo
omeparopos ¢ Guctpo OCHHATHPYNOULEN KOIDHUINCHTAMM.
OCULTTHPYIOUTIMH Byayr nosywesns coexTparsuse
X0pOHIHCHTINN XIPAXTEPRE THKH COOTHCTCTIYVIOUINX
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