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РЕФЕРАТ 

Есеп беру мазмұны: 115 бет, 26 сурет, 11 кесте, 58 библиографиялық көздер, 6 қосымшалар.
МАТЕМАТИКАЛЫҚ МОДЕЛДЕУ, КЕРІ ЕСЕП, СӘЙКЕСТЕНДІРІЛІМДІК,  ЭПИДЕМИОЛОГИЯ, ФАРМАКОКИНЕТИКА, ТИІМДІЛЕУ, РЕГУЛЯРИЗАЦИЯ, ГРАДИЕНТТІК ӘДІС, СОЛОУ МОДЕЛІ. 
Зерттеу немесе жобалау нысаны  жаратылыстанудың кері және қисынды емес есептерінің математикалық модельдерінің сандық сәйкестендірілуі.
Жұмыстың мақсаты – параллельді есептеулерді қолдана отырып, жаңа біріктірілген сандық әдістерді құруды қоса алғанда, жаратылыстанудың кері және қисынды емес есептерін шешудің орнықты, сәйкестендірілетін, сандық әдістерін әзірлеуден тұрады.
Жұмысты жүргізу әдісі немесе әдістемесі. Кері есепті қисынды шешу үшін практикалық сәйкестендіру қажетті. Кері есеп мақсатты функционалды минимизациялау есебіне келтірілді. Сәйкес есептерге Гельфанд-Левитан-Крейн әдісі, Солоу моделі үшін дифференциалды эволюция алгоритмі қолданылды.
Жұмыстың нәтижесі және оның жаңалығы. Медицина, биология, геофизика және экономиканың математикалық модельдері үшін кері есептерді сандық шешу алгоритмдері әзірленді. М. Г. Крейн теңдеуінің жаңа үш өлшемді аналогы алынды.. Солоудың кеңістіктік математикалық моделі үшін өндірістік функция анықталды.
Негізгі конструктивті, технологиялық және технико-эксплуатациялық сипаттамалары. Барлық сандық шешімдер жоғары өнімді компьютерлерде жасалды.
Енгізу дәрежесі. Нәтижелерді енгізу эксперименттік деректерді сынағаннан кейін және оны нақты статистикамен салыстырғаннан кейін жоспарланады.
Енгізуге ұсыныстар немесе ғылыми зерттеу жұмыстарының  мәліметтерін енгізудің нәтижелері. Нәтижелерді өндіріске енгізуі денсаулық сақтау, экономика және геофизика ұйымдарына өз салаларында болжам жасауға мүмкіндік береді.
Қолдану саласы. Есептеу математикасы, биология, медицина, экономика, геофизика.
Экономикалық тиімділік немесе жұмыстың маңыздылығы. Жобаның нәтижелері адами капиталды дамыту үшін медициналық диагностика, сейсмикалық барлау, экономика, су сапасының мониторингі проблемаларын зерттеу кезінде пайдаланылатын болады.
Зерттеу объектісінің дамуы үшін болашаққа ұсыныстар. Зерттеу нәтижелері геофизика, сейсмобарлау, фармакокинетика, эпидемиология және экономиканың жаңа технологияларының дамуына әсер етеді.

REPORT 

The report contains: 115 pages, 26 figures, 11 tables, 58 bibliographic sources, 6 applications.
Key words: MATHEMATICAL MODELING, INVERSE PROBLEM, IDENTIFIABILITY, EPIDEMIOLOGY, PHARMACOKINETICS, OPTIMIZATION, REGULARIZATION, GRADIENT METHOD, SOLOU MODEL
The object of the research is the numerical identifiability of mathematical models of inverse and ill-posed problems of natural science.
The aim of the work is to develop stable, identifiable, numerical methods for solving inverse and ill-posed problems of natural science, including the construction of new combined numerical methods using parallel computations. 
Method or methodology of work. Practical identifiability is necessary for the correct solution of the inverse problem. The inverse problem is reduced to the problem of minimizing the objective functional. The Gelfand-Levitan-Krein method, the differential evolution algorithm for the Solow model in the corresponding problems are applied.
Results of work and their novelty. Algorithms for the numerical solution of inverse problems for mathematical models of medicine, biology, geophysics and economics have been developed. A new three-dimensional analogue of Krein equation was obtained. The production function is identified for the spatial Solow mathematical model.
Basic design, technological and technical and operational characteristics. The solutions are made on high-performance computers.
Implementation degree. The implementation of the results is planned after testing the experimental data and comparison with real statistical data.
Recommendations for the implementation or the outcomes of implementation of SRW (research) results. The results implementation into production will enable healthcare organizations, economics and geophysics to carry out forecasting in their industries.
Application area: computational mathematics, biology, medicine, economics, geophysics.
Cost-effectiveness or work significance. The results of the project will be used in the study of problems of medical diagnostics, seismic exploration, economics, water quality monitoring for the development of human capital
Forecast proposals for the development of the research object. The research results will affect the development of new technologies of geophysics, seismic exploration, pharmacokinetics, epidemiology and economics.
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At the present time, the theory of inverse and ill-posed problems, founded by V.K. Ivanov [1], M.M. Lavrent'ev [2] and A.N. Tikhonov [3], is developing intensively all over the world. The general definition of an inverse problem is based on the relationship between data space and model space. Direct problems study the possibility of determining the measured characteristics (a set of all possible values that form the data space) according to the given parameters of the system (an element of the model space). Inverse problems, on the other hand, investigate the determination of the parameters of system, provided that the values of the measured data and, possibly, some of the characteristics of system are known. So in the first section, the study of some inverse problems arising in biology and medicine is considered.
Separately, it should be noted the close relationship of coefficient inverse problems in mathematical geophysics, where it is often required to determine the properties of a medium or inclusions located at a certain depth using additional information obtained by measuring waves on the surface, reflected from medium inhomogeneities. The propagation of these waves is described by partial differential equations obtained from fundamental conservation laws, and the properties of the medium and the object parameters, for example, acoustic or electromagnetic, are described by the coefficients of these equations. Thus, the problem arises of determining the coefficients of hyperbolic equations from additional information measured on a part of the boundary [4]. The second section of the report is devoted to these issues.
As a rule, solving inverse problems is a rather laborious process. The main difficulties in solving the inverse problem are associated with its ill-posedness, which can manifest itself both in the absence of a uniqueness theorem and in instability with respect to measurement errors. Moreover, additional difficulties in the development of solution methods are influenced by the fact that inverse problems, as a rule, are nonlinear, in this regard, there is a need for research in this direction, which is described in detail in the report in Sections 1-3 using the example of specific areas of natural sciences: medicine, biology, geophysics and seismic prospecting, economics.
Various types of problems, difficulties associated with ill-posed statements, various options for specifying additional information - all this determines the existence of a wide class of numerical methods for solving inverse problems [5]. In this case, the generalization of existing algorithms from the one-dimensional case to more complex formulations, when the properties of the model depend on two and three variables, can be difficult from a computational point of view. Thus, many of the developed algorithms are based on an optimization approach - the coefficients of the equations (model parameters) are selected so that the simulated response of the medium is as close as possible to the measured one, which is shown in all sections of the presented report. From a mathematical point of view, this means reducing the problem to the optimization of some objective functional [6–8]. The optimization problem is usually solved by iterative methods, and at each step of the iterative process it is necessary to solve the corresponding direct problem (and in the case of, for example, gradient methods, also a conjugate problem). Consequently, the efficiency of such algorithms essentially depends on how quickly the direct problem can be solved. However, with an increase in the dimension of the problem, even a single solution of the direct problem requires a large amount of memory and computations, and is often possible only with the use of supercomputers, which was applied in Sections 1-3 of this report, namely, parallel computations on high-performance computers, software packages are implemented in high-level languages programming. The results are visualized in numerous graphs.
Another important aspect is the use of a priori information in many of the developed methods. Such methods imply the presence of a certain “reference” model of the medium, which is the initial approximation for reconstructing the examined medium. Thus, the reliability of the solution of inverse problem essentially depends on the adequacy of this a priori information.
Mathematical modeling of problems in biology and medicine in the world is engaged in: H.W. Engl (Austria, University of Vienna, inverse problems for systems biology), A.A. Romanyukha (Russia, ICM RAS, epidemiology problems), H.T. Banks (USA, State University of North Carolina, mathematical modeling of immunological processes, statistical methods for solving inverse problems in biology), G. Mauri (Italy, University of Milan-Beacock, systems biology, bioinformatics), O. Scherzer (Austria, University of Vienna, inverse problems photoacoustic tomography), RM Zinkernagel (Switzerland, University of Zurich, experimental immunology, physiology), N.A. Kolchanov (Russia, Institute of Cytology and Genetics, information biology, bioinformatics) and others. In the overwhelming majority of studies (H.T. Banks [9], H.W. Engl [10], H. Miao [11], S.M. Blower [12], G.I. Marchuk [13], C. Cobelli [14], J. DiStefano [15], R. Brown [16], M. Eisenberg [17], S. Saccomani [18], N. Meshkat [19], E. Carson [20], L. Audology [21]), attention is mainly paid to the structure of the mathematical model and the results of numerical experiments, and the values of the model parameters that determine the course of the spread of the disease, the immune response and body parameters are usually borrowed from the literature. As a result, forecasts and recommendations for organizing antiviral programs are of an average nature and do not take into account variability and regional specifics. In light of the current pandemic, this problem becomes even more urgent. For comparative analysis, verification of methods and the correctness of their implementation, you can use the results of the work of Xin-She Yang [22-24], the developer of various heuristic algorithms for engineering optimization, who, to our credit, is a co-author of the publications of the members of the research group of the project [25].
The development of numerical methods for identifying models of economics and financial mathematics [26–28], which describe the processes occurring with the prices of options and securities, is a primary task not only for government agencies, but also for corporations and the banking sector. With the current global economic crisis, ill - posed with the imposed restrictions, these tasks become especially timely. Problems related to economic models are disclosed in section 3 of the report.
The basis for the development of this topic is the constantly growing practical significance of numerical methods for solving inverse problems of natural science; the presence of a large joint backlog of the project participants (there are 3 joint monographs and textbooks [5, 8, 29], as well as more than 50 joint publications on the project topic in top-rated journals).
The implementation of this project with the further introduction of its results into production will enable medical centers and healthcare organizations to develop new technological solutions for predicting and monitoring the development of diseases without going deep into the details of mathematical models, as well as the expected results will give an impetus to the implementation of subsequent research work on biostatistics (processing real data, data equalization, creation of statistical algorithms for obtaining data and their application, etc.) and bioinformatics (include other diseases, combine the tasks of epidemiology and pharmacodynamics, etc.), also in the field of geophysics and economics.
New combined numerical methods using cluster parallel computing implemented in modern programming languages reflect the high scientific and technical level of developments.
Inverse and ill-posed problems of mathematical physics and computational mathematics, which arise from the needs of practice, are actual problems of our time. With the advent of powerful computers, the number of such tasks began to grow rapidly. Effective numerical results in this direction are not enough, therefore, the parallelization of numerical methods using cluster computing and cloud technologies is relevant today.
The use of inverse and ill-posed problems covers almost all spheres of science and technology, including geophysics, medicine and economics. The innovativeness of the research lies in the fact that the developed software products within the project can be adapted to solve a wide class of inverse and ill-posed problems encountered in many practical applications that arise in interdisciplinary fields.
This research includes the development and justification of new numerical methods of identifiability and efficient computational algorithms for solving inverse and ill-posed problems of natural science.
Studies of the identifiability of inverse and ill – posed problems have not been conducted before. The analysis of practical identifiability is an important step in the study of a mathematical model, it is necessary for the correct solution of the inverse problem, since it shows the uniqueness, existence, and stability of the solution.
In the course of scientific research, 39 publications were published:
- 5 articles were published in peer-reviewed foreign scientific publications indexed in the Web of Science and Scopus databases with a non-zero impact factor, 1 of them in the conference proceedings.
- the monograph "Numerical methods for solving inverse and ill-posed problems of natural science" has been prepared for publication (ISBN 978-601-298-914-4) (APPENDIX B).
- the results of the work are reflected in the open press in scientific publications: 10 publications in journals recommended by Committee for Control in the Sphere of Education and Science MES RK, and presented at 23 International conferences and symposiums.
- a research group with the participation of scientists from the Shanghai University of Finance and Economics organized the international scientific conference "Inverse Problems in Finance, Economics and Life Science", Almaty, August 31-September 4, 2019.
The significance of the project on an international scale lies in its fundamental integrated focus on new challenges in biology, medicine, geophysics and economics.
Inventory number of the interim report for 2018: 0218РК00434
Inventory number of the interim report for 2019: 0219РК01038
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Systems of nonlinear ordinary differential equations (ODE) describe processes in biology and medicine, namely, immunology, epidemiology, pharmacokinetics, sociology, economics, etc. The equations are based on the law of mass balance and operate in a closed system. Coefficients of ODE systems characterize important parameters of the immune response, the rate of disease spread in the area, the rate of absorption of drugs, etc., which cannot be determined from statistical data and need to be clarified. Clarified individual parameters will make it possible to draw up the most effective treatment plan and action plan for the elimination and treatment of the disease. One of the ways to identify the degree of damage to the immune system, namely the parameters of the disease, the immune response, as well as determining the optimal treatment, is mathematical modeling.
Based on the found characteristics of the immune response, it is already possible to numerically analyze the optimal control programs for the treatment of the disease. On examples of mathematical models of immunology (HIV dynamics) and epidemiology (co-infection of HIV and tuberculosis), studies are shown on the identifiability of mathematical models for ODE systems, the stability of inverse problems and methods for their numerical solution and computational optimization, which are necessary to develop an algorithm for the regularization of solving inverse problems. Also, to determine such important indicators of water quality as biochemical water demand for oxygen and the rate of biochemical oxygen consumption, an analytical solution to the inverse problem of a system of differential equations describing the process of biochemical oxidation of organic matter in a water volume in the absence of aeration has been used. This solution was obtained for a special case, when the periods of two measurements of biochemical oxygen consumption (incubation periods) were multiples. This study provides the formulation and numerical solution of the inverse problem for the general case when the incubation periods are not necessarily multiples.
The proposed mathematical models contain many parameters and some of them are obtained from statistical information.
The theoretical and numerical identifiability of mathematical models of medical biology has been investigated [11]. Methods for analyzing the sensitivity matrix of the inverse problem for a mathematical model of a system of nonlinear ODEs were studied.
Numerical solutions were developed using the orthogonal [30] and eigenvalue [31] methods. The mathematical model of the epidemiology of co-infection of tuberculosis and HIV presented in the work was tested using the COMBOS software package, which showed that the model is structurally identifiable.
The analysis of practical identifiability is an important step in the study of a mathematical model; it is necessary for the correct solution of the inverse problem, since it shows the uniqueness, existence and stability of the solution. Mathematical models of the spread of TB and HIV co-infection and the dynamics of HIV infection were theoretically investigated. Sensitivity analysis was carried out by eigenvalue and orthogonal methods. For identifiability, the Monte Carlo method was proposed. For the mathematical model of the spread of TB and HIV co-infection, 6 parameters were examined for identifiability: the rate of development of active TB without and with HIV, the rate of TB treatment without HIV, and the rate of HIV-AIDS transitions for HIV-infected and active TB-infected groups, infected with HIV and latent TB and non-TB HIV infected. Sensitivity methods have shown that six parameters (out of 15 available) are unambiguously identified based on measurements of the number of infectious tuberculosis (without HIV), infected with TB and HIV and AIDS patients for 5 years. In practice, if the sensitivity matrix has a full rank, but the eigenvalues ​​are of different orders, the parameters corresponding to the smallest eigenvalues ​​are theoretically identifiable, but can be practically unidentifiable. Under such circumstances, sensitivity-based approaches are still useful in the sense of defining theoretically unidentifiable parameters and controlling the ill-posedness of the linearized inverse problem. Practical identifiability methods have shown that 2 parameters can affect the solution of the inverse problem.
	For the mathematical model of the dynamics of HIV infection, 4 parameters were investigated for identifiability: target cells of types 1 and 2 and infection levels of populations 1 and 2 according to measurements of concentrations of free viruses, immune effector cells and the sum of concentrations of infected and no T-lymphocytes within 90 days. The sensitivity analysis methods show the uneven entry of parameters into the system. Practical identifiability methods were used to study 3 parameters and showed that one more parameter can affect the solution of the inverse problem.
The model of epidemiology of co-infection of tuberculosis and HIV is considered. Let the additional information about three functions at fixed times to be known. This model contains many parameters, 6 of which are individual in each case and need to be clarified. Based on the analysis of identifiability, we will determine only 4 identifiable parameters.
Numerical methods were developed and analyzed for solving direct problems for systems of nonlinear ODEs describing processes in pharmacokinetics (mathematical model of C-peptide), epidemiology (mathematical model of HIV and tuberculosis co-infection, mathematical model of tuberculosis with treatment) and immunology (mathematical model of HIV dynamics with treatment), based on modifications of the Runge-Kutta and Euler schemes. There were conducted the development and analysis of numerical algorithms for solving inverse problems of determining the coefficients of nonlinear ODE systems using additional statistical information. The inverse problem is reduced to the problem of minimizing the target functional  .
In view of the fact that the problem of minimizing the target functional is multiparameter, it is necessary to use combined numerical methods to determine the global minimum. The results of numerical implementation of the inverse problem for the mathematical model of tuberculosis and HIV co-infection by the combined method of simulating annealing with the gradient method were presented in tabular form and were equal to .
For each parameter, the relative error is less than 0.001%, and the parameters are restored better than the others, as shown by the identifiability analysis. The result of solving the direct problem with the found parameters is shown in Figure D.1 (Appendix D) for three measured functions. Thus, effective numerical algorithms for solving inverse problems for ODE systems (for problems of epidemiology, pharmacokinetics, and immunology) have been created, based on a combination of stochastic and gradient methods.
To solve the inverse problem of intracellular dynamics of HIV based on a heuristic method (genetic algorithm), a vector of individual parameters of a particular patient was obtained [32]. Figure D.2 (Appendix D) shows the graphs of solving the direct problem for the obtained parameters, and measuring concentrations at fixed points in time (triangles). The results show that the obtained value of the relative error in determining the parameters of the model is small enough to obtain a model that is in good agreement with the measurements.
When the individual parameters of the patient's immunity and disease have been identified, it is necessary to determine the optimal treatment suitable for a particular patient. Assuming the model parameters are known, we introduce treatment into the mathematical model. The problem of determining the optimal treatment is to find a function using known parameters and initial data.
This problem is reduced to the functional minimizing problem, where we minimize the viral load in the body and the cost of treatment. On the basis of the Pontryagin maximum principle, optimal control of treatment was obtained. Figure D.3 (Appendix D) shows disease progression graphs for the resulting treatment control function (red line) and disease progression trends for complete treatment (blue line). The graphs show that with the optimal treatment obtained, the amount of virus and infected T-lymphocytes and macrophages in the body at the end time-point is less than with full treatment. The analysis results are shown in Table D.1 (Appendix D). To optimize numerical calculations, parallel programming techniques are applied to the developed algorithms.
Stochastic methods were used for the problem of intracellular dynamics of HIV with treatment (immunology) and for the problem of the spread of tuberculosis and HIV co-infection (epidemiology), which made it possible to determine with a high probability the area of the global minimum of the objective functional in optimization problems. After that, it is optimal to use gradient-type deterministic methods for a guaranteed solution of the inverse problem.
The closed Streeter - Phelps system is considered [33]:


			(1.1)


where  – time, L function – dissolved organic matter concentration, C function – dissolved oxygen concentration, CS – oxygen saturation concentration, k0 and k2 – constants, characterizing the rate of biochemical oxygen consumption and the reaction rate. Conditions


			(1.2)

Inverse problem: determine the values of  so that the corresponding solution of problem (1.1), (1.2) satisfies the condition


 			(1.3)

Let us formulate in general form the inverse problem of system (1.1) - (1.3) as an optimization problem associated with minimizing a functional of the form


					 (1.4)

It is required to determine the values of the unknown parameters  from the condition of the minimum of the objective functional (1.4). To solve this problem, the gradient method [34] and the Nelder-Mead method [35] are used.
In the case when  the considered inverse problem admits an analytical solution. An analytical solution was used (Figures D.4 - D.6, Appendix D) to test the performance of the described algorithms. Table D.2 (Appendix D) shows the results of calculations with exact values , where  (days). From Table D.3 (Appendix D), it follows that for values  given with a noise of 10%, the desired parameters are restored worse than the solution for zero noise. Figures D.4 - D.6 (Appendix D) show that the graphs of functions corresponding to the numerical solution of the inverse problem are close enough to the analytical solution.
The problem of pharmacokinetics of an expanded two-chamber kinetic model of C-peptide containing 8 unknown parameters is considered [36]:

	(1.5)

Kinetics of C-peptide: ; pancreatic secretion: α, β, m, G and h. Parameter G is responsible for glucose concentration. For this model G=100, =1500. Where  - concentration of C-peptide in chamber 1, - concentration of C - peptide in chamber 2. Chamber 1 represents blood plasma, Chamber 2 – tissue, x- the amount of labile insulin in beta cells, y - fraction of insulin storage. Параметры   и  обозначают скорость передачи между двумя камерами, - убыток из камеры 1. Parameters  and  denote the transfer rate between the two cameras,  is the loss from camera 1.
The inverse problem of system (1.5) is formulated as an optimization problem associated with minimization of the functional:


(1.6)

where  is the exact solution,  – additional statistical information with added noise. It is required to determine the values of the unknown parameters of the vector q from the condition of the minimum of the objective functional (1.6).
Based on the ranking of the parameters and the sensitivity of the model, it was found that the ranking of the parameters is sorted in descending order from the most identifiable to the most unidentifiable.
Initially, a set of vectors (n≥4) is generated, called generation t, which represent possible solutions to the optimization problem.
The inverse problem was solved using the differential evolution algorithm based on additional statistical information obtained by solving the direct problem, but with the addition of 10% noise with normal distribution and zero mean, since real data cannot be perfectly accurate.
As can be seen in Figure D.7 (Appendix D), the restoration of the parameter values was very successful, since when solving the direct problem with the reconstructed parameters, the concentration trajectories repeat the concentration dynamics with the true parameter values, somewhere even completely merging with the solution of the direct problem (Figure D.8, Appendix D).
The numerical solution of the posed inverse problem gave the following results for the pharmacokinetic problem (Table D.4, Appendix D).
Since the numerical solution was obtained by the stochastic method, which uses a random number generator, it was expedient to find the average values of the reconstructed parameters, as well as to calculate the relative error from the true values. Finding the relative error made it possible to compare the ranking of parameters (Table D.5, Appendix D).
A comparison of the parameter ranking, both in the Amigo software package and through the calculation of the relative error, showed that the first four parameters, as shown in Table B.5 (Appendix D), are the most identifiable, while the second four gives clearly unsatisfactory results. restoring parameters relative to true values.
Phase portraits of dynamical systems make it possible to investigate these systems for stability without resorting to their numerical solution. In the report, on the example of a mathematical model of the neoplasm development, a study on sustainability using phase portraits is presented.
The mathematical model of Stepanova for the dynamics of the immune response during the development of a malignant tumor [37], where the exponential growth of the tumor was replaced by the Gompertz growth model [38-39]:

			(1.7)

The description of the model parameters is given in Table D.6 (Appendix D). In the first equation, the first term is responsible for lymphocyte proliferation. The second term of this equation, , models the positive effect of the immune response on tumor volume. The element  describes the state-dependent effect of cancer cells in stimulating the immune system. This system of equations is considered in the positive domain in x and y.
Теперь к модели (1.7) добавим член, отвечающий за лечение [40], химиотерапию u и коэффициент роста иммунитета v. Значения ,  моделируют полную дозу лечения в рассматриваемой области. При указанных дополнениях модель принимает вид:
Now, to model (1.7), we add the term responsible for treatment [40], chemotherapy u, and immunity growth coefficient v. The values  simulate the total treatment dose in the area under consideration. With these additions, the model takes the form:

				(1.8)

Here  and  - positive ratios representing the ratio of the maximum dose rate of a therapeutic agent to its effect. The full dose of chemotherapy is modeled at , and the full dose of immune enhancement corresponds to the values .
The stability was checked in the neighborhood of stationary solutions of the model without treatment (1.8). Then we get the eigenvalues that characterize the stable focus, characterizing the saddle and stable node (Figure D.9 on the left, Appendix D). The area of attraction of the focus corresponds to the benign situation, the node to the malignant situation, and the stable variety of the saddle point is the separatrix between the benign and malignant areas.
Next, the phase portrait was investigated in the presence of an error in the parameters. Singular points such as asymptotically stable focus, saddle and asymptotically stable knot (Figure D.9 on the right, Appendix D).
Studies have been carried out for various parameters, the results are shown in Figure D.10 (Appendix D).
Figure D.10 b (Appendix D) shows that if only immune enhancement is used without chemotherapy, then an equilibrium point corresponding to a malignant situation is present, that is, with some initial data, one immunity enhancement is not enough to destroy the neoplasm. In the case of chemotherapy (Figure D.10 c, Appendix D), we are dealing with a benign small neoplasm with no growth prospects. At full doses of both (Figure D.10 d, Appendix D), a stable phase portrait is observed that characterizes the average statistical situation of a healthy organism.
Analysis of the numerical solution of the direct problem (study of phase portraits) will reveal the features of the mathematical model, build an algorithm for its guaranteed numerical solution, and also apply it to solve the inverse problem.


[bookmark: _Toc54876086]2 Investigation and development of numerical methods for solving direct and coefficient inverse problems.

[bookmark: _Toc54876087]2.1 Development and justification of direct methods for restoring seismic parameters of environment by areal observation systems

In the frame of the work on the project, a new algorithm for reconstructing the density of the medium was developed based on the method of I.M. Gelfand - B.M. Levitan – M.G. Krein [41–43].
The aim of the work at this stage was to modify the algorithm for problems that have statements that are more close to real problems. The inverse problem for the acoustics equation is considered:




The problem is to determine the density function of the medium . 
The novelty of the formulation lies in the fact that a system of sources and receivers corresponding to the areal observation system is used to solve the inverse problem:




This statement corresponds to considering a sequence of problems where the source is localized at some point  of the day surface , and for each value of the parameter , the response of the medium to this source, given by the function  is known. On the one hand, such a system of sources and receivers is promising in terms of applications. On the other hand, from a mathematical point of view, this means the presence of a singular component in the horizontal variables in the source function. Considering this component made it possible to obtain a new three-dimensional analogue of the M.G. Krein, which allows one to determine the density of the medium without approximating the inverse problem by a finite family of one-dimensional problems (the N-approximation scheme, which is most often encountered when using the Gelfand - Levitan - Krein method in the multidimensional case). The problem turns out to be equivalent to solving the following family of linear integral equations (a new analogue of M.G. Krein's equation):


.

The medium density   is related to the solution of a family of linear integral equations by the following relation:




[bookmark: _Toc54876088]2.2 Investigation of the problem for restoring time-dependent coefficients in dynamic inverse problems.

Consider the following inverse problem for the system of dynamic equations of elasticity theory:




Here  – is a vector of displacement of medium points.
The problem is to determine the parameters  that determine the elastic properties of the medium, based on the results of one or several experiments, as a result of which the points displacement of the medium  on the surface  is measured.
To solve this problem, an algorithm based on the Gelfand - Levitan method in the time domain is proposed. The problem turns out to be equivalent to reconstructing the shear wave velocity  and the Lamé parameter , which are the coefficients of the following system:






To solve the inverse problem, it is necessary to consider two experiments, one of which is associated with the propagation of SH-waves when a surface moment of rotation of the intensity  is applied to the medium, and the other, with the propagation of longitudinal waves when a source of the form of a normal concentrated force acts on the medium. As a result, the problem is reduced to solving several auxiliary inverse problems for the equations of acoustics and the equation of oscillations. The main idea of ​​the algorithm is to reduce nonlinear inverse problems to systems of linear Fredholm integral equations of the first or second kind.

The solution of the Fredholm equations was carried out by the Monte Carlo method, since to solve the inverse problem it is necessary to find not the entire solution of the Fredholm equation, but only its value at one given point in accordance with the formula . 

[bookmark: _Toc54876089]2.3 Construction and approbation of numerical methods for solving direct and coefficient inverse problems. 

There was considered a problem related to the identification of inhomogeneities of the medium from the results of observations of acoustic waves. To solve this problem, such as acoustic tomography, an approach is proposed that considers the tomography problem as a coefficient inverse problem for a system of first-order hyperbolic equations, which makes it possible to consider objects with a structure other than layered. To solve this system, a method developed by S.K. Godunov, used to solve a wide range of problems related to hydrodynamics.
The following direct problem was considered:




This system describes the propagation of plane acoustic waves in a medium in a two-dimensional case. Here  are velocity field components (by coordinates x, y, respectively),  – overpressure. Functions  describes the density and speed of sound propagation in a medium. 
It is assumed that at the initial moment of time, the probed medium is at state of rest: 
At the boundary of the considered region, homogeneous boundary conditions are also specified that simulate the condition of complete absorption of waves at the boundary:    
There was used the S.K. Godunov method to solve the problem. The main structural element of the method is the solution of the Riemann problem of a difference grid, which in general form can be written by the following equation: .
As a rule, the parameters of the medium in neighboring cells are close enough [44], which makes it possible to approximate this nonlinear problem by a certain linear approximation: .
The Godunov scheme is given by the following relations [8]:




Here  – the values of the function  (similarly for the functions ) at .  – solutions of the Riemann problem, which are specified as follows:




To determine them, we use the solutions of model problems "calculation of the decay of discontinuity" associated with the propagation of acoustic waves in the vicinity of the boundary, where the acoustic parameters are discontinuous. The stability of this scheme is guaranteed by the Courant-Friedrichs-Levy condition [44]:


.

Here, the constant  corresponds to the maximum value of the sound speed in the considered region. The exact solution of the direct problem and the solution of the direct problem by the method of S.K. Godunov (one source) are in Appendix E.
Inverse problem. The inverse problem was also solved for this model. Suppose that pressure sensors are located at the points with coordinates : .
The inverse problem is to determine the density  from the dataset . The considered inverse problem is equivalent to finding the minimum of the residual functional [45]:


.

The functional gradient looks like:

.

Here   - is the solution of problem






This problem is solved on the basis of Godunov's scheme similarly to the above proposed case. Figure 2.1 shows the exact solution and Figure 2.2 shows the numerical solution of the inverse coefficient problem.
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	Figure 2.1 – Exact solution
	Figure 2.2 – Solution of inverse problem (1500 iterations)




[bookmark: _Toc54876090]3 Development of numerical methods for identifying models in medicine, economics and financial mathematics

[bookmark: _Toc54876091]3.1 Development of numerical methods for identifying neoclassical models of economic growth 

The problem of identifying the main factors of economic growth and analyzing the mechanisms of their influence on the development of national economies is one of the actual problems in modern economic theory. Including the actual numerical study of determining the parameters of dynamic systems arising in financial and economic problems. The importance of parameters that are difficult to measure is great, therefore their determination will help to make forecasts and a plan of work for the future at the state level. An effective method for recovering parameters is to solve the inverse problem. Neoclassical models of economic growth are characterized by such postulates as independent behavior of people with complete and up-to-date information, maximization of utility by individuals and maximization of profits by firms, as well as rational preferences of people between results.
There is a wide class of models that use different approaches to the utility function, the involvement of human capital, etc., such as the Solow model, Uzawa-Lucas model, Agyon-Hovitt model and others [46-48]. In the project, the Mankiw-Romer-Weil model was chosen [49]. On the one hand, this model is a development of the Solow model through the inclusion of human capital in the factors of production, which makes it possible to describe cross-country differences in economic parameters. On the other hand, there is a rather clear connection between the Mankiw -Romer-Weil model and the accumulated capital model (AK-model, a relatively new class of economic growth models).
Solow's neoclassical economic model describes the evolution of gross output -  using the following indicators like: labor resources - , saving/accumulation capital -  and  technological progress -  And since the output parameter of the model should be a stable indicator of the productive economy, then the gross domestic product (GDP) is taken, which is a macroeconomic index that reflects the market value of all final goods and services produced during the year in the country [50]. The mathematical notation connecting these variables is: , where  is a production function. The production function is assumed to be homogeneous, which means 
It can also be noted that the production function satisfies the following condition



Solow model takes the rate of economy, population growth, and technological progress as exogenous. There are two sources, capital and labor, which are paid for their marginal products. The Cobb-Douglas production function was assumed, so production at time  is given as

			 (3.1)

Assumed, that L and A grow exogenously with the rate

					(3.2)
					(3.3)

The number of effective units of labor, , grows at a rate of . The model assumes  is the savings rate. Defining  as capital-to-labor ratio per effective unit of labor, and  as productivity per effective unit of labor, , where we replace  as , so the evolution of  is defined as

			(3.4)

where  is the capital depreciation rate. The sum of the rates of population growth, technological progress, and depreciation can be rewritten as . Therefore, the direct problem that we are solving has the following form

				(3.5)

The produced product is spent on investments in physical and human capital, as well as on consumption (no export/import). We will also assume that the rate of technological progress , the rate of population growth  and the rate of capital disposal (depreciation)  are given.
Under the indicated conditions, the basic equations of the model are as follows:




These equations correspond to the dynamics of physical and human capital (their increase by the number of investments and decrease in accordance with the rate of capital outflow ). Next, we turn to specific units - we will consider following quantities 
Then, taking into account the basic equations of the model, as well as the conditions  , we get:

				(3.6)

Here  - is normalized production function: 



For Cobb-Douglas production function we get: .
Then the equations of the Mankiw-Romer-Weil model apply the following form:

				(3.7)

Also consider the initial data of the form: 		

					(3.8)

System (3.7), (3.8) is the Cauchy problem for a system of first-order differential equations and is uniquely solvable (due to the smoothness of the right-hand sides).
As part of the work on the project, the problem of identifying the parameters of the model (3.7), (3.8) was posed, which consists in determining one or several parameters of the system () using additional information:



Such problems arise, for example, when it is necessary to refine several coefficients of the system in order to obtain a better approximation of the economic process under consideration. For simplicity of presentation, consider the problem of determining the parameter .
To solve this problem, the generalized least squares method was chosen. The essence of the method is to minimize the following functional:



Here  – are weight coefficients, reflecting the significance of a particular dimension. If all weight coefficients are equal to one, then all data of the inverse problem are equivalent. In the general case, the choice of suitable weighting coefficients can increase the resistance of the method to measurement errors, which is especially important due to the ill-posedness and overdetermination of the problem posed. The minimization algorithms for this functional can be different. Thus, at present, experiments are being carried out on the use of both gradient methods and gradientless ones (such as an annealing simulation algorithm) and heuristic (differential evolution algorithm).
In this experiment, there was used model proposed by Mankiw-Romer-Weil on the basis of Solow model [49]. Where the production function was changed as

					(3.9)

where  and  capital-labor ratio per effective unit of labor with physical and human capital, respectively. They suggested that the same production function applies to human capital, physical capital, and consumption. This means that one unit of consumption can be converted without any cost into one unit of physical capital or one unit of human capital. In addition, it is assumed that human capital depreciates at the same rate as physical capital [51, 52].
To solve the direct problem of the second experiment there were used the following initial conditions and coefficients (exact): ,  ,  ,  , , , , on a time interval of up to 10 years and the following results of solving the direct problem were obtained (Figure 3.1).
The graph shows that both capital, physical and human, experience exponential growth over the entire time interval T∈ [0.10], repeating each other's trajectories and not intersecting. The physical capital chart started at 10 billion and reached almost 60 billion in 10 years, while human capital has grown from 0.1 billion to 36 billion over the same period.
The obtained result, where only 10 points were taken, helped us to restore the graph (Figure 3.2) using only the obtained data on physical capital and identification of unknown 5 coefficients (Table 3.1)
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	Figure 3.1 – Direct solution graph for  - physical capital stock (blue dotted line) and  - human capital stock (red line with circles)
	Figure 3.2 – Restoration of two charts (red dotted and purple lines) using only the obtained data on physical capital (10 blue crosses)




Table 3.1 – Comparison of the recovered values (using only the obtained data on physical capital) with the exact ones
	Coefficients
	Exact value
	Restored values
	Difference

	sk
	0.3
	0.3576
	0.0576

	sh
	0.2
	0.1469
	0.0531

	α
	0.6
	0.6599
	0.0599

	Β
	0.5
	0.5031
	0.0031

	s
	0.042
	0.0806
	0.0386



As you can see, the reconstructed graph line goes through the known data, which means that the inverse problem has been solved quite correctly. Also, the graph repeated the exponential growth and did not exceed the last measured point at T = 10, while the line of the human capital stock graph showed a similar path and repeated the direct solution graph (yellow stars), but from the 4th year the graph started the difference with the data, and from it got bigger over the years. It is clearly shown that two out of five coefficients are identified almost correctly with small discrepancies, like 0.0599 and 0.0576 in the coefficients  and , and the coefficient  showed an excellent result with a remainder of the true solution equal to 0.0031, while like the other two parameters  and  have errors and a difference in values from the true solution equal to 0.0531 and 0.0386, respectively.
After a sufficient successful restoration of parameters only using the data of one variable, we tried to do it with the data set of both variables and got sufficient results (Figure 3.3, Table 3.2).
Despite the fact that there are some discrepancies between physical capital and the known data, as well as its growth at the end of the period and discrepancies between human capital and its known data in the middle of the period, the coefficients are identified much better than in the previous experiment (Table 3.2).
As can be seen, the coefficients  and  deteriorated slightly, by 0.0788 and 0.1402, respectively, than in the experiment described above, but they are also close to the exact solution. As for the and  parameters, they showed significant progress in identification, becoming really close to the true values and reducing the difference to 0.0134 and 0.0217, respectively. Also, the coefficient  was identified too poorly and was far beyond 0.0382 from the exact value. The deterioration of the parameters  and  can be explained by the strong similarity of the equations and the small difference in the values of the coefficients.
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Figure 3.3 – Reconstruction of two graphs (red dotted and purple lines) using only the obtained data on physical and human capital (10 blue circles and stars)

Table 3.2 – Comparison of the recovered values (using the obtained data on physical and human capital) with the true
	Coefficients
	Exact values
	Restored values
	Difference

	sk
	0.3
	0.3134
	0.0134

	sh
	0.2
	0.1783
	0.0217

	Α
	0.6
	0.5212
	0.0788

	β
	0.5
	0.6402
	0.1402

	s
	0.042
	0.0038
	0.0382



This problem with large residuals in identifying unknown parameters refers to the problem of identifiability analysis, which can give us additional confidence in the designed program, the chosen method and the algorithm that helps to find unknown values by specifying identifiable and non-identifiable parameters, to which some of our coefficients may relate.

[bookmark: _Toc54876092]3.2 Development of numerical methods for identifying models of financial mathematics 

In mathematical models of economics and social sciences, coefficient inverse problems arise for parabolic equations with data given within the domain [34]. The sought coefficients can characterize such important characteristics as capital-labor ratio, labor productivity, consumption, interpersonal interactions, etc. The data specified within the area, as a rule, characterize either a certain reference group (social survey), or data measured over a certain time-space interval. 
A method for determining the volatility of a put option for sale in the coefficient inverse problem for the Black-Scholes equation has been developed.

		 

	0.

Here . The inverse problem is to determine the vector function 

.

The inverse problem is formulated as minimizing the objective functional



Gradient method



We introduce the function



and parameters




Then, in the case of constant coefficients, the solution to the direct problem can be obtained using the formulas for the European call option:

 

for a European put option:

 

Figure 3.4 shows the results of the numerical solution of the direct problem.
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	Figures 3.4 – Direct problem solution



An algorithm for determining volatility and profitability in the stock market, based on the gradient method of minimizing the objective functional, has been developed. The functional gradient is constructed based on the solution of the corresponding conjugate problems. The results of numerical calculations are presented. Numerical calculations have shown that adding information on prices of the same type of options with different dates of issue can improve the accuracy and increase the recovery interval of the volatility function (Figure 3.5)
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Figure 3.5 – The curve on which the data is measured. Difference between exact and approximate solution at 5000 iterations

A large number of numerical calculations made it possible to formulate the necessary conditions for the smoothness and interval of data change to restore volatility and profitability in the stock market, which depends not only on the spatial coefficient, but also on time.
Note that the available theoretical results indicate a strong ill-posedness (logarithmic stability) of the inverse problem under study. To determine the parameters that can be found stably, and the conditions for the data of the inverse problem necessary for this, it is sufficient to carry out a spectral analysis (singular expansion) of the linearized problem [34].
A new numerical method for solving the optimal control problem for solving the inverse problem of stochastic differential equations for describing the economic situation is implemented. The optimal consumption rate monotonically decreases with increasing time to a certain value, and then fluctuates in its environment. The optimum proportion of total wealth held in stock is constant. In the other words the optimal investment strategy is to keep half of the funds in a risky asset, and the rest in a risk-free asset and adhere to the consumption rate shown in Figure 3.6.

[image: D:\УсреднённаяОпт.стратеги100(05)(0.01).png]

Figure 3.6 – Optimal allocation of investor capital within 12 months

[bookmark: _Toc54876093]3.3 Construction and approbation of developed numerical methods for identitying models in medicine, economics and financial mathematics.

Consider the scaled initial-boundary value problem for the mathematical model described dynamic of the capital stock held by the representative household located at  at date  [53, 54]. Then the mathematical model  with adding initial and boundary conditions is rewritten as follows:

			(3.10)

Here  is a scaled coefficient,  is the depreciation rate.

,

	 denotes the technological level at  and time . The standard neoclassical production function is assumed to be non-negative, increasing and concave, and verifies the Inada conditions, that is,



We will depart from the assumptions with respect to concavity in particular around zero as well as the first Inada condition and allow for general convex-concave production functions, an example being [54].

				(3.11)

Such examples of  are of particular interest, because they are related to the potential existence of poverty traps. Define the set of admissible production functions



where  being a fixed constant, which can be understood as the maximal growth that an economy is capable of.
The technological level  is determined via a diffusion equation of the form



with  being either constant, a function depending only on space or a function depending on space as well as on time.
The Neumann boundary condition in problem (3.10) represents no capital flow through the boundary and thereby a closed economy.
In [54], a well-posedness of direct problem (3.10) at space , was proved if ,  and  . A more detailed analysis of this model can be found in [55].
The choice of the production function is crucial for an economic model, as its shape will greatly influence the capital distribution. In general, data about the economic situation, such as the gross domestic product (GDP), of different regions and different countries are readily available. Suppose, that we have additional information about GDP of some spatial economy at fixed space and time points:

	(3.12)

Here  – are Gaussian noise in measurements. The inverse problem (3.10), (3.12) consists in identification of production function (3.11) (or identification of parameters ) of initial-boundary value problem (3.10) using additional measurements (3.12). It means that we have the nonlinear parameter-to-solution map



mapping the production function  to the respective capital distribution   Here  is an Euclidean space of measurements.
The inverse problem (3.10), (3.12) is ill-posed [56], i.e. the solution  is non-unique and can be unstable  [54]. 
Reduce our inverse problem (3.10), (3.12) to an optimization problem that consists in minimization of the misfit function

	(3.13)

Here  is a characteristic function of incomplete measurements (3.12). In our case the misfit function (3.13) has the form



The optimization problem can be solved by various methods, such as gradient approaches, stochastic methods, etc. [57]. The misfit function (3.13) has a lot of local minimums due to ill-posedness of inverse problem (3.10), (3.12).
Consider the modelling scaled domain  with  and  (here  can numerated regions with different GDP and  described time in years). After nondimensionalization we get new computational domain , where the mathematical problem (3.10) is formulated. We put . We set an equidistant grid with  nodal points in space and  nodal points in time, which leads to a spatial-step size  and a time-step size . The classic second-order difference approximation has been used to discretize the diffusion. The time derivative is approximated by backward difference of the first-order. 
We put an initial condition  as a piece-wise function on the interval :



We obtain the synthetic data  from (3.12) for different  and  by solving the direct problem (3.10) with the production function



presented at Figure 3.7 (Figure 3.7, left) and two types of technological terms  (see below). Measurements are uniformly distributed in space on  and time on  (see example for M = 5, N = 6 at Figure 3.7 (right)).
Then we add the Gaussian noise to inverse problem data (3.12) as follows:



Here  - is a normally distributed modeled random variables with zero mean and unit dispersion,  is an error level. 

[image: C:\Users\Жоламан\Desktop\Жоламан\Статья\Рус\1.jpg]

Figure 3.7 – The exact production function  (left) and map of direct problem solution  with points  of measurements  (3.12) for  (right)

For differential evolution algorithm we put population size  and we choose parameters  and  as the best combination for convergence features for the algorithm [58]. We set maximum number of iterations  and . For getting the optimized solution of the inverse problem we launch the DE algorithm 1000 times for all described numerical calculations using the cluster NKS-30T in the Siberian Supercomputer Center in the Institute of Computational Mathematics and Mathematical Geophysics of the SB RAS and then take the arithmetic average.
We solve optimization problem (3.13) with constant technological term  using DE algorithm (3.13). For  in data (3.12) we get the inverse problem solution  for four variants of  and . Figure 3.8 demonstrates the difference 



of exact and calculated solutions of inverse problem with four variants of measurements. Table 3.3 shows that the  is sufficient for reconstruction of production function with necessary accuracy in relative error 



The smaller number of measurement points the greater the difference  (Figure 3.8, left).
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Figure 3.8 – The difference  of exact and approximate solutions for different points of measurements  for fixed error level in data (3.12)  (left). The difference  of exact and approximate solutions for different noise levels  in measurements for  (right)

Table 3.3 – Relative errors and value of the misfit function   for different number of measurements (3.12) with error level  and constant technological level 
	Values of 
	
	
	

	
	0.171
	0.024
	0.102

	
	0.053
	0.015
	0.479

	
	0.02
	0.004
	0.293

	
	0.01
	0.006
	0.199



For ε = 0, 0.05 and 0.1 in data (3.12),  we get the inverse problem solution  (the differences  are plotted on Figure 3.8 (right)). Table 3.4 shows the reconstructed parameters  and  p in function (3.11) for different error level in measured data. If we have noise free data of inverse problem, then the difference  is close to zero. It means that reconstruction of parameters  and  is close to the tested ones (the maximum of the absolute difference  is equal to 0.005, as given in Table 3.4). Note that maximum absolute error of inverse problem solutions for  is less than 2%, i.e.  for maximum error level in inverse problem data (3.12) .

Table 3.4 – Reconstructed parameters in function  for different error levels  in measurements (3.12) for  and constant technological term 
	Parameter
	Exact values
	Error level in inverse problem data

	
	
	
	
	

	
	0.0005
	0.00057
	0.00048
	0.00036

	
	0.0005
	0.00057
	0.00048
	0.00036

	
	4
	3.9226
	4.0202
	4.1806

	
	
	0.005
	0.019
	0.02



The solution  of spatial Solow mathematical model for reconstructed  and measured data (3.12) for  is demonstrated on Figure F.1 (Appendix F). Figure F.1 (Appendix F) shows the compliance of model solution ) ((red line for fixed time point) с with measured synthetic noisy data with noise level ε = 0,1 (black triangles).
We consider a space-dependent technological level  demonstrated at Figure F.3 (Appendix F, left). Then the solution of the direct problem (3.10) for the exact function  demonstrates on Figure F.2 (Appendix F, right).
Using the same simulated dataset the inverse problem (3.10), (3.12) is solved for number of measurements  and different error level . The results are collected to Table 3.5 and demonstrated at Figure F.3 (Appendix F). Note that the results of inverse problem solution are the same as for constant technological term , i.e. accuracy in relative error  is less than , maximum of absolute difference of exact and approximated solutions of inverse problem  is the same order of . The difference of exact and approximated solutions of inverse problem  for  in inverse problem data (3.12) is plotted at Figure F.3 (Appendix F, right). We can see that such error in reconstruction of parameters  and  (Table 3.5) is not critical to the behavior of the function  (see Figure F.3 (Appendix F) from the left that demonstrated the exact and reconstructed solutions of inverse problem for error level in data (3.12)  and ).
The solution  of spatial Solow mathematical model for reconstructed  and measured data (3.12) for ε = 0.1 is demonstrated on Figure F.4 (Appendix F) in case of space-dependent technological level . Note that capital stocks  (purple lines) are close to the measurement points  (black triangles), as expected.

Table 3.5 – Reconstructed parameters in function  for different error levels  in measurements (3.12) for  and space-dependent technological term .
	Parameters
	Exact values
	Error level in inverse problem data

	
	
	
	
	

	
	0.0005
	0.00055
	0.00065
	0.00018

	
	0.0005
	0.00055
	0.00064
	0.00018

	
	4
	3.9409
	3.843
	4.5525

	
	
	0.005
	0.02
	0.05

	
	
	0.001
	0.005
	0.009

	
	
	
	
	0.118





[bookmark: _Toc54876094]CONCLUSION

A study and analysis of problems arising in biology and medicine was carried out, theoretical aspects of these problems were constructed, including the identifiability analysis, which is an important step in the study of a mathematical model, and is necessary for the correct solution of the inverse problem, since it shows the uniqueness, existence and/or stability of the solution.
The need for sensitivity analysis, which was carried out by the eigenvalue method and the orthogonal method, and practical identifiability by the Monte Carlo simulation method, to construct a regularization algorithm for the numerical solution of inverse problems, is shown. Conditions for correctness of inverse problems are obtained based on the method of singular value decomposition. Phase portraits of systems of mathematical biology have been investigated using the example of a mathematical model of neoplasm development.
· New combined numerical algorithms for solving direct and inverse problems of epidemiology and pharmacokinetics have been constructed.
· Efficient numerical algorithms for solving inverse problems for ODE systems (for problems of epidemiology, pharmacokinetics and immunology), based on a combination of statistical and gradient methods, have been created.
· Numerical algorithms for solving problems of determining the coefficients of systems of nonlinear ODEs based on additional statistical information are developed and analyzed
· Stochastic methods are applied (simulated annealing, Monte Carlo, genetic algorithm), which make it possible with a high probability to determine the region of the global minimum of the objective functional in optimization problems.
· An algorithm for the numerical solution of the inverse problem of the Streeter-Phelps closed-loop system for two periods of incubation is developed. The algorithms are implemented in the C ++ programming language and in the Matlab software package. Control calculations were carried out, which showed the effectiveness of the proposed methods.
· Numerical solutions of inverse problems of immunology, epidemiology and pharmacokinetics are obtained and analyzed by the stochastic method (differential evolution algorithm), which uses a random number generator.
· The numerical implementation of modeling processes in immunology and epidemiology based on real data is carried out. Good agreement with simulation data was shown.
Thus, the scientific work carried out in the field of biology and medicine opens up new directions for the development of research, namely, the refinement of mathematical models will improve the prognosis of the disease course or the development of the epidemic, which will entail the need to draw up an action plan for treating patients and eliminating the consequences of the disease/epidemic.
 In the course of research and development of numerical methods for solving direct and coefficient inverse problems, the following results were obtained
· A direct algorithm for reconstructing the density of the medium based on the method of I.M. Gelfand - B.M. Levitan - M.G. Krein. The modification of the algorithm was carried out for problems with formulations closer to real problems.
· A system of sources and receivers corresponding to the areal observation system was used. A new three-dimensional analogue of M.G. Krein, which allows one to determine the density of the medium without approximating the inverse problem by a finite family of one-dimensional problems.
· The degree of ill-posedness of continuation problem of solutions of parabolic equations is investigated on the basis of an estimate for the decay of singular values of a discrete operator. Regularizing algorithms for the numerical solution was designed.
· Programs for the numerical solution of the problem of determining the sources of disturbances for parabolic equations have been developed (processing of satellite observations to determine the reasons for the increase in the temperature of the earth's surface and microseismic monitoring of hydraulic fracturing).
· The analysis of the numerical results of the coefficient inverse problem was carried out, which show that with an increase in the number of data of the inverse problem (the number of reissue of options), the recovery interval and stability increase.
A numerical algorithm has been created, which includes the implementation of the developed most effective methods for solving continuation problems of solutions of equations of mathematical physics. The gradient method, the method of inversion of the difference scheme, the method of singular value decomposition were applied to solve the inverse problem. It is shown that the gradient regularization method provides a stable solution to noisy input data.
During the development of numerical methods for identifying models in economics and financial mathematics, the following results were obtained:
· Numerical methods for identifying models in economics and financial mathematics have been developed.
· The chosen model is Menkiw-Romer-Weil, which is a development of the Solow model by including human capital in the factors of production, which makes it possible to describe intercountry differences in economic parameters.
· The problem of identifying the parameters of the selected model is set, which consists in determining the parameters of the system using additional information.
· The generalized least squares method was applied to minimize the functional when refining the coefficients of the neoclassical model of economic growth, using the initial data.
· The choice of suitable weighting coefficients was carried out, which increases the stability of the method to measurement errors, which is important due to the ill-posedness and overdetermination of the posed problem.
· Numerical methods for the identification of neoclassical models of economic growth based on the GLS approach have been developed.
New methods of optimal control in identification problems have been developed and the existing ones are being improved:
· A method for determining the volatility of a put option in the coefficient inverse problem for the Black-Scholes equation has been developed.
· The gradient of the functional was constructed based on the solution of the corresponding conjugate problems.
· A new numerical method for solving the optimal control problem for solving the inverse problem of stochastic differential equations for describing the economic situation was implemented. Numerical calculations have shown that adding information on the prices of the same type options with different dates of issue can improve the accuracy and increase the recovery interval of the volatility function.
· A differential evolution algorithm was applied to solve the optimization problem to restore the production function and identify the spatial Solow mathematical model using additional measurements of gross domestic product at fixed points.
Since the inverse problem is ill-posed, a regularized differential evolution algorithm was used. To obtain an optimized solution to the inverse problem, the differential evolution algorithm was parallelized with 32 cores. Numerical results for various technological levels and errors in the measured data show a good result with a production function recovery accuracy of more than 95% (at an error level in the measured data of 10%).
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	Task code, stage
	Name of work under the Agreement and the main stages of its implementation
	Period of execution
	Expected Result

	
	
	Start
	ending
	

	1.
	Investigation of inverse problems, arising in biology, medicine, construction of theory of this problems, including uniqueness, stability theorems
	January 2018
	Until November 1, 2018
	A study of inverse problems arising in biology and medicine will be carried out, theories of these problems will be constructed, including theorems of uniqueness, stability, and identifiability.
Conditions will be obtained for the correctness of inverse problems of thermo- and photoacoustics based on the method of singular decomposition and the approach of S.K. Godunov. Phase portraits of systems of mathematical biology will be investigated.

	1.1
	Investigation of identifiability and construction of new combined numerical algorithms for solving direct and inverse problems of immunology, epidemiology and pharmacokinetics.
	January 2018
	   March
2018
	A study of identifiability will be carried out and new combined numerical algorithms for solving direct and inverse problems of immunology, epidemiology and pharmacokinetics will be constructed.
Efficient numerical algorithms for solving inverse problems for ODE systems (for problems of epidemiology, pharmacokinetics and immunology) will be created, based on a combination of statistical and gradient methods.

	1.2
	Development and analysis of numerical algorithms for solving problems of determining the coefficients of systems of nonlinear ODEs based on additional statistical information.
	April 2018 
	June 2018
	The development and analysis of numerical algorithms for solving problems of determining the coefficients of systems of nonlinear ODEs based on additional statistical information will be carried out.
Stochastic methods will be used (simulated annealing, Monte Carlo, genetic algorithm), which will make it possible with a high probability to determine the region of the global minimum of the objective functional in optimization problems.

	1.3
	Research and determination of the coefficients included in the modified Streeter-Phelps models.
	July 2018
	August 2018
	Research will be carried out and the coefficients included in the modified Streeter-Phelps models will be determined.
An algorithm for the numerical solution of the inverse problem of determining these coefficients will be created. Stability will be investigated.

	1.4
	Numerical solution of inverse problems of immunology, epidemiology, pharmacokinetics. 
	September 2018
	Until 1 November 2018
	Numerical solution of inverse problems of immunology, epidemiology, pharmacokinetics will be obtained.
Numerical implementation of modeling processes in immunology and epidemiology will be carried out, including intermediate results and conclusions on the used models.

	2.
	Investigation and development of numerical methods for solving direct and coefficient inverse problems.
	January 2019
	Until 1 November 2019
	Research and development of numerical methods for solving direct and coefficient inverse problems will be carried out.
Stable algorithms for restoring seismic parameters and unknown coefficients of dynamic inverse problems will be developed.

	2.1
	Development and justification of direct methods for restoring seismic parameters of environment by areal observation systems.
	January 2019
	April 
2019
	The development and justification of direct methods for restoring seismic parameters of the environment from areal observation systems will be carried out.
A direct algorithm for reconstructing the velocity model of the medium will be developed based on the Gelfand-Levitan-Krein method and the boundary control method.

	2.2
	Investigation of the problem for restoring time-dependent coefficients in dynamic inverse problems.
	May 2019
	July 
2019
	The study of the problem of restoring coefficients depending on time in dynamic inverse problems will be carried out.
An algorithm of numerical methods for solving coefficient dynamic inverse problems in chemical kinetics and medicine will be developed.

	2.3
	Construction and approbation of numerical methods for solving direct and coefficient inverse problems.
	August 2019
	Until 1 November 2019
	Numerical methods for solving direct and coefficient inverse problems will be constructed and tested.
Comparative analysis with iterative solution methods will be carried out.
At least 2 (two) publications will be published in peer-reviewed foreign and domestic scientific journals with a non-zero impact factor, in the Siberian Journal of Computational Mathematics.

	3.
	Development of numerical methods for identifying models in medicine, economics and financial mathematics
	January 2020
	Until 1 November 2020
	Numerical methods for identifying models in medicine, economics and financial mathematics will be developed.
New methods of optimal control in identification problems will be developed and existing ones improved.

	3.1
	Development of numerical methods for identifying neoclassical models of economic growth
	January 2020
	March 2020
	Numerical methods for identifying neoclassical models of economic growth based on the GLS approach will be developed.

	3.2
	Development of numerical methods for identifying models of financial mathematics
	April   2020 
	June 
2020
	The development of numerical methods for identifying models of financial mathematics describing the processes occurring with the prices of options and securities will be carried out.
At least 2 (two) articles will be published in peer-reviewed foreign scientific journals indexed in the Web of Science or Scopus databases with a non-zero impact factor, in the Journal of Inverse and Ill-Posed Problems.

	3.3
	Construction and approbation of developed numerical methods for identitying models in medicine, economics and financial mathematics.
	July 2020
	Until 1 November 2020
	The developed numerical methods for identifying models in medicine, economics and financial mathematics using various computing technologies will be built and tested.
The publication of the monograph "Numerical Methods for Solving Inverse and Ill-Posed Problems of Natural Science" is planned.
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Obtained numerical results from the section 1
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Black dots represent the data of the inverse problem, red dots - statistical data taken into account for prediction. a) – number of individuals with active TB (no HIV), b) - number of individuals infected with HIV and active TB, c) - number of individuals with AIDS. All values are indicated in thousand people.

Figure D.1 – Numerical solution of the problem of the spread of co-infection of tuberculosis and HIV with refined parameters (solid line)
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The triangles on the graphs are concentration measurements at fixed times. Graphs of concentrations of immune effectors  (a), free virus  (b) and T-lymphocytes  (c)

Figure D.2 – Concentration graphs


Table D.1 – Error in recovering the parameters of the mathematical model of HIV dynamics
	Parameter
	Exact value of parameters, 
	Obtained parameters, 
	Confidence interval
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Figure D.3 – Disease progression graphs for optimal treatment control (red line) and disease progression dynamics for complete treatment, ε = 0.8 (blue line)


Table D.2 – Calculation results with exact values  (at zero noise)
	Method
	

	

	

	

	

	

	


	Nelder - Mead
	0,2296
	20,027
	0.0004
	0,0272
	0,0018
	0,0014
	10-7

	Gradient
	0,22999
	20,0001
	2×10-7
	0,00011
	8×10-6
	6×10-6
	10-12

	Analytical solution
	0,2101
	20,046
	0,0199
	0,045
	0,0865
	0,0023
	0,045






Table D.3 – Calculation results with 10% noise
	Method
	

	

	

	

	

	

	


	Nelder - Mead
	0,1662
	24,428
	0,0638
	4,4277
	0,2776
	0,2214
	10-14

	Gradient
	0,1661
	24,428
	0,0639
	4,428
	0,2776
	0,2214
	10-11

	Analytical solution
	0,13002 
	24,461 
	0,09998 
	4,4613 
	0,4347 
	0,2231 
	0,4683
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Figure D.4 – Time dependences of the concentration of dissolved OM obtained by analytical and numerical solutions of the inverse problem
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Figure D.5 – Time dependences of the concentration of RK obtained by analytical and numerical solutions of the inverse problem
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Figure D.6 – Time dependences of the function  (where ), obtained from analytical and numerical solutions of the inverse problem
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Figure D.7 – Solid lines – solving the inverse problem; crosses, rhombuses, asterisks - the exact solution of the direct problem with the true values of the required parameters






Figure D.4 – Inverse problem results
	Exact values of parameters

	
	
	
	
	
	
	
	

	0.064
	0.05
	0.056
	0.57
	0.065
	11.32
	100
	4.94

	Average value of restored parameters

	0.0567
	0.0522
	0.0734
	0.563
	0.0436
	11.249
	115.67
	6.34

	Relative error

	0.114
	0.044
	0.311
	0.012
	0.328
	0.006
	0.156
	0.283



Table D.5 – Ranking of parameters by relative error from left to right, from most identifiable to non-identifiable parameter
	Parameters

	
	
	
	
	
	
	
	

	Relative error

	0.0062
	0.012
	0.044
	0.114
	0.156
	0.283
	0.311
	0.328



Table D.6 – Variables and parameters of the Stepanova model
	Parameter / Variable
	Description 

	
	Tumor volume

	
	Density of immunocompetent cells

	
	Tumor growth rate

	
	Fixed final throughput (neoplasm volume)

	
	the rate of destruction of neoplastic cells upon activation of T-cells

	
	coefficient of stimulation by neoplasm of propagation rate

	
	reciprocal of the coefficient of suppression of immunity by the tumor

	
	rate of natural death of T-cells

	
	T-cell influx rate





Figure D.8 – Phase portrait of model (1.8) with values of parameters (a) - on the left, (b) - on the right
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Figure D.9 – Phase portrait of model (1.8) at values of parameters (c)
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Figure D.10 – Phase portrait of the model (1.8)
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Direct problem solution

Model environment (one inclusion). The exact solution of the direct problem (Figure E.1) and the solution of the direct problem by the S.K. Godunov method (one source) in Figure E.2.
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Figure E.1 – Exact solution
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	The value of the acoustic pressure in the medium (a) at , (b) at , (c) at .

Figure E.2 – Solution of the direct problem by the S.K. Godunov method (One source)
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Numerical results of solving inverse problem of spatial Solow model
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Figure F.1 – The solution  of the direct problem (3.10) for reconstructed  with error level in measurements  and points of measurement are  for constant technological term. Here 
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Figure F.2 – The space-dependent technological term  (left) and the solution of the direct problem  (3.10) for space-dependent technological level  and (right) 

[image: C:\Users\Жоламан\Desktop\Жоламан\Статья\Рус\6.jpg]

Figure F.3 – The exact  and approximate  solutions of inverse problem for spatial Solow model for error level in data (2.8)  (left) and difference  of exact and approximate solutions of inverse problem for different noise levels  in measurements (right) for  for space-dependent technological level 
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Figure F.4 – The solution  of the direct problem (3.10) for reconstructed  with error level in measurements  and points of measurement are   for space-dependent technological term. Here ,   
22
image3.jpeg
Research worker, Master

Research worker, Master,

PhD student

Compliance manager

N.S. Novikov
(Section 3)

Zh.M. Bektemessov
(Section 3)

F.K. Yakhiyaev




image68.jpeg
i, &

Bl BunaiibexosTuin
wome

AKITAPATTH! HOJIOTHSLIAP BLIIMJI
HKOHE FBUIBIMIIA»
arru IX Xa: b sicremesin
bepentiss MaTEPUALIAPLINBIN

JKHHAF I

CBOPHHK
marepuaon IX Mexaynapoanoii
ayaHO-MeTOIN U ecKoil Kondepentn
«MATEMATHYECKOE MOJIEJTHPOBAHUE 1
HHOOPMALMOHHBIE TEXHOIOTHH B
OBPA3OBAL
nocasen
npodeccapa E.bl. BuaiiGexons n
€ THIO WIKOALHON MHOPMATIR)

MATERIALS COLLECTION
of IX Internationa fic and
methodical conference
«MATHEMATICAL MOD
TECHNOLOGIES IN

1- 3 ka3aH 2020 xbin

Anmarsl, 2020





image69.jpeg
OBPATHBIE 1 HEKOPPEKTHBIE 3AJAYMN ECTECTBO3HAHUWA
FKAPATBUIBICTAHYABIH KEPI 2KOoHE KUCBIHAbI EMEC ECEIITEPI
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METO/I COIPSIKEHHBIX YPABHEHHII 11 YACJIEHHOI'O PEIIEHI
OBPATHON 3AJJAYM MATHHTOTE/UIYPHYECKOI'O 30HIPOBAHUS
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B3RABAXCTAH, AIMATBEL, KABAXCKUI HAIIHOHAIBHBIT
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B paboTe paccMmoTpeHa mpsiMas M oOpaTHasl 3aJada MaTHUTOTeIUTYpHUSCKOTO 30HIMPOBAHHUS
(MT3). Jaupl mocraHoBKM mpsiMoii uM oOpatHod 3amay MT3. [N HaxOKACHHS YHUCICHHOTO
PELICHHUST HCLONIB3YeTCSI METO CONPSDKeHHBIX YPaBHOHHH.

Knoueevie cnoea: mpsMast 3ajaua, oOpaTHasl 3a/1aua, MeTOJ] COIPSDKCHHBIX ypaBHeHHH, 3ajada
MAarHATOTEIUIYPHISCKOTO 30HJHPOBAHUS, MoJeis TuxoHoBa-KaHbsipa, ypapHenmii Makxcpena,
TOPH30HTATLHO-CJIOUCTASI Cpejia.

JKyMbIcTa MATHUTOTEIUTYpHSUILIK 30HATayAbIH (MT3) Typa oHe Kepi ecenTepi KapacThIphUIFaH.
MT3 typa xoHe Kepi ecenTepiHiH KOMbLIbIMBI Oepiiren. CaHIbIK miemimiai Taly ymriH TyHiHgec
TEHJICYJIeP d/Iici KOJJaHbLIAbL.

Kinmmix ces0ep: TiKeleH ecel, Kepi ecel, JKYINTACKaH TSHJCYJIep dMici, MArHUTOTEILIYPAJIBIK
sonaTay ecebi, Tuxonor-Kausp mMomesi, MakcBes1 TeHACYIIePi, KOIJCHSH KabaTThl OpTa.

The paper considers the direct and inverse problem of magnetotelluric sensing (MTS).
Statements of direct and inverse MTS problems are given. The method of conjugate equations is
used to find a numerical solution.

Key words: direct problem, inverse problem, method of conjugate equations, magnetotelluric
sensing problem, Tikhonov-Kanyar model, Maxwell equations, horizontal-layered medium.

MeTo MArHATOTEILUTYpHYECKOTO 30HIHPOBAHMS MIMPOKO HCIIONNB3YeTCS B HACTOSIIee BPeMs JAJIS
H3y9eHHs] CTPYKTYphI 3eMHOM Kopbl M MaHTHH [1]. Ilo H3MepeHHBIM 3HAUSHHSIM HMIIefaHCA
Tuxonopa-Kanbspa ompefessieTcs] Kaxymasics yAeAbHOE dIeKTPHIECKOe CONPOTHBICHHE TOpPH-
30HTAJILHO-CJIOUCTOH cpeJibl

1 2
P = 7\ z|
Hy )
e
@ - UKITHYeCKas 9acTOTA TIEPEMEHHOTO TOKa,
Hy

-IIOCTOAHHAsI MarHuTHast IPOHUIIAEMOCTh,
Z.- SﬂeKTPOMaFHHTHLIﬁ HUMIIEAAHC CPEIBI.
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S.E. KASENOV’, B.D. BAKYTBEKOVA®
MATHEMATICAL MODEL OF SPREADING INFECTION
L2KAZAKHSTAN, ALMATY, AL-FARABI KAZAKH NATIONAL UNIVERSITY

In this work, an analysis of existing models of the spread of infections was carried out. It is
proposed to use an agent-based approach to model this process. A simulation multi-agent model of
the spread of infection is presented.

Keywords: multi-agent model, infection, direct problem, various systems

Byn skymbicTa HHGEKIMS TapaTybIHBIH KOJJIAHBICTAFbI MOJGJIbACPIHE Talyay Kyprisinm. byn
MPOIECTI MOJCNBJACY VIIIH arcHTTIKKES HEri3Jle/ireH SMICTi KOoJaHy YCbIHbUIaAbl. HHpekius
TapAITYbIHBIH MMHTAIMSAIIBIK KOII ar¢HTTi MO/IEJ YChIHBLIFAH.

Kinmmix co30ep: KO areHTTIK MOJIeIb, HHPEKIUS, TiKeJeH mpobieMa, apTypli xKykenep.

B nmamHo#f paGoTe ObLT ImpoBeJeH aHAIW3 CYMIECTBYIOMMX Mojeiiell pacmpocTpaHeHHs HH-
¢exumit. IlpemaraeTcssi HCHOJB30BaHWE AareHTHOTO MOAXOAA JUIS MOJSIHPOBAHUS JAHHOTO
npornecca. IIpencTaBiena HIMHTAHOHHASI MY/IbTHATEHTHASI MO PACTIPOCTPaHOHUAHH(DEKITHH.

Knouegvie cnoéa: MyNbTHATeHTHAs MOJeNb, 3apakeHHe, INpsMas NpolieMa, pasIHUHbIS
CHCTEMBL
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UDC 519.622.2
S.E. KASENOV', A.BEIBITKYZY?

NUMERICAL SOLUTION OF THE INVERSE
PROBLEM FOR THE ACOUSTIC EQUATION

LK AZAKHSTAN, ALMATY, AL-FARABI KAZAKH NATIONAL UNIVERSITY

In this paper is considered a solution of inverse problem for the acoustic equation. The initial
problem is reduced to the inverse problem. The continuation problem is formulated for acoustic
equation. Consider the inverse problem in operator form. We will reduce the solution of the
operator equation to the problem of minimizing the objective functional. The functional gradient is
written out and an algorithm is constructed for solving the inverse problem by the conjugate
gradient method.

Keywords: inverse problem, direct problem, functional gradient

Makanana aKyCTHKAJIBIK TEHJCY YIIIH Kepi eCClTiH NICMiMi TalKbUIaHadbl. BacTankel Macese
Kepi ecemke aybicapl. AKYCTHKAIBIK TEHICYIl JKAIFACTHIPY MOCeNeCi TYIKbIPHIMIAIIBI.
OnepatopibIK TYPiHIS Kepi eCenTi KapacThIpbLIbl. ONepaTopibIK TeHICYiHIH MENiMiH MAaKCATThI
(PYHKIIHOHAIFT MUHAMHBAMASIIAY Mocesieciie KenTiperik. OYHKIHOHAIIBI TPAJTHESHT JKa3bLIbIII,
Kepi ecenTi TYHiHIeC IpaJUeHTTEp S/JiCIMEH INEIIy TiH aJrOPUTMi KYPbULIBL.

Kinmmix ce30ep: Kepi ecell, Typa ecell, QYHKIHOHAIIbI TPATUCHT.

B crathe paccMaTpuBaeTcs pellieHHe oOpaTHOM 3ajadd JUBI aKyCTHYECKOTO YPAaBHOHHS.
Hexonmuast 3agada cBoauTest k oOpaTHoH 3agaue. ChopMmynupoBaHa 3agada HPOJOJDKCHHS IS
aKyCTHYECKOTO ypaBHeHHs. PaccMoTpuMm ofpaTHyio 3ajady B omepaTopHod dopme. Cpemem
pelieHHe OIepaTOPHOTO YpaBHeHMS K 3ajade MHHHMH3AIMH IleJeBoro (yHKIHMOHaga. Beimmcan
(YHKIHOHANBHBIN TIpaJMeHT M IIOCTPOSH AaTrOpHTM peNIeHHsT oOpaTHOM 3aJadd  MeToJoM
CONPSDKEHHBIX TPaJHeHTOB.

Knouegvie cnosa: obpaTHas 3a/jada, IpsiMast 3a]a4a, GYHKI[HOHATIBHBIA TpaJHeHT.

1. Formulation of continuation problem for acoustic equation
Let’s consider continuation problem in a domain A(L ) = {(x.£):x€(0,L, ).t € (x2L, —x)}:

U, —u, _;”x 6))
u,0.0)= g(®), @
u(0,6)= f(). 3)
By doing transformation as u(x, 1) = v(x,1)- eElnp(X)We will get the following equality:
Ve = Ve T r{x)v )
0.0 = §(0) (5)

0,0 = F(1). ©
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S.E. KASENOV', D.M. ATUDINOV?
NUMERICAL SOLUTION CAUCHY PROBLEM FOR THE LAPLACE EQUATION
KAZAKHSTAN, ALMATY, AL-FARABI KAZAKH NATIONAL UNIVERSITY

In this paper is considered the initial-boundary value problem for the heat equation with inverse
time. The initial problem is reduced to the inverse problem. Consider the inverse problem in
operator form. We will reduce the solution of the operator equation to the problem of minimizing
the objective functional. The functional gradient is written out and an algorithm is constructed for
solving the inverse problem by the conjugate gradient method.

Keywords: Cauchy problem, Laplas equation, Godunov method, singular value decomposition.

Kympicra Jlammac Tenmeyi ymrin Kot ece6i kKapacTsipbiirad. BacTamkpl ecert THCKPETTi Typre
JKA3BIIIBII, CHIZBIKTHI ANTeOpaATBIK TeHAeyIep Kykecin kenripinin C.K.['oqyHOBTBIH peryisipu3amust
amiciMeH miemnisieqi. BepiireH ecenm OpHBIKTHUIBIFBIHBIH CaHABIK 3epTTeyi Kenripiired. Jlarmmac
Teneyl ymin Komu eceGiHiH CaH/IBIK HOTHKEICP] AJBIH/IBL.

Kinmmix cesoep: Komu ecebi, Jlamnac Tenaeyi, [oayHoB ajici, caHAap/IbIH Japa bIAbIPAYbL.

B nannoii paGoTe paccMaTpuBaeTcs 3agada Komwu mia ypasunenus Jlamaca. Mexonnast 3agada
3aIIHCHIBASTCSl B JUCKPETHOH IMOCTAHOBKE M CBOJHTCS K PEIICHHIO CHCTEMBI JIHHGHHEBIX ajres-
pUUecKHX ypaBHeHHH MeTogoMm perymipusanuun C.K. TogynoBa. IIpoBojeHbI UHCICHHBIE
HCCNeJOBaHHe YCTOMUHBOCTH JaHHOM 3agaud. IlodydeHbI UHCIeHHBIe pesynbTaTsl 3agaud Komu
Juis ypasHeHwus Jlamaca.

Knwouegvie cnosa: 3amaua Kommm, ypaBHenue Jlammaca, Meron I'onyHoBa, CHHIYIISIpHOS
pasIIoXKeHHe.

Introduction

The problems of mathematical physics are to find solutions to partial differential equations that
satisfy some additional conditions. Such additional conditions are most often the so-called boundary
conditions, i.e. conditions set at the boundary of the medium under consideration, and initial
conditions related to one moment in time from which the study of this physical phenomenon begins.
Finding solutions to differential equations with partial derivatives of the second and higher orders
has always been in area of heightened interest of many eminent mathematicians throughout for
more than one century. Thus, the classical equations of mathematical physics were considered back
in the eighteenth century.

The use of complex analytical methods makes it natural to consider partial differential equations
in a complex space. The class of elliptic partial differential equations with analytic coefficients is
the most suitable for research by this method.

In this article, we consider direct and inverse problem for the Cauchy problem for the Laplace
equation. Also, there is shown numerical solution and its graph.

115




image74.jpeg
UDC 519.622.2
S.E. KASENOV', A.S. ALIASKAR?

ALGORITHM FOR SOLVING THE BOUNDARY INVERSE
PROBLEM FOR THE PARABOLIC TYPE OF THE EQUATION

LK AZAKHSTAN, ALMATY, AL-FARABI KAZAKH NATIONAL UNIVERSITY

In this paper is considered the initial-boundary value problem for the heat equation with inverse
time. The initial problem is reduced to the inverse problem. Consider the inverse problem in
operator form. We will reduce the solution of the operator equation to the problem of minimizing
the objective functional. The functional gradient is written out and an algorithm is constructed for
solving the inverse problem by the conjugate gradient method.

Keywords: inverse problem, parabolic equation, direct problem, functional gradient

ymbicTa Kepi YakKbITHCH SKBUIYOTKISTIINTIK TEHJCYl YINIH OGacTanKbI-MICKTIK ecebi Kapac-
THIPBLIIBL. BacTankel ecenTi kepi ecenke kenripiieni. Kepi ecenti onepaTopiblK Typ/ie KapacTbipa
OTHIPBIIL, OIEPATOPJbIK TEHICY MeNIyiH apHaiibl (GYHKIHOHAIAB MHHUMAIIAHIBIPY ecebine
kenripeMis. OyHKIHOHAT TPAJUCHTI SCSITRIII, Kepi eCenTi TyHiHeC IpaJueHTTEep SIICIMEH MISITY
AITOPUTMI TYPFBI3BLIIBL.

Kinmmix co30ep: Kepi ecell, napaboalblIK TeHALY, Typa ecell, G YHKIIMOHAIBI TPA/THEHT.

B pammolt paloTe paccMaTpHBaeTcsl HadalbHO-KpaeBasl 3ajada JUIS YpaBHEHHSI TeIUIO-
MIPOBOAHOCTH ¢ oOpaTHBIM BpeMeHeM. HMexoanyto 3amauy cBefeM K oOpaTHyIo 3aJady. PaccmoTpum
obpaTHylo 3aJady B olepaTopHoM BHpe. Jlajiee MBI cBefeM pellleHHE ONEepaTOPHOTO YPaBHEHHS K
3aa7e MUHHMH3AIUM IeleBoro QyHKNHOHama. Beimucan rpajiueHT (QyHKIHOHANA H IOCTPOSH
AITOPUTM pellleHHe 0OpaTHOH 3a/Ja9H MeTOJOM COIPSDKEHHOTO IPaHeHTA.

Knouegvie cnosa: obpaTHas 3afada, HapaGoJHuecKoe ypaBHeHHe, NpsiMas 3aJaqa, (QyHK-
I[HOHAJIBHBIH Tpa/{HeHT.

Introduction

Usually in research of physical processes arises situation in which observation of process is not
available or calculation of some measurement is impossible. Doing practice can be with technical
and materially problems or just be insignificant. However, we have opportunity to solve the facing
problems to get an additional data about the considered object in which would be conclude about
the desired characteristics and properties investigated object or process. The following situation
described that the problem is to determine reasons for the observations or experiments. This type of
problem is called an inverse problem. The inverse problem can be described as differential
equations, integral or operator equations and understood as the problem which contains to find
parameters of the considered model by using available results of observations of the states of the
model. The inverse problem is well-posed differential equation and nonlinear equation. This type of
problem related to ecology, seismology, geophysics and diagnostics in medicine etc. [1].

In this paper, we consider the initial boundary problem in second order and the initial and
boundary conditions, however the conditions are not fully specified that is why we should find the
unknown parameters by using the given additional information.

Formulation of the Problem

Let us consider the second order an initial boundary value problem of parabolic equation (also
known as heat conduction equation) which we will bring to solve inverse problem in the future [2].
The initial boundary value problem. It is needed to find u(x, t) in a domain 2 = [0, 1] x [0, T] from

Uy = Uy, x € (0.1),£ € (0,T), (1)
u(0,t) =u(,t) =0,t € [0,T],(2)
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JLH. TEMHPBEKOBA

III/ICJIEHHI)IIZI METO/I PEIIEHUSI KO3PPUIMEHTHOI
OBPATHOH 3AJAYH T'HIIEPBOIMYECKOI'O THIIA

KASAXCTAH, AJIMATBI, KA3AXCKHIT
HAIHOHAJIBHBIH MEJATOTHYECKHH YHHBEPCHTET HM. ABAS

B pabote paccMmaTpHBaeTcsl HadabHO-KpaeBasi oOpaTHas 3a/lada aKyCTHKH JUIL OJHOMEPHOTO
cmydast. OOGpaTHble 3aJadyd 3aKIIOYAlOTCSI B BOCCTAHOBICHHH KOd(MQHIMEHTOB ¢ MOMOIIBIO
OJHOMEpHOTO aHajora HHTeTpajibHOTro ypaBHeHHs ['enbdanga-Jlesurana-Kpetina. MssectrHO HUTO,
TaKOTO poJia YpaBHEHHUs SIBJLIIOTCS JIMHEHHBIM HHTEIPAIbHBIM ypaBHeHHsM (DpearosbMa mepBoro
poma, KOTOpble B CBOIO odepe]b HEKOpPpeKTHBL. lledb paboTl 3aKiIiouaeTcs B HAXOMKICHHU
YHCJICHHOTO pelleHus] ypaBHeHHs ['enbdanna-JleBurana-Kpe#iHa ¢ IOMONIBIO HTepar[MOHHBIX
PETY/BIPH3HPYIOMHAX aIropuTMoB. C HCHOIB30BaHHEM CIEUH(GHKH DTHX YpaBHOHHH (SAPO
VPAaBHEHHUSI 3aBHCHT OT Pa3HOCTH apryMeHTOB) YAAeTCsI Co3/aTh BHICOKOO((EKTHBHBIC HTepa-
I[HOHHbIe PErYIPU3UPYIOMHe aNropUTMEL. OCHOBHBIM pe3yibTaTaM paGoThl SIBJISIOTCS HPOH3-
BeJIeHHBIC JUCKPETH3AIMH OJHOMEpPHOTO ypaBHeHHH I 'ebdana-Jlesutana-Kpelina u nmocrpoeHue
HTePallHOHHBIX PeTyIApHU3AUOHHBIX AJITOPUTMOB.

Knwouegvie cnosa: ypaBHeHHe THIEPOOIHUSCKOTO THIIA, AKyCTHUSCKOS ypaBHeHHe, HHTe-
rpatbHble ypaBHeHHs ['enbdamnna-Jleutana-Kpeiina, mpsimas 3amada, oOpaTHas 3ajgada, He-
KOppeKTHas 3a/1a4a.

Aymbicta Oip emeMai JKaFiaif YIIiH aKyCTHKAaHBIH OacTanKpl NISKapasbIK Kepi ecebi
KapacTeipblaanel. Kepi ecemrep koodduuuentrepmi [enbdann-Jlepuran-Kpeitn wHTErpaiibiK
TeHJICYiHIH Oip oJmeM/l aHAJOTBIH KOJJaHa OTHIPBIN KaJINbIHA KEIATIpYyACH Typaapl. MyHmai
Teleysep OipiHmi TunTeri GpearoJbMHIH CHI3BIKTHIK HHTSIPAJIBIK TSHICYIIEpl eKeHAiri Genrini,
omap o3 KeseTiHIe AYphIC emec. JKYMBICTBIH MaKCAThI-HTEPANMSUIBIK, TYPAKTHI AITOPHTMIEP.I
KosmgaHa oTeipein, [enbdann-Jleputan-Kpelin TeHaeyiHiH caHAblK mienriMid Taly. Ocbl TeH-
JEVAEp/iH epeKImeTiKTepiH KOJJIaHA OTBIPBINT (TCHASYIiH SZIPOCHI apTYMEHTTEpMiH albip-
MAMIBUIBIFBIHA GAMNAHBICTHI) JKOFAPhl THIMII HMTEPANMSUIBIK TYPAKTHI AITOPHTMIEPII KYpyra
Goxayel. XKyMbIcThIH Herisri HaTmxkenepi-Ienbdann-Jlepuran-Kpelinuin 6ip emmemai TCHICYiHIH
JTHCKPETU3AIHSICHI JKAHE HTEPANUSUIBIK PETTEY aITOPUTMIEPiHIH KYPHUIHICH.

Kinmmix ce30ep: TUHEpOONANBIK THITET1 TEHJCY, aKyCTHKAJIBIK TeHuey, Ienbdann-Jlepuran-
Kpeitn HHTerpaIIbIK TEHISYIepi, TIKeIeH ece, Kepi eCell, YPhIC eMeC ecer.

The paper considers the initial-boundary inverse problem of acoustics for the one-dimensional
case. Inverse problems consist in restoring coefficients using a one-dimensional analog of the
Gelfand-Levitan-crane integral equation. It is known that such equations are linear integral
Fredholm equations of the first kind, which in turn are incorrect. The aim of this paper is to find a
numerical solution to the Gelfand-Levitan-crane equation using iterative regularizing algorithms.
Using the specifics of these equations (the core of the equation depends on the difference in
arguments), it is possible to create highly efficient iterative regularizing algorithms. The main
results of the work are the discretizations of the one-dimensional Gelfand-Levitan-crane equation
and the construction of iterative regularization algorithms.

Key words: the equation of the hyperbolic type, acoustic equation, integral equations Gelfand-
Levitan-Krein, direct problem, inverse problem, ill-posed problem.

B pabote paccMarpuBaloTcs ogHOMepHas koddduIHeHTHas obpaTHas 3a4ada Uil YpaBHEHHUS
TUNepOOIMIecKOT0 THIA, KOTOpas CBOJHTCS COOTBETCTBEHHO K OJHOMEPHOMY aHAJIOTY
HHTErpajbHOrO ypapHeHus I'enbdanna-Jlesurana-Kpeiina [1-5].
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Abstract: The differential evolution algorithm is applied to solve the optimization problem to reconstruct the
production function (inverse problem) for the spatial Solow mathematical model using additional measure-
ments of the gross domestic product for the fixed points. Since the inverse problem is ill-posed the regularized
differential evolution is applied. For getting the optimized solution of the inverse problem the differential evo-
lution algorithm is paralleled to 32 kernels. Numerical results for different technological levels and errors in
measured data are presented and discussed.
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1 Introduction

As the Solow growth model [30] was build using production function (naturally Cobb-Douglas production
function), the law of motion for the stock of capital and saving/investment function, the model can easily
be extended to include a households problem (the Ramsey—Cass—Koopmans model). Usually, the interest of
the Solow model is in its perpetual growth, that can be obtained using a balanced growth path and techno-
logical progress over time. Output per worker can grow only as long as capital per worker grows and the key
to constant growth is the existence of non-diminishing marginal product of capital. Another way of perpet-
ual economical growth is letting technological progress change in model, it means allowing technological
parameter to grow exogenously over time.

But in the contrast of work [1] where the research was conducted over the Harrod-neutral identification
of technological progress for the models of economic growth using the same Cobb—Douglas production func-
tion, the studies reviewed the steady-state of Solow model and the balanced growth path and concluded that
the technological progress should be assumed as Harrod-neutral. While using the Hicks-neutral will lead to
an assumption that the technology level should be constant for stability then.
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(smpo  ypaBHEHHs 3aBHCHT OT DA3HOCTH apryMEHTOB) VIAETCS CO3JaTh BHICOKOA(hGEKTHBHBIE HIEPAI[MOHHEIE
PeryIApM3HPYIOIIIE aIrOPUTMBL. Peani3oBaHHbIe AITOPHTMEI ¢ YCIIEXOM MOTYT OBITh IIPHMEHEHB! IIPH PEIIeHIN TaKHX
3a/1a4 KaK PEKOHCTPYKIM CMa3aHHBIX M Ae(OKyCHPOBAHHBIX M300pakeHNi, obpaTHas 3aqaua TPaBIMETPHN, 3a1ada
JIMHEHHOTO MPOrpaMMHPOBAHKA ¢ HETOTHO 3a4aHHON MaTpHIleli orparmueHnii, obpaTHas 3aa4a reobrs Ky, obpaTHES
3a/laufl BBMHCIATENbHON Tomorpadmm M T.n. OCHOBHBIMH Pe3yIbTaTaMi paGoTHl SBILIOTCS IPOM3BENEHHBIE
IHUCKPeTH3aIM  OJHOMEPHOTO M  MHOTOMepHOTo ypaBHeHmm [embganma-Jlepurana-Kpeifna u  moctpoeHne
WTepAIIOHHBIX PeTyIAPI3aIMOHHEIX alrOPHTMOB.

KmoueBble cjl0Ba: ypaBHEHNE THMIEpPGOIMYECKOro THI, aKyCTHIECKOe ypaBHEHHE, MHTErPalbHBIE ypaBHEHIT
Tenbdannna-Jlesurana-Kpeitta, npsmvas sagada, oGpaTHas 3a/1a4a, HEKOPPEKTHAS 3a1a4a.

102





image52.jpeg
ISSN-1682-0533

Hayuno-Texauueckoe ObmectBo « KAXAKY

N3BECTHA

Hayuno-Texunueckoro O6mectBa « KAXAK»

2020, CIIELIMAJIBHBIN BBIITYCK

Amvarsr, 2020




image53.jpeg
WU3BECTHS HAYYHO-TEXHUYECKOT'O OBIIECTBA «KAXAK», 2020, CTIELIUAJILHBIA BBITTY CK

MPHTH 27.41.19
YIK519.622.2

O MATEMATHYECKHUX MOJAEJIAX JUJIA ITPOI'HO3UMPOBAHUA
PA3BUTHA HOBOI'O KOPOHABHUPYCA COVID-19

TemmpGeron H.M.!, Temup6exosa JI.H.?
{Hayuonanvnas unoicenepras axademus Pecnybnuxu Kasaxcman
2Kazaxcruii HayuonansHutii yHusepcumem umenu Abas
Anmamet, Pecnybnuxa Kazaxcman
e-mail: laura-nurlan@mail.ru

B oannoti pabome ucnons3yemes Memooono2us COEMECHOZ0 UCTIONb306 AHUL MAIMEMAIMUHECKOT MoOenu
U eXHCEOHEBHBIX PEATIbHLIX OaHHLIX PACHpOCMpPaHeHUs Hoeozo koponaeupyca COVID—19 ¢ Kazaxcmane ona
USYMEHUS U HPOSHO3A  INUOEMUONOSUHECKOl  cumyayuu. B pabome coenan o030p  pasiuuHvix
MamemMamudeckux Mooenetl  pazeumus  anuoemuu. Paccmompenvl HO6ble  MAMeMAmu4ecKue Mooeu
pacnpocmpanenus xoporasupyca COVID-19, onucviéaemvie cucmemamu HeMUHETHbIX OughepenyuansHuix
ypaeHenuil.

Brumanue obpaujeHo Ha mo, 4mo Hekomopbie KOIQQuyueHmvl 1 HadabHble OGHHbIE SMOTL CUCHEMbL
VpasHeHull Heu3eechHbl Wil 3a0aHbl YepeonenHo. Tloamomy Haubonee nepcnexmueHbIM Ol PeuteHUs 3a0au
OYeHKU U NPOSHOZUPOSAHUS NPOYECCOE PACHPOCTNPAHEHU 6UPYCA A6NACMC N00X00, basupyouuiics Ha
KAACCUECKOM 6APUAYUOHHOM npunyune Jlazpansica ¢ ucnonv3osanuem conpaxcennolx ypasnenuil. Cosoana
npozpaMma O HUCTEHHO2O Ppeutenus KodPQuyueHmHoil OOpamHoil 300aut OCHOBAHHOL HA MOOenU
Mamemamureckoti  anuoemuonozuu  SIR.  Onpedenenvi  Koduyuenm UHMEHCUBHOCTU  KOHMAKIMOS
UHOUBUOOE C  NOCTEOYIOUUM  UHQUYUPOBAHUEM, KoauUYUeHm  UHMEHCUBHOCIU  6bI300POBNEHUA
UHDUYUPOBAHHBIX UHOUBUOOE U COCNAH KPAMKOCDOUHBLTE NPOSHO3.

Krouesvre cnosa: mooens mamemamudeckoti snudemuonoeuti, kopornasupycCOVID—19, mooens SIR,
npamas  3a0aud, KoIQPuyueHmHas OOpamHas 3a0aud, Ko3(DOUYUEHM UHMEHCUSHOCIU KOHMAKINOG
UHOUBUOOE ¢ NOCNEOYIOUUM  UHQUUUPOSAHUEM, — KOIXDDUYUEHM  UHMEHCUGHOCHIU  6bI300POBNIEHUS
UHDUYUPOBAHHBIX UHOUBUOOE, HUCTIEHHOE DetleH e, MEMOO CONPANCEHHBLX SPAOUEHINOS.

Byn oscymvicma  2NUOeMUOTIOUATBIK JICAZOAObL 3ePmmey JcaHe DONICAy VULIH MameMamuxanvlk
Mooenvmer scaya COVID-19 xoponasupyceinsiy KazaxcmaHnoazel KyHONIKMI HAKMLL MAPATYbl Mypaivl
Manivemmepoibipze KONOAHY Memooonoeuacsl bepineeH. JKyMuicma MameMamukanblk dHUOeMUONOSUIHYIY
apmypni mooenvoepine wiony ocacanovl. Culsvikmbl emec oupdeperyuanovly meyoeynep rcyiiecimen
cunammanamoin COVID-19  KOpoHasupycuinbly, MApanyblHbly —JHCaHA MAMeMamuKansly Mooensoept
Kapacmuipelaoel. Kapacmeipvinean menoeynep ocylieciniy xetioip Kosguyuenmmepi men 6acmanspl
Manoepi benciciz Hemece opmauta MaHOepi bepinzenoiein  batixaceis. COHOBIKIMAH GUPYCHIbLY MAPATYbIH
bazanay MmeH OOICAYOLIY ey mnepcnekmuemi  wiewtiMi mytiinoec menoeynepoi KonoaHa OMbipbi,
Jlaepanoicovlyy  KNACCUKANbLE, — 6APUAWUATBIE — NpUHYyuUnine — Hezizoencen — mecin.  Mamemamukanlx
anuoemuonozuaneiy SIR Modenine necizoenzen Koagduyuenmmi kepi ecenmepOiy Canobik wewiMin madyea
apuanean  Oazoapiama  xcacancei. JKeke myneanapovly OaUNaHbIC OapLICLIHOA  IHOEm  JICYKMbIDY
KAPKbIHOBLIbISLIHLIY  KOIQUYUEHMT  JICOHE  JICYKIMbIPRAH  a0aMOGPObIE  JHCASBINY  KADKbIHOBLIbIEbIHLLY
KOdpuyUeHMT AHBIKMANIObE JHCIHE KbICKA MEPIIMOT BOTINCAM HCACANAbL.
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NUMERICAL SOLUTION OF THE INVERSE PROBLEM FOR A SYSTEM OF DIFFERENTIAL
EQUATIONS

Abstract

The article considers direct and inverse problems of a system of nonlinear differential equations. Such problems are
often found in various fields of science, especially in medicine, chemistry and economics. One of the main methods for
solving nonlinear differential equations is the numerical method. The initial direct problem is solved by the Rune-Kutta
method with second accuracy and graphs of the numerical solution are shown. The inverse problem of finding the
coefficients of a system of nonlinear differential equations with additional information on solving the direct problem is
posed. The numerical solution of this inverse problem is reduced to minimizing the objective functional. One of the
methods that is applicable to nonsmooth and noisy functionals, unconditional optimization of the functional of several
variables, which does not use the gradient of the functional, is the Nelder-Mead method. The article presents the Neller-
Mead algorithm. And also a numerical solution of the inverse problem is shown.

Keywords: numerical solution, inverse problem, Runge-Kutta method, Nelder-Mead method, system of differential
equations.

Anoamna
C.E.Kacenod', F.E.Kacenosa®, O.A.Cynmanzasun, B.J[. Baxvimbexosa’
1 On-Dapabu amvindazer Kazax yammots ynusepcumemi, Aimamet %, Kazaxcman
2JI.Cepixbaes ampindazet Hlvizvic Kasaxcman Memiekemmix mexuuxaibls ynusepcument, Ockemen ¥, Kasaxcman
JINOOEPEHITNATIBIK TEHIEYJIEP JKYWECI YIIITH KEPI ECEITTT CAHJIBIK ITEINTY

Maxanaza CHI3BIKTH eMec gubdepeHIMaNAbK TeHIeynep KyeciHiH Typa jkoHe Kepi ecenTepl KapaCTBIPBLIAEL
MyHzait ecenrep KONBIIBIMEL FEUIBIMHBIE OPTYPII CalalaphlHaa, acipece MeAHIHHA, XUMILL, SKOHOMIKA calaiapblHia
Kui Kespecenl. CHI3BIKTH eMec AuddepeHIMANBIK Te HAeY TepAl e ITy A1H HeTi3I1 TocinaepiHiH Gipl caHABIK ToC1T GOMEIT
TaGrutansl. Bacrarnke! Typa ecerri Pynre-KyTTa oiiciMeH eKiHII A2MAIKTe eIyl KepCeTUTI, TpaduKTepl KeATIpinreH.
Typa eceml ImemimMi Typagbl KOCHIMIIA aKIAPATHL apKEUTEL GepLITeH CHI3BIKTEL eMec ANbdepeHINalIbK TeHIeyIep
KyHeciniy xosddummenTTepin Taby kepi eceGi Koibumansl. OCE Kepi €CenTi CaHABIK IIeITy MaKCaTTH (yHIMOHATIE!
MUHAMHUMATIAHARPY THiMALTey eceGiHe kentipumeni. Teric emec, KatemikieH OepiireH GipHemle alHEIMAEI
YHKIMOHANIB IMAPTCH3, TYBIHABHBL Maiimanantail mMuHmMmsausuiaiiteln omicteprin Gipi Hemmep-Mum omici
Maxanana Hengep-Muy anropurmi kepcetinres. COHBIMEH KaTap Kepi eCelTiH caHIbIK MelniMi TaGhinraH.

Tyiiin cesmep: cannblk mrennm, kepi ecer, Pyrre-Kyrtra oxici, Henmep-Mun omici, nuddbepeHIHanabK TeHAeyIep
syieci.

Aunomayus
C.E.Kacenos', I E.Kacenosda?, O.A.Cyamanzasun, B.JI. Baxsimbexosa!
{ Kasaxcruil nayuonansnotli yrusepcumem umenu aib-DPapabu, 2. Anmamet, Kazaxcman
2Bocmouno-Kasaxcmancruil 2ocyoapemeentvtii mexnuveckusi yrusepcumem um. J. Cepuxbaesa, 2. Yemo-
Kawmenoeopcx, Kasaxcman
YUCJIEHHOE PELIEHUE OBPATHOM 3AJAYM I CUCTEMBI JU®GEPEHIIMATLHBIX YPABHEHUI

B crarbe paccMaTpHBAIOTCS TIPSIMBIE M OOpaTHBIC 384Ul CHCTEMEl HelTHHEHHBIX AudQepeHIManbHbIX YPaBHEeHHH.
Takue 387841 9aCTO BCTPEUAIOTCS B PA3IMYHEIX OGIACTSAX HAYKH, OCOGEHHO B MEAHIIMHE, XUMHH 1 SKOHOMIKe. OfHIM
13 OCHOBHEIX CTIOCOGOB Pellie Hiist HeMnHeMHbIX anddbepe HIMaIbHbIX Y paBHeHHIT ABNAeTCs dHcIe HHbI MeTox. Mexomnas
TpsiMast 3amada penteHa MeTopoM PyHre-KyTTel co BTOPOH TOUHOCTHIO M MOKA3aHEL TPadpyKi THCIEHHOTO PEIIeHHSL
Tlocrapnena ofpaTHas 381a49a O HAXOKASHIN KO3(hHUIMEHTOB CHCTEMBI HEMHHEHHEIX anddbepeHImaNnbHbIX ypap HeHIi
¢ IOTIONHKTENbHOM HEbopManHeli 0 peleH psaMoi sagaun. UHcIeHHOe PelleHns] TaHHOM 06paTHOH 3a1a41 CBeeHa
K MUHAMM3AIIK LleneBoro ¢yHkimonana, OXHUM M3 METOIOB, KOTOPHIH NPHMEHHM K HETNaAKMM W 3allyMISHHEIM
dyHKIHOHATaM, Ge3yCIOBHOM onTrMIaIii Gy HKIHMOHAIA OT HeCKOIBKIX IIePEeMEHHEIX, He HCTIONb3YIONHil [pageHTa
dynakumoHana seusercs mMeron Hemnepa-Muza. B cratee mpusenen anropurm Hemmepa-Muma. A Taxke TOKazaHb
YHCTeHHOE PeleHHe 06paTHOM 3anaum

KimoueBble cj10Ba: UHCIeHHOE pelleHie, obpaTHas 3amaua, Meron Pynre-Kytra, meron Hengepa-Mmza, cucrema
nubdepeHIMATHIK ypaBHEHNIH.
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MPHTH 27.41.19
VIIK 519.6
NUMERICAL ALGORITHM FOR SOLVING THE CONTINUATION PROBLEM
FOR THE ACOUSTIC EQUATION

Askerbekova J.A.
Al-Farabi Kazakh National University, Almaty, Kazakhstan

Abstract

In this paper we consider the initial-boundary value problem for the acoustics equation in the temporal-triangular
domain. We reduce the original ill-posed problem to an equivalent inverse problem with respect to some direct problem.
This direct problem is well-posed. The inverse problem is replaced by a minimization problem. An algorithm for solving
the inverse problem by the Landweber iteration method is constructed. We apply the method of successive approximations
to the equation, we obtain a natural extension to nonlinear problems. This method leads to optimal convergence rate in
certain cases. An analysis of the iterative Landweber method for nonlinear problems depends on the source conditions
and additional conditions. Convergence analysis and error estimates are usually made with many assumptions, which are
very difficult to verify from a practical point of view. This method leads to optimal convergence rate under certain
conditions. Theoretical analysis is confirmed by numerical results. Visual examples are processed numerically.

Keywords: inverse problem, continuation problem, acoustic equation, Landweber method.

Arnoamna
JK.O. Ocrepberosa
On-Papabu ameindaser Kasax ynmmolk yrusepcumemi, Aimamer %, Kazaxcman
AKYCTHUKA TEHAEYI YIIIH KAJFACTBIPY ECEBIHIH CAHJIBIK AJITOPITMI

Byn sxyMmelcTa VIIOYPHINTEL - YaKbT OONEICHIHAA aKyCTHKA TeHZeyl YINIH GacTalKel IIGKapanblK ecell
KapacThIphUTazsl. Bis Gactanke! GepinreH ecemri Kangaki-a 6ip Typa ecelke KaThICTHL Kepi ecelke Kentipemis. Byn typa
@cell KHCEIHIE ecell fonazbl. Kepi ecell MUHIMIBALNA eceGiMeH ayrcThpbiansl JKympicra JlanaBeep Hreparlimic!
oziciMeH Kepl ecelTi INelly anroOpHTMi KYpPBUIAHL BelrimeHreH Hykreci Gap TeHAeyre AoieKTi KyBIKTay OiCiH
KOJIIAHHII, CHI3HIKTHIK €MeC ecellTiH JKanrachH alaMers. Byn omic Genrimi 6ip sarmaiinapia OHTaMIEL KHHAKTAILy
HBULIAMIBIERHA oKenesl. JlasmBeOepais HTepaTHBTI ofliCIH CEI3BIKTHIK eMeC eCellTep YIIIiH Talnay GacTallKel MapTTapra
HOHE OTEPATOPABIH, CHI3HIKTHIK eMec/iriH IMeKTeHTiH KochMIna MapTTapra GaiiaHecTsl. TeopHsIIEIK Tanfay CaHfmblk
HOTIDKeIIepMeH TeKceplieal. KepHeKinik YIiH MEcanaap KepceTinreH.

TyiiiH co3aep: Kepi ecell, KaTracThPy ecebl, akycTrka TeHaeyl, JlanaseGep axicl.

Aunnomayus
JK.O. Ocrepberosa
Kasaxcxuti nayuonanohwiil yuueepcumem umenu ano-dapabu, o. Amamer, Kasaxcman
UYNCJIEHHBIV AJITOPUTM PEIITEHIS 3ATAYN ITPOTOJIKEHIS JIIsT YPABHEHIST AKYCTHKIT

B maHHO{T cTaThe paccMaTpHBAETCs HAYANBHO - KpaeBas 3aada UL YPaBHeHIS Ky CTHKH BO BpeMEHHO-TPey TOIBHOI
ofmacti. MBI CBOAMM HCXOTHYIO HEKOPPEKTHYIO 3a/[ady K SKBHBAJIEHTHOI 0OpaTHOH 3a1au¢ OTHOCHTENBHO HEKOTOPOit
npAMoi 3azaun. OTa HpsiMas 3aada sBIIeTcs KOppeKTHoH. OOpaTHas 3aJada 3aMeHeHa Ha 3aady MUHMMIBALIL
IlocTpoeH anropurM pemleHHs oOpaTHOI 3a7ady, HTepalfoHHBIM MerozoM JlanBeGepa. IIpmMenHmm MeTon
TOCTIeAOBATEIBHBIX IPHOIIDKeHMI K ypaBHEHMIO, MONyYNM eCTeCTBeHHOe MPOJOIKeHNIe HellMHe HBIX 3a1ad. AHAIM3
HTepaloHHOTo MeTofa JlammBeGepa M HeNHMHEIHBIX 3a[aU 3aBHCHT OT YCIOBHH MCTOYHMKA M JOMONTHHTETHHBIX
YCIOBHIT. AHANH3 CXOXMMOCTH H OLEHKH OIMHMGOK OGBMHO IPOM3BOIATCS CO MHOTHMH JOIYIIEHISIMA, KOTOPhIe OYeHb
TPYAHO IPOBEPHUTH ¢ TPAKTIIECKOIT TOUKH 3peHILL. DTOT MeTOX IPHBOANUT K ONTHMATBHOI CKOPOCTH CXOIMMOCTH TIPH
OIIPeeNeHHEIX YCIOBILX. TeopeTHaecK il aHANN3 TOATBePIKIEeH YHCISHHEIMHI Pe3yIbTaTaMi. BisyalbHble TpHMePE!
06pabaTEIBAIOTCS YUCIEHHO.

KmoueBble c¢/10Ba: 06paTHas 3afada, 3a1a4a IPONOIIKEHIS, ypaBHeHHe aKyCTHKIL, MeTox JlaHaBeGepa.
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MATEMATHYECKOE MOJIEJTAPOBAHHE 3ATPASHEHNS HOrPAHUYHOI'O
CJ1051 ATMOC®EPDI BPEJIHBIMH BIBPOCAMU OT SHEPTETHYECKHX
YCTAHOBOK

Baiirypeesa A.P.

HayuHble PYKOBOAMTEJIH: PhD, u.0. npodeccopa Mcaxos AA.
Kaszaxckuii HamoBaabHbIA Y HIBEPCHTCT nmenu anb-Dapadbu
PhD, Dr Tong Yang
Middlesex University

abaitur@yandex kz

B nmaupoil pabote IPEACTABICHBl MCTOABI BLIYHCIMTEILHON THAPOANHAMUKHA - UL
MOJICINPOBaHKs pacCeUBaHIA spiopocos (CO2) ot terproanexrpocranimii. Ocoboe BHUMAHHC
cliejlyeT YAeIUTh SHEPreTHIECKOMY CEKTOpY, OCKOJIBKY Ha JOJII0 DHEPIHU MPUXOINTCA oostee
67% obuIero 00BbeMa BHIOPOCOB TAPHUKOBBIX Ia30B 1 Gouee 80% Buiopocos CO2 [1].

Mojiens Obiia mHpoTeCTHpOBaHa C HCIIONB30BAHMEM OKCIHEPUMEHTANBHBIX  JAHHBIX,
TOTyYEHHBIX ¢ HCIONL30BAHHAEM a3POIMHAMHIECKON Tpy6BL. B 5THX Iensx ObUI0 pacCMOTPEHO
pacrpocTpaseHnHe KOHIEHTPALHHA OT MCTOYHMKA, HAXOMSIIErocs 3a KyOMYeCKUM 37aHHEM, HTO
[O3BOJIMIIO YIECTh BIMAHUE IpenATCTBUH U 00pa3yrommXCa BHXpel Ha XapaKTep TeueHus rasa.
K-smciion Oblia BEIOpaHa B Ka4eCTBE MOJEIH TypOynenTHOCTH. [ panbosiee TOYHOW OLCHKH
COFAIIEHHS MEX/IY PACICTHHIMH 1 SKCITEPUMCHTALHBIMA pesyipTaTaMu ObUI0 MCIOIB30BAHO
TpH TUIIA MCTPUK, BCE TP M3 KOTOPBIX [OKA3aJIi XOpOoIIee COOTBETCTBUE.

Ha OCHOBAHWM YCHEIIHON BepuuKaiiy GLUIO CMOJETHPOBAHO PACIPOCTPAHEHHUC
BBLIOPOCOB  OT Nxubacrysckoii I'POC-1, ¢ y4eroM KIIMMATHYECKUX ¥ METCOPONOTHYCCKUX
ocoGenHoCTell. I'paHM4HbBIe M HadalbHbIC YCIOBHA 6BIIM 3aaHbl Ha OCHOBaHHH 0030pa
MHOFOUMC/IEHHON HAay4HOM JMTEPaTyphl, HOCBSIIEHHON MOJETUPOBAHHIO arMoc(epHBIX
npoueccoB [2]. PacueTsl MPOBOIMIACE ¢ WCIOJIB30BAHUEM TIPOTPaMMBbl ANSYS Fluent 19.1.
Tlepes1 HAaYaIOM PACcUETOB GbLT IIPOBEJICH aHATM3 HA TyBCTBATEILHOCTE CeTKH, B LIeJSIX KOTOPOro
6BUIM  [IPOTECTHPOBAHbl TPU THOA CETKH (B 3aBHCHMOCTH OT KOJMYECTBA y3110B): Tpy0as
(3548691), cpeansis (5193038) u menKas (6269905). CoryacHO TOIY4ECHHBIM pe3ynbTaTam,
HaGIEoa1ach HEKOTOpas PasHKUIa MEKITY rpacdukamu I1pu rpyoo# 1 cpe/Heil ceTKax, B TO BpeMs
KaK MEKLy Tpapuxamu CpeRHEH M MEIKOM CETOK pasiiins GbIIM HE3HAUWTETbHBL. TakuM
oGpazoM, i JaNbHCHIMX PacHeToB Ghuia BHIOpaHa CpelHss ceTka. B pesyubrare OBUIO
paccYMTaHo PACCTOSHME OT MCTOTHHKA, [IpM KOTOPOM 3arpsi3HEHHE JOCTUIHET OBEPXHOCTH
3eMIIH, @ TaKKe OBUIO IPOTECTHPOBAHO BIMAHHUE pa3NMYHBIX 3HAYCHIH 9vCiIa IImupra.

Pe3ynbTaThl J@HHOTO HCCIENOBAHUA MOTYT GLITh HCIONB30BaHbBl AT O€30MacHoro ¢
SKOJIOTHHYECKOl TOUKA 3pEHHS IIPOCKTHPOBAHHSA HOBBIX JHEPreTHYECKHNX OOBEKTOB, & TAKKE I
SKOHOMHOMW IPEJIBAPHTEILHON OLCHKH BIIMAHIA CYIIECTBYIOIIMX HCTOYHMKOB BHIOpOCOB Ha

OKPYKalOILyIO CPEy.
CIIUCOK JIMTEPATYPbI

1. Tominaga Y., Murakami S., Mochida A., CFD prediction of gaseous diffusion around
pollutant dispersion in the built environment, Build. Environ. 105 (2016) 390-402. a cubic model
using a dynamic mixed SGS model based on composite grid technique, J. Wind Eng. Ind. Aerod.

67&68 (1997) 827841
2. Richards, P.J., Hoxey, R.P., 1993. Appropriate boundary conditions for computational

wind engineering models using the k-¢ turbulence model. J. wind Eng. ind. aerodyn. 46, 145-153
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Bekremecon K. M.
Hayunbiii pykoBoauTeb: 1.¢.-M. Hayk bektemecor ML.A.
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. Ha ceroausimHuil JeHb SKOHOMHYECKHE IPOIECCChl UTPAal0T OIPOMHYIO POJb B KU3HU
e ZZ:{?),H Ze;c;;al; gin ;{gg}:{l\{/{;ﬂ y4acTHe B KaXKI0H 9acTH HalIeH MOBCeIHECBHON XW3HH, OY/Ib
o: o, oo ,H eHH;IX e Egan MHOTO€ JIpyroe. JKOHOMHYCCKAs HE3aBUCHMOCTD JIIOAEH -
e aT,HTB TCOMy MBI HJieM Ha paboTy U 3apabarbiBaeM AeHbIU. Takke
ONITUMHU3UPOBATH PACXOIBI C §0MombIOTLIZng;a;;E:SI?I:iH;}Ei O H?;TOMY B
mpo0jieMa KaxJao0ro 4eJioBeka, HO Takke mpoldsiemMa cTpad U I;Z]c\:deHTOB. 6 oenomvIO Dom.
HUrpaeT pOCT HACEeNeHUs UM HaKOIUICHWE Karurana. %ymeCTBy};I;ap;;:,ehzgfnzzgzaB: yﬁoigii

HEOKJIACCHYECKOTO YIKOHOMUYECKOT
o pocra Pobepta Counoy [1
KOTOpast ITIOMOK
OT/IeJIbHBIC IKOHOMUYCCKHIE CHUTYaLHH. : ’ TP

k(t) = spk®(t) = (n+ g + 8)k(t) (1)

- Brut npoBeneH mpoiecc BOCCTAaHOBIEHHUS KOA(DDUIIUEHTOB IMyTeM pEleHUs 0OpaTHOU
» ; ’ 1\:; TH(; eCiggoﬁjzszinitOKigmpHTMa muddeperimanbon  sBomoruy [2, 4] nmus
e o e CCHMECKOTO SKOHOMUYECKOro pOCTa Pobepra Comoy (1),
OCHOBAIONO Ha 1 Hoil ynxnum Ko6G6a-/lyrnaca, ¢ yuerom Tpynaa, KamuTaia u

HEHTPALHOTO  TEXHHYECKOTO  TPOTpecca. Taxxe paccMoTpeHa MoJienb
npemioxenHas MankuBom-Pomepom-Belinem (2) ¢ go0aBieHnEM YeIOBEYECKOro KamuTal :
YBEJIIMYUBACTCS YUCIIO TIEPEMEHHBIX M HEU3BECTHBIX K03 dumuentos [3]. e

{l_%(t) = 5k (OhP(D) — s % k(D)
h(t) = s k*(OhP(t) — s * h(t) (2

CIIMCOK JIMTEPATYPbI

1. Solow R.M. Contribution to the Theory of E i
Economics, 1956. — V.70, Issue 1. — P. 65-94. 1 of Beonomic Growth. = The Quarterly Joumal of

g. E/Iang XS.(}Nall\tIure—Inspired Optimization Algorithms. Elsevier, 2014
. Mankiw G. N., Romer D., Weil D. N. A Contribution to ‘Eh o
’ - N ¢ Em i
Growtil. -S ;Fhe guarterly Journal of Economics, 1992. — V.107, Issue 2.— P 4017)511303 of Beonomie
. Storn R., Price K. Differential Evolution — A Sim : cien .
Ly : ple and Efficient Adapt
Global Optimization over Continuous Spaces. Technical Report TR-95-012 ICZE 1¥§9$50heme or

83





image64.jpeg
MWHUCTEPCTBO OBPA30OBAHUA U HAYKM PECIMYB/IMKA KASAXCTAH
KOMMWTET HAYKHK
NHCTUTYT MATEMATUKU U MATEMATUYECKOIO MOAE/TUPOBAHUA

TpaaUUMOHHARA MeXayHapoaHan anpesibeKan
MaTemaTU4ecKan KOHdepeHLMA B YeCTb
[HA paboTHMKOB HayKu Pecnybanku KasaxcTaH,

noceaweHHaA 1150-nemuro Aby Hacsip ans-®apabu u
75-nemuto UHCcmumyma mamemamuku u
mamemamuy4ecKo20 MOOesIuUpOBaHUA

Tesuncbl 4OKNA40B

Anmarsbl - 2020 rog,




image65.jpeg
Tpasnmonnas anpetbekas MareMarnveckas kondwepenims — 2020

Adimoicanos C., Awyposa I PASPEIITIMOCTE OBPATHOM 3ATAYUM YPABHE-

HUA COBOJIEBCKOT'O TUITA . . . . . . . . . e 146
Adimoicanos C., XKymazya I PASPEIIIIMOCTE HAYAJTBHO-KPAEBOM 3AJTA-

YN YPABHEHUA TICEBJAOIAPABOJIMYECKOTO TUITA . . . . . . . . .. 148
Aaexceesa J.A., Azmemocanosa M. M. OBPATHHIE U TIO/ TYOBPATHHIE KPAE-

BHIE 3AJTAYN TUHAMUKHI TEPMOYIIPYIUX CTEPYKHER . ... . .. 150

Aanexceesa JLA., Saxupvanosa I'K. KPAEBBIE 3ATAYN TUHAMUKHN AHU30-
TPOITHOTO YIIPYTOTI'O ITOJIYIIPOCTPAHCTRBA ITPU IEACTBUY TPAHC-
TTOPTHHIX HATPY3OK . . . . . . e e e 151

Aausmocanoe A.M., HHlemueea K.2K. HATIPSKEHHOE COCTOSHUE U TTPOY-
HOCTE 9/JIEMEHTA TOJICTOCTEHHOT'O TPYBOITPOBOIA TTPU KOP-
PO3UMOHHO-CUJIOBOM BOIJEACTBUM . . .. ... ... 153

Banaes K., Cramocanoea €. UCCAETOBAHUE YCTONMUNBOCTU B KPUTH-
YECKOM CIIVYUAE m-TTAP KOMILTEKCHO-COITPAYKEHHBIX MYJIb-
TUILTUKATOPOB OTOBPAYKEHUA ITYAHKAPE . .. . .. ... .. ... 155

Bacusuna I, Taeybepeence M. OB OBPATHO! 3AJTAYE TIOCTPOEHUS CTO-
XACTUYECKUX JUOOEPEHIIMAJILHBIX YPABHEHU U @YHKINA
CPABHEHUS ITO 3AJAHHBIM CBOMCTBAM JIBUYKEHUS . . .. . . .. 157

Tanwyee O., Sumun P., HIxyponam JI., Cemvdemupos B. OB OJHOU MOJIEJN
KUCIOTHON OBPABOTKHU IIPU3ABOMHON 30HE! IIOPOYIIPYTOT'O
TITACTA . o o e e 159

Hayintace M., Asuamat H. ACUMIITTOTUYECKOE ITOBEJIEHUE PENIEHIN
UHTETPAJIEHON KPAEBOH 3ATAYN /17T CUHTY/ISAPHO BO3MVYIIEH-
HBIX UHTETPO-TUOOEPEHINAILHBIX YPABHEHUT . . . . .. .. .. 161

Hocenanues M. T., Pamaszanos M.H., Tanun A.0. K PEHIEHNIO OCOBOT'O UH-
TEI'PAJILHOT'O YPABHEHUS BOJBLTEPPA JIBYMEPHO! TPAHUYTHON
S3ATAYY TEILTIOIIPOBOIHOCTU BKOHYCE . . . .. . ... .. .. ... 162

Hunvdabaes L A. TIPUMEHEHUE 3ATIA3/TBIBAOIIIUX BO/THOBHX TTIOTEH-
LIMAJOB B 3ATAYAX JUHAMUKY VIIPYTO-ILTACTHYECKON CPEABI163

2Kanbacbaee V., Pamasanoea I TEPMOMEXAHUYECKAA MO/IEL ITPOIEC-

CA POPMOBAHUA KEPAMUKY OKCUIA BEPWJLIUA . . .. .. . ... 165

Heenoea A A., Taemambemos 2K. H. HOPMAJIBHO-PETY/IAPHBIE U JTOTAPU®-
MUYECKHE PEITEHUSA CUCTEMBI YUTTEKEPA COCTOHLHEFI M3 TPEX

YPABHEHUI . ... .. .. 167
Kacenos C., Ackeplexosa K. TUCJTEHHOE PEIIEHUE OBPATHON 3A/IAYUN

JJIA YVPABHEHUA AKYCTUKM . . . . .. .o o 169
Kacenos C., Cyamanzazun A., Haeu I ATTTOPUTM PEIIEHUE OBPATHOM 3A-

JTAYM TS YPABHEHUS TEJABMIOJIBITA & . . . . . o oo 170

Kacenoe C., Ypmawes b., Amanwmaesa A., Cazumbaesa JI. TUCTEHHBIE METO-
JIBL PEHIEHUS OBPATHOI 3ATAYU GAPMAKOKUHETUKN METO-

JOM 'EHETUYECKOTO AJITOPUTMA . . . . . . .. .. ... 171
Koemarosa M.T., Azmanosa J.M., Kacwaosa JLK. OB OTHON 3AJTAYE TEIL-
JOTIPOBOTHOCTH € JIPOBHOW HATPY3KOM . . ... .. .. ... ... 172
Koemarosa M. T., Tarun A.O., Tyseymaesa XK. M. OB OJHOM UHTET'PA/TBEHOM
YPABHEHUU JBYMEPHO! 3ATAYY TEILIOIIPOBOIHOCTU . . . . . . 174
Myemadgun T.C., Kyanewos B.III. METO KJTACCUOUKAITUIY TPAEKTOPUN
JUHAMUYECKUX OBBEKTOB . . . . .. .. 176

Opymbaesa H.T., Keavduberosa A.B. O PASPEINNMOCTH HOTYITEPUOINYE-
CKOM KPAEBOU 3ATAYHY /17T TICEBAOITAPABOJIMYECKOT'O YPAB-
HEHUA TPETBETO TIOPSIKA . .. . . . . . 177

HnCTrryT MAaTEeMATHRKHA 0 MATeMATHIECKOIO MOACTApOBanas. Aamarsl, 2020




image66.jpeg
Annual International April Mathematical Conference — 2020 169

YUCJEHHOE PEIITEHUE OBPATHO 3AJTAYY IJI YVPABHEHUA
AKYCTHUKH

Ceiptiv KACEHOB, Kanap ACKEPBEKOBA
KABAXCKHMH HAIMOHAJBHBLIN YHUBEPCHUTET MMEHH AJTb-MAPABH, AJIMATHL, KABAXCTAH
syrym.kasenov@gmail com, askjanar@gmail.com

Pacemorpum 00DaTHYIO 3aa4y A/s ypasHenns akycruku 5 obaactn © = A(Ly) x (0,Ly) tae
A(Ly) = {(z,t) :z € (0,Ly),t € (z,2L,; — x)}:

Pa Py
e = vz -+ gy — (Eua + By ) (@9,) € A(Ls) &
uz(0,y,t) = g(y,t), y € (0,Ly),t € (0,2Ls) @)
u(z,y,7) = ¢(z,9), z € (0,Ls),y € (0, Ly), (3)
u(z,0,t) = u(z, Ly, t) = 0. (z,t) € A(Lg). (4}

Obparnaz 388178 k 38434¢ (1} — (4) sakmowaerc B onpeaenernn Gyuxuun g(z, y) MO AOIOIHHTE b
wolt nudropmany

u(0,y,8) = f(y,1). (5)

Bammuenm o6paTyo 3881y B oneparopuom suae Alg) = f . Lnx wmcrennoro perenns 3agaty A(g) =
f pacemMoTprM 33484y MUHUMUSAIMK HegeBoro (yHKIHOHANS

Ly 2L,

7o) = 1At = Flfyp = [ [ 00,0, 8:00) = £ (001,
(U]

Tt musmvwsanuy GYHKIMOHALS IPUMEHZeM MeTO wreparwn Jlamasebepa [1-2]. Boraucaeno rpaju-
enr dyukuponasa. ITocTpoer MoCTAaHOBK CONPIZKEHHON 3a1aduu. SaUcal ajlropTuM petierns obpar-
woit sasauu. [Ipuseeno wucieHbie PE3YATATH! UPIMOil 1 00paTHON 38,4841 /1L YDABHEHUS AKYCTHK.
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gaﬂ‘aﬂlfl oupejesenus apaMeTrpos MaTeMaTHUecKkoi MOAe/In aKyC'I'MKM BOBHUKANKT B [‘COQ)MBMKC,
MeJUIuHe Kn jl‘py[‘MX O(’)JlaC'I'}IX [PUJIOZKEH NI MaTeMaTUKH. K OCHOBHbIM [apaMeTpaM MO/LCJICI?I aKy-
CITUKHU OTHOCATCHA CKOPOUTH TBByKa U ILIOTHOUTL CPEe/IbL. ,Z[JUI HAXOXKACHWIH WK y'I'OLl HeHusL yKaﬁBaHH bIX
TAPAMETPOB MO/l HCIOAL3YIOT AOUOIHUTELHY IO HHDOPMALKIO 00 aKYCIHIECKUX [IPOLECCax [1-2].
AnroputMm perenuns obpaTtHoii 3anaun

1. Buibupaem mauaasuoe npudirokenue go.

2. Peraem upsimyio 3aa4y

U + Uy — W3gn(y, 2)u = 0, (y,2) €9,
uy(—b, z) =0,uy(b,2) =0, z € [0, L],
uz(y,0) = gy, wj), uz(y, L) =0, i=1N,ye[-db.

3. Boruncsmem (yuxuuonan J(g

WMz

b 2
fb[ (4,0,05;n) — F(y,wy)] "dy;

M

8 ECJH’I BHaveHue (i)yHK[LMOHa,JIa QUCHb MaJIO, TO OUTAHABIUBACM WTEDALUH.

5. Haxoaum perrenne coupsrenoil 3a,184m

Ve + gy — Wign(y, 21 =0, (v,2) €9,
Yy(—b,2) = 0,9hy(b,2) =0, z€0,L),
. (y,0) = —2(u(y, 0,053 n) — f (Y, wy))s =y, L) = 0, j=1,N,y e [-bb]

N
6. Haxoaum rpaguent Qyukuuonasa no qopmyte J'gn = > wjuds:
=1

-3

. Pacunrbisaem npubanKenne ¢,i1 = gn — ot gn-

8. nepexojuM K Iary 2;
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