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ABSTRACT

Report 40 p., 41 sources, 1 appendix.
TENSOR PRODUCT OF FUNCTIONALS, LINEAR FUNCTIONALS, HIGHLY OSCILLATION, CHEBYSHEV SYSTEM, HAAR SYSTEM


The object of research is linear functionals of the form .


Purpose of work – application of tensor products of functionals to approximate calculation of linear functionals   whith , the Chebyshev system and Haar system in classes with estimates for individual trigonometric Fourier coefficients and with estimates for weighted trigonometric Fourier coefficients. Сonducting numerical experiments.
Results of work:
1. The work was carried out to search for literature on "Highly oscillation" and analyze the content and state of this direction. Literature search was carried out on the Web of Science, Scopus, Springer, Mathnet.ru databases. 
2. 
In the case of  general formula is obtained for approximate calculation of linear functionals of "highly oscillation", in which the desired computational aggregates is explicitly written out, which in General depends on summation methods. We also write out an explicit formula for the resulting error, which allows us to make two-way estimates for an individual function and top-down estimates on classes of functions with an individual estimate for the trigonometric Fourier coefficients. For the Korobov classes is obtained estimates of approximation.
3. In the case of Chebyshev system also is obtained general formula, in which the desired computational aggregate is explicitly written out, which generally depends on summation methods, with an explicit formula for the resulting error, which allows two-way estimates for an individual function and upper estimates on classes of functions with an individual estimate for trigonometric Fourier coefficients. For the Korobov and Sobolev classes are obtained estimates of approximation.
4. In the case of Haar system also is obtained estimates of approximation for the Korobov and Sobolev classes.
Within the framework of this grant funding, three articles were published and one article was accepted for publication in a journal indexed in Web of Science and Scopus. Also, four articles were published and one article was accepted for publication in the journals recommended by the Committee for publishing the main results of scientific activity.
[bookmark: _Toc23409638][bookmark: _Toc528594403]
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[bookmark: _Toc55224230]INTRODUCTION

	In mathematics, the are conducted the question of approximate calculation of integrals

			             		(0.1)
from the product of functions that are linear functionals of the form

                                      (0.2)
	  Linear functionals refer to the main mathematical objects.


Writing a linear functional in integral form  with a fixed function  it covers a large number of specific cases.




The task of the Project will consist in the approximate calculation of integrals over finite sums of the values ​​of the function  with numerical factors depending on the functionthat defines the functional . Various concretization of the functions  lead to different functionals that are widely studied in theoretical mathematics and with large applications in applied mathematics.
The definition of a function as a match is too general and, in literal pursuit, unsuitable for analytical use. Therefore, the representation of a function in the form of an expansion in mutually perpendicular unit vectors (the orthonormal system), through the Fourier series, introduces the definiteness and the possibility of operating with the function as a concrete mathematical (analytical) object.
The Fourier coefficient as the magnitude of the projection of the function on the unit vector makes a direct connection between the function and its expansion in terms of the orthogonal system.
Thus, the Fourier coefficients refer to the basic mathematical objects.
Therefore, the problem of approximate calculation of linear functionals including Fourier coefficients has an independent value and, obviously, numerous computational applications in the same volume as the Fourier series.
	For  in (0.2), we obtain the well-known numerical integration problem




and when  we obtain the problem of approximation of trigonometric Fourier-Lebesgue coefficients.
	A definite answer to the problem of approximation of the integral (0.1) gives the following equation [1-2]

			(0.3)
where




  (0,4)

there is a computing aggregate, and




			(0,5)

the resulting error. This equality was obtained by the Project Manager as a result of refining the idea underlying the Smolyak method and extending it to the General case of orthonormal complete systems [1-2].




As can be seen from (0.3), numerical information from  and from   independent and separate from each other, at the same time from  it requires the existence of well-defined values at points (see (0.4)), which ensures its continuity, from the "turbulent" function - existence of an integral

                     (0.6)

and for the correctness of the formula itself, the convergence of the series in (0.5).
Here we can emphasize the fact that the best information from "random" functions  – this is an integral (0.6) of the type of trigonometric Fourier coefficients, which contains its "surprises".







Of particular interest are cases where  is a "strongly oscillating function". Such functions include orthonormal systems, for example, the case of  и , when the function  at each interval of length   changes from  to  (or vice versa). The trigonometric case   investigated in [3] (see also the bibliography).
Due to the numerous applications that include modeling of wave phenomena, fluid dynamics, image analysis, and much more, this topic is covered in an extensive literature (see, for example, reviews [4-6] and the bibliography available in them).
In the well-known asymptotic methods [7, Chapter 4] and Philo with various modifications ([8-10]), the main methods of research on the theory of oscillations are, respectively, the method of integration by parts and splitting the initial segment into subsections, in each of which to the function   пthe Lagrange interpolation formula is applied, which is consistent with the degree of smoothness , which reduces the problem to calculating integrals of the form

                                                                (0.7)

In all such approaches, in fact, we are talking about optimal recovery of the integrand function   в in full accordance with the observation "In numerical practice, the Lagrangian spline with respect to a system of equidistant nodes is most often taken (without any special justification, however)" in [11], which is confirmed by G. Taugynbayeva's PhD thesis [12], which established that Lagrange interpolation polynomials in the order relation among all conceivable computational aggregates constructed from linear information give the best recovery, moreover, interpolation of functions with a bounded derivative of a given order, if only they are used in spline form. 
n 1982, D. Levin [3] developed a collocation method that does not use moments (0.7), but in order to apply the Newton-Leibniz formula for  a condition for the existence of a function  F(x) such that


The tasks themselves are fully as follows:
· Search for literature on "Highly oscillation" and analysis of the direction with theoretical and practical applications;
· Application of tensor products of functionals to approximate calculation of linear functionals with "Highly oscillation" for an individual function and for classes of functions with estimates for trigonometric Fourier coefficients;
· 
Application of tensor products of functionals to approximate calculation of linear functionals using the Chebyshev system  for an individual function and for classes of functions with estimates for trigonometric Fourier coefficients;
· 
Application of tensor products of functionals to approximate calculation of linear functionals using the Haar system  for individual functions and for classes of functions with estimates for trigonometric Fourier coefficients;
· Numerical experiments on the application of tensor products of functionals to the approximate calculation of linear functionals.
[bookmark: _GoBack]	Incentive numbers of previous reports: 2018- 0218РК01244, 2019-0219РК00269.
· 

MAIN PART
[bookmark: _Toc55224231]1 Literature on "Highly oscillation" and analysis of the topic content with theoretical and practical applications

In 2018, work was carried out to search for literature on "Highly oscillation" and analyze the content of this topic. Literature search was carried out on the web of Science, Scopus, Springer databases, Mathnet.ru. Only on the Web of Science database 413 works on the topic of approximation of operators with high oscillation.
More than 100 works by E. Novak, M. Ullrich, H. Wozniakowski, V. Domınguez, I. G. Graham, V. P. Smyshlyaev, D. Huybrechs, S. Olver, A. Iserles, S. Nørsett, Y.L. Luke,  K. Lorenz, T. Jahnke, C. Lubich, N. Temirgaliyev, S.S. Kudaibergenov, A.A. Shomanova, J.Ma, H. Liu, Sh. Xiang, B. Li, Gd. Liu, Siraj-ul-Islam, S. Zaman, YY. Ma, YS. Xu, J. Gao, A. Molabahrami, G. He, Ch. Zhang  et al. (see, for example, [1-3], [13-39]) were analyzed.
General formulation

,
in which

 - linear functional to be approximated,

 - computing aggregate,

 - the resulting error,

concretization of view  when some g is this Grant project, requires study of the development of this problem in the international mathematics, "Key Ideas from Aminu that is investigated and received as issued".

Of course, the main questions will be the following:
1. 
What kind of linear functionals are  considered?
2. 
What computing aggregates do  approximate?
3. What kind of conditions are imposed on the function f?
4. 
How to look error estimates ?
[bookmark: _Toc528257873][bookmark: _Toc528594404]The answers to these questions are based on the articles reviewed and the results previously obtained by ITMaSC with our accompanying comments and conclusions (see the results of the literature review and comments on them in the intermediary report 2018 for this Project [40]).





[bookmark: _Toc55224232]2 Application of tensor products of functionals to approximate calculation of linear functionals  and with « Highly oscillation»



	This section presents results on applying tensor products of functionals to approximate calculation of linear functionals  c  for individual functions and classes of functions with estimates for individual trigonometric Fourier coefficients. 


[bookmark: _Toc55224233]2.1 Application of tensor products of functionals to approximate calculation of linear functionals with  and with "Highly oscillation" for an individual function


Application of tensor products of functionals to approximate calculation of linear functionals for  for an individual function:







Theorem 2.1. Let  and for every integer  real-valued sequence  is given such that   and  for all ,



  and.
Let also be a continuous vector function 

.


Then for an arbitrary 1- periodic for each variable, continuous on  function  the equality holds












,


where - a finite set,

,

, 

,












Application of tensor products of functionals to approximate calculation of linear functionals for  in the case of  for an individual function.






Theorem 2.2. Let  and for every integer  real-valued sequence  is given such that   and  for all ,



  and .


Let also .


Then for an arbitrary 1- periodic for each variable, continuous on  function  the equality holds
















where



, , ,















[bookmark: _Toc528594405][bookmark: _Toc55224234]2.2. Application of tensor products of functionals to approximate calculation of linear functionals with   and "Highly oscillation" for classes of functions with estimates for individual trigonometric Fourier coefficients


Application of tensor products of functionals to approximate calculation of linear functionals for  for classes of functions with estimates for individual trigonometric coefficients of the Fourier Korobov's classes






Definition of the Korobov's class. Let given  and  Korobov's class , by definition, is a set of all 1-periodic for each of its  variables, integrable on  functions , which trigonometric Fourier-Lebesgue coefficients satisfying the inequality





Note that when  all functions of class  are continuous. 
Fair 






Theorem 2.3. Let  and for every integer  real-valued sequence  is given such that   and  for all ,



  and .




Let also be a continuous vector function . Then for the class  there is an inequality













where - a finite set,


,


,


,












Application of tensor products of functionals to approximate calculation of linear functionals for  for classes of functions with estimates for individual trigonometric coefficients Furier of Korobov's classes :







Theorem 2.4. Let  and for every integer   real-valued sequence  is given such that   and  for all ,



  и .




Let also . Then for the class  the inequality is fair















,

where
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,














[bookmark: _Toc528257875][bookmark: _Toc528594406][bookmark: _Toc55224235]3  Application of tensor products of functionals to approximate calculation of linear functionals using the Chebyshev's system

[bookmark: _Toc55224236]3.1 Application of tensor products of functionals to approximate calculation of linear functionals by the Chebyshev's system for an individual function


	This section presents results on applying tensor products of functionals to approximate calculation of linear functionals  with   for individual functions and classes of functions with estimates for individual trigonometric Fourier coefficients.
	Holds






Theorem 3.1. Let  and for every integer  real-valued sequence is given such that   и for all ,



  and .

Let  - the system of Chebyshev. Then for an arbitrary 1-eriodic for each variable continuous on  function , the equality holds

=









where
,









, 



For the case  the previous theorem is written in the following explicit form
Theorem 3.2. Let  and for every integer  real-valued sequence   is given    and   for all  ,

 and  .

Let  .
Then for an arbitrary 1-eriodic for each variable continuous on  function , the equality holds











where
,







, 





If  there is a Bessel function, then here

,


,


,    .

[bookmark: _Toc528257876][bookmark: _Toc528594407][bookmark: _Toc55224237]	3.2 Application of tensor products of functionals to approximate calculation of linear functionals using the Chebyshev's system for classes with estimates for individual Fourier coefficients

This section presents results on the application of tensor products of functionals to the approximate calculation of linear functionals using the Chebyshev's system in classes with estimates for individual trigonometric Fourier coefficients and weighted estimates for trigonometric Fourier coefficients.


	For classes of functions with estimates for individual trigonometric coefficients of the Fourier - Korobov's classes   fair


Theorem 3.3.  In the conditions of theorem 3.1 for the class  there is an inequality









,

where

,


,







, 

.
[bookmark: _Toc23409639][bookmark: _Toc55224238]3.3.  Application of tensor products of functionals to approximate calculation of linear functionals under the system of Chebyshev in classes with weighted estimates for trigonometric Fourier coefficients
[bookmark: _Toc23409640][bookmark: _Toc55224239]3.3.1 Required definitions and supporting statements




Classes of Sobolev  there is a set of all 1-periodic functions for each variable , that, in the case of r>0  that, in the case of r belong to  and for which the inequality is satisfied


,


and in the case of r=0 we assume .



Sobolev classes with a dominant mixed derivative  there is a set of all 1-periodic functions for each variable, which are represented as (y =(y1, …, ys), )

.

The following notation and assumptions are used here (see [2]).  For an arbitrary (not necessarily periodic) summable function  believe

                         (5)

Further, integers are given here and everywhere below






,, , 







and for   values  where  and  equal respectively  and ,








for  values  where ,  and  equal respectively  and ,

















for  we assume: if , тhat  where   and  equal respectively  and  if , that  where , and  equal respectively , .










And finally, for each  the sequence is set  such that  for any   conditions met  and , ч that ensures the fairness of equality (2).

Fair


Lemma 3.1. Let , . Denote


,


,




and put


,


,


and with 






Then for everyone  holds




where




For  





For  





For  


if :



if :



3.3.2 
[bookmark: _Toc55224240]Application of tensor products of functionals to approximate calculation of linear functionals in the Chebyshev system in Sobolev classes 


In the following theorem, an explicit formula for the resulting approximation error is written, which allows further estimates to be made on classes of functions with weighted estimates for trigonometric Fourier coefficients.







Теорема 3.4. Let  and for every integer  real-valued sequence is set such that  и  for all , 



 and .



Let also given function  and set .
Then for an arbitrary 1-eriodic for each variable continuous on  function , the equality holds











where 




, , .



For :  






For:  






For :  


if :




if :







where , , 






	


	


In theorems 3.5-3.6, based on the obtained equalities for individual functions, estimates for Sobolev classes are obtained.
Fair



Тheorem 3.5. Let be a positive integer  and . And let  there is a function of the Chebyshev system.There is a ratio






,

where

,





   , ,


 


=


,    



Theorem 3.6.  Let be a positive integer  и .  And let  there is a function of the Chebyshev system. There is a ratio










where             ,




   , ,

 


=

,  




[bookmark: _Toc23409642][bookmark: _Toc55224241]4 Application of tensor products of functionals to approximate calculation of linear functionals for - Haar system in classes with individual and weighted estimates for trigonometric Fourier coefficients

We give a definition of the Haar system.
The Haar system (see [41]) is defined on the segment as follows:




, and for everyone и 




At the break point, the Haar functions are equal to the half-sum of the limits on the right and left. At the ends of the segment, they are equal to their limit values from inside the segment.
Fair


Theorem 4.1. Let given the numbers   and . Then for every set of nonnegative integers n1 ,…,ns  and for all integers  there are inequalities 



       (7)



and






 

Note 4.1. It follows from (7) that the greater the value of   from the notation  s of the Haar dimensional function, the higher N the efficiency of the quadrature formula in (7) begins.








5 [bookmark: _Toc55224242]Numerical experiments on the application of tensor products of functionals to the approximate calculation of linear functionals 

Numerical experiments were performed for classes with estimates for individual and weighted trigonometric Fourier coefficients. Corresponding text functions and computer programs were built in Mathcad, Maple, and Visual Basic.





We present the results for the case of dimension  . For the specified define the function



It is proved that  and the ratio is fulfilled


.


For the function  computational experiments were performed, the results of which are illustrated in table 1 below.




Table 1. Results of numerical experiments  (-exact value of the integral, - approximate value of the integral by tensor product of functionals, - approximate value of the integral using the rectangle method,  - integration errors

	1
	Parameters
	,,,, .

	
	

	

	
	


	

	
	


	

	2
	Parameters
	, the rest is the same.

	
	

	

	
	


	

	
	


	








Despite the fact that the error of approximation by the rectangle method  gives an error less than the computational aggregates constructed by the method of tensor products of tensor functionals, , he trial function is extreme for the approximate method . This means that for any other functions in the сlas  the approximation error does not exceed this error, while for the rectangle method, he specified error is true only for this function.


CONCLUSION

The Project work was carried out on the use of tensor products of functionals to the approximate computation of integrals with "Strong (high) oscillation». In particular, in the works of S. A. Smolyak [1, 15], a method was proposed for extending the results of approximative content from smaller dimensions to larger ones.
In the continuation of Smolyak's work, the Project Manager in [2] obtained the General formula

 (*)



transfer of statements about approximations of functionals y aggregates over complete orthonormal systems  the case of complete multiples of orthonormal systems .
The Project explores the problem of approximate calculation of linear functionals of the form  by computing aggregates constructed on the basis of this general equality (*).

A large number of papers are devoted to the case of  approximate calculation of integrals  (for the history of the problem, see, for example, in [37-39] and the Bibl. available in it).

In this Grant report, linear oscillation functionals of the form are fully investigated   in the case



,  and.

The recovery errors for individual continuous functions are explicitly written out and error estimates for Korobov and Sobolev classes are obtained. Computational experiments were performed.
The study of the state of the international direction "Theory of oscillations" showed the possibility of including a large number of students and young teachers in this direction with effective techniques and ideas of ITMaSC.

REFERENCE

1. Smolyak S.A. Quadrature and Interpolation Formulae on Tensor Products of Certain Classes of Functions// Sov. Phys. Dokl. -1963. –Vol. 148(5). –P. 1042–1045. 
1. Temirgaliev N.  Temirgaliev N. Tensor Products of Functionals and Their Application// Docklandy Mathematics. -2010. -Vol. 81(1). -P. 78-82.
1. Temirgaliev N. , Kudaibergenov S. S. , Shomanova A. A.  Applications of Smolyak quadrature formulas to the numerical integration of Fourier coefficients and in function recovery problems// Russian Math. (Iz. VUZ). -2010. –Vol. 54. No 3. –P.  45–62 
1. Dean˜o A., Huybrechs D., Iserles A. Computing Highly Oscillatory Integrals. – Philadelphia: Society for Industrial and Applied Mathematics, 2017.
1. Iserles A. On the numerical quadrature of highly-oscillatory integrals, I: Fourier transforms// IMA J. Num. Anal. -2004. -№ 24. –С. 1110–1123.
1. Iserles A. On the numerical quadrature of highly-oscillatory integrals, II: Irregular oscillators// IMA J. Num. Anal.  -2005. -№ 25. –С. 25–44.
1. Ilin A.M. Danilin A.R. Asimptoticheskie metody v analize [symptotic methods in analysis]. –Moskow: Fizmatlit, 2009.
1. Filon L.N.G. On a quadrature formula for trigonometric integrals. – Edinburgh:  Proc. Roy. Soc. -1928. -№ 49. –С. 38-47. 
1. Zhilejkin Ja.M., Kukarkin A.B. Ob optimal'nom vychislenii integralov ot bystrooscillirujushhih funkcij[Optimal calculation of integrals of rapidly oscillating functions]//Zhurnal vychislitel'noj matematiki i matematicheskoj fiziki[Journal of Computational Mathematics and Mathematical Physics]. -1978. –Vol. 18. -№ 2. –P. 294–301.
1. Lokucievskij O.V. Gavrilov M.B. Nachala chislennogo analiza [The beginnings of numerical analysis]. –Moskow: TOO "Janus, 1995. 
1. Taugynbaeva G.E. On the marginal error of inaccurate information with optimal recovery: PhD thesis. KazNU named after al-Farabi. - Almaty, 2014.
1. Levin D. Procedures for computing one-and-two dimensional integrals of functions with rapid irregular oscillations// Math. Comp. -1982. -№ 38. –С. 531–538.
1. Erich N., Ullrich M., Wozniakowski H. Complexity of Oscillatory Integration for UnivariateSobolev Spaces//Journal of Complexity. -2014. Source: http://arxiv.org/abs/1311.1528arXiv:1311.1528. 
1. Evansa G.A., Websterb J.R.  A comparison of some methods for the evaluation of highly oscillatory integrals// Journal of Computational and Applied Mathematics. -1999. -Vol. 112. –P.  55–69 .
1. Smoljak S.A. Ob optimal'nom vosstanovlenii funkcij i funkcionalov ot nih[Optimal recovery of functions and functionals from them] //                     Diss. k.f.-m. nauk, g.Moskva-1965g.Org. p /ja  2325 (imeetsja v otkrytom  fonde  biblioteki mehaniko-matematicheskogo fakul'teta MGU)[ Diss. Ph.D. Sciences, Moscow-1965 Org. PO Box 2325 (available in the open collection of the library of the Faculty of Mechanics and Mathematics of Moscow State University)].
1. Temirgaliev N. Tensor products of functionals and their application// Doklady Mathematics. -2010. –Vol. 81. -№ 1. –С. 78-82.
1. Domınguez V., Graham I.G., SmyshlyaevV.P. Stability and error estimates for Filon-Clenshaw-Curtis rules for highly oscillatory integrals//IMA Journal of Numerical Analysis. -2011. –Vol.  31. –P.  1253–1280.
1. HuybrechsD., OlverS. Highly oscillatory quadrature, London Math. –Cambridge. Soc. Lecture Note Ser. 366. -2009.
1. Iserles A., Norsett S.Efficient quadrature of highly oscillatory integrals using derivatives// Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. -2005. –Vol.  461. –P. 1383–1399.
1. Iserles A., Norsett S.P. From high oscillation to rapid approximation III: Multivariate expansions//IMA J. Num. Anal. -2009. -Vol.  29. –P. 882-916. 
1. Luke Y.L. On the computation of oscillatory integrals// Proc.Cambridge Phil. Soc. -1954.  50. –P.  269-277.
1. Lorenz K., Jahnke T., Lubich C. Adiabatic integrators for highly oscillatory second order linear differential equations with time-varying eigendecomposition//BIT. -2005. -45. -P. 1–115.
1. Novak E., Ian H.Sloan, Wozniakowski H. Tractability of Approximation for Weighted Korobov Spaces on Classical and Quantum Computers//Found. Comput. Math. -2004. –P. 121-156.
1. Olver S. Numerical Approximation of Highly Oscillatory Integrals: dissertation, University of Cambridge, 2008.
1. Temlyakov V.N. On approximate recovery of functions with bounded mixed derivative // J. Complexity. –1993. – №9. – P. 41–59.
1. Sickel W., Ullrich T. The Smolyak’s algorithm, sampling on sparse grids and function spaces of dominating mixed smoothness // East J. Approx. – 2007. – V. 13. – №4. – P. 387–425.
1. Olver S. Moment-free numerical integration of highly oscillatory functions// IMA J. Num. Anal. -2006. –Vol. 26(2). –P. 213-227.
1. Iserles A. On the global error of discretization methods for highly-oscillatory ordinary differential equations// BIT. -2002. -42. –P. 561–599.
1. Ma J.,  Liu H. A well-conditioned Levin method for calculation of highly oscillatory integrals and its application// Journal of computational and applied mathematics. -2018. –Т. 342. –Р. 451-462.
1. Xiang Sh., Li B., Liu Gd. On efficient computation of highly oscillatory retarded potential integral equations// International journal of computer mathematics. -2018. –Vol. 95. №11. –Р. 2240-2255. 
1. Siraj-ul-Islam, Zaman S. Numerical methods for multivariate highly oscillatory integrals//International journal of computer mathematics. 2018. –Vol. 95. -№5. –Р. 1024-1046. 
1. Ma YY., Xu YS. Computing highly oscillatory integrals// Mathematics of computation. 2018. –Vol. 87. -№309. –P. 309-345.
1. Gao J., Iserles A. A generalization of Filon-Clenshaw-Curtis quadrature for highly oscillatory integrals// Bit Numerical Mathematics. 2017. –Vol. 57. -№4. –P. 943-961. 
1. Gao J., Iserles A. Error analysis of the extended Filon-type method for highly oscillatory integrals// Research in the Mathematical Sciences. 2017. –Vol. 4. -№21. –P. 309-345.
1. Molabahrami A. Galerkin-Levin method for highly oscillatory integrals// Journal of computational and applied mathematics. -2017. . –Vol. 321. –P. 499-507. 
1. He G., Zhang Ch. On the numerical approximation for Fourier-type highly oscillatory integrals with Gauss-type quadrature rules//Applied Mathematics and Computation. 2017. –Vol. 308. –P. 96-104.
1. Temirgaliev N., Kudaibergenov S.S., Shomanova A.A. An application of tensor products of functionals in problems of numerical integration// Izvestiya: Mathematics. -2009. -Vol. 73. No 2. -P. 393-434.
1. 
Temirgaliyev N. Classes  and quadrature formulas// Dokl. Akad. Nauk. -2003. -Vol. 393. No 5. -P. 605-608; English transl., Dokl. Math. 68:3 (2003), 414-417.
1. Temirgaliev N.,  Nauryzbayev N. Zh., Shomanova A. A. Approximative capabilities of “Smolyak type” computational aggregates with Dirichlet, Fejér and Valleé-Poussin kernels in the scale of Ul’yanov classes // Russian Mathematics. -2015. -Vol. 59. -Issue 7. -P. 67-72.
1. Interim report "Approximate calculation of linear functionals by the author's method of tensor products of functionals and their applications" on the grant project of the Ministry of Education and Science of the Republic of Kazakhstan for 2018-2020.
1. Golubov B. I. On Fourier series of continuous functions with respect to a Haar system//Izv. Akad. Nauk SSSR Ser. Mat. -1964. 28. -P. 1271–1296.




[bookmark: _Toc528594412][bookmark: _Toc55224243]APPENDIX A

List of publications

Within the framework of this grant funding, three articles were published and one article was accepted for publication in a journal indexed in Web of Science and Scopus (with a non-zero impact factor based on Scopus, SJR (2019) - 0.388, percentile):
published articles:
1) Temirgaliyev N., Zhubanisheva A.Zh. Computational (Numerical) Diameter in a Context of General Theory of a Recovery// Russian Mathematics, 2019, Vol. 63, No. 1, pp. 79–85
Reference to article:
https://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=46&SID=C5MZ4qm5VfKrEsQWHSs&page=1&doc=2
DOI: 10.3103/S1066369X19010109
Journal: RUSSIAN MATHEMATICS. 
Web of Science: Web of Science Core Collection - Emerging Sources Citation Index
Scopus: 25th percentile in the category General Mathematics
2) Temirgaliyev N., Kudaibergenov S.S., Nauryzbayev N.Zh. Orderly Exat Calulation of Integrals of Produts of Funtionsby the Method of Tensor Produts of Funtionals // Russian Mathematics, 2019, Vol. 63, No. 11, pp. 83–87
Reference to article:
https://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=46&SID=C5MZ4qm5VfKrEsQWHSs&page=1&doc=1
DOI: 10.3103/S1066369X19110124
Journal: RUSSIAN MATHEMATICS. 
Web of Science: Web of Science Core Collection - Emerging Sources Citation Index
Scopus: 25th percentile in the category General Mathematics
3) Nauryzbaev N. Zh. , Shomanova A. A. , Temirgaliyev N. On some special effects in theory on numerical integration and functions recovery// Russian Math. (Iz. VUZ). -2018. -Vol. 62. -№ 3. -Р. 84–88
Reference to article:
https://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=46&SID=C5MZ4qm5VfKrEsQWHSs&page=1&doc=3
DOI: 10.3103/S1066369X18030118
Journal: RUSSIAN MATHEMATICS. 
Web of Science: Web of Science Core Collection - Emerging Sources Citation Index
Scopus: 25th percentile in the category General Mathematics
Accepted  for publications:
4) Kudaibergenov S.S., Nauryzbayev N.Zh., Temirgaliyev N. Formulas for the approximate calculation of the Fourier-Chebyshev coefficients// Russian Mathematics,

four articles were published and one article was accepted for publication in the journals recommended by the Committee for publishing the main results of scientific activity
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Work Schedule



	№ p/s
	The name of problem, activities for the implementation of the tasks of the project
	Duration

	Expected results

	
	
	Beginning
	End
	

	
	
	
	
	

	1
	
Search for literature on "Strong (high) oscillation" and analysis of the content of the topic with theoretical and practical and practical applications, what will be the implementation of the Project in the case .
	January 2018
	April 2018 
	Search of the  literature on "Highly oscillation" and analysis of the content of the theme with theoretical and practical applications

	2
	
The application of tensor products of functionals to the approximate calculation of linear functionals for  with "Highly oscillations"
	May 2018
	August 2018
	
The application of tensor products of functionals to the approximate calculation of linear functionals for  with "Highly oscillations" will be obtained

	3
	

Application of tensor products of functionals to the approximate calculation of linear functionals for Chebyshev's  -system in classes with estimates for individual trigonometric Fourier coefficients
	September 2018
	Until November 2018
	Application of tensor products of functionals to the approximate calculation of linear functionals for Chebyshev's system in classes with estimates for individual trigonometric Fourier coefficients will be obtained

	4
	

Application of the tensor products of functionals to the approximate calculation of linear functionals under the Chebyshev system  in classes with weighted estimates on trigonometric Fourier coefficients
	January 2019
	April 2019
	Application of the tensor products of functionals to the approximate calculation of linear functionals under the Chebyshev system in classes with weighted estimates on trigonometric Fourier coefficients will be obtained

	5
	
Application of tensor products of functionals to the approximate calculation of linear functionals for the Haar system in  in classes with estimates for individual trigonometric Fourier coefficients and in classes with weighted estimates for individual trigonometric Fourier coefficients
	May 2019
	Until November 2019
	Application of tensor products of functionals to the approximate calculation of linear functionals for the Haar system in  in classes with estimates for individual trigonometric Fourier coefficients and in classes with weighted estimates for individual trigonometric Fourier coefficients will be obtained. It will publish 1 article in a peer-reviewed scientific journal in the Web of Science database and (or) Scopus database 

	6
	
Application of tensor products of functionals to the approximate calculation of linear functionals for a -Haar system in classes with weighted estimates for individual trigonometric Fourier coefficients
	January 2020
	April 2020
	Application of tensor products of functionals to the approximate calculation of linear functionals for a Haar system in classes with weighted estimates for individual trigonometric Fourier coefficients will be obtained

	7
	Numerical experiments in classes with estimates for individual trigonometric Fourier coefficients
	May 2020
	August 2020
	Numerical experiments in classes with estimates for individual trigonometric Fourier coefficients will be obtained

	8
	Numerical experiments in classes with weighted estimates on individual trigonometric Fourier coefficients
	September 2020
	Until November 2020 
	Numerical experiments in classes with weighted estimates on individual trigonometric Fourier coefficients will be obtained. It will publish 2 articles in a peer-reviewed scientific journal in the Web of Science database and (or) Scopus database. 
It will publish 2 articles in peer-reviewed foreign or domestic scientific journals with a nonzero impact factor
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