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РЕФЕРАТ

Есеп 62 б., 1 кітап, 34 дереккөз, 3 қосымша.
ЖҮКТЕЛГЕН ТЕҢДЕУ, БӨЛШЕК ТУЫНДЫ, ЖЫЛУӨТКІЗГІШТІК ТЕҢДЕУІ, ВОЛЬТЕРРАНЫҢ ИНТЕГРАЛДЫҚ ТЕҢДЕУІ, АРНАЙЫ ФУНКЦИЯ
Зерттеу объектісі бөлшек ретті жүктемелі жылуөткізгіштік теңдеуі үшін шеттік есептер (ШЕ) болып табылады. 
Жұмыстың мақсаты-белгілі бір функционалдық класстардағы бөлшекті- жүктемелі жылу- өткізгіштік теңдеуі үшін ШЕ-тің  шешілуін қою және зерттеу; қойылған ШЕ-ді ядросында арнайы функциялары  бар екінші типтегі Вольтеррдің интегралдық теңдеулеріне (ИТ) келтіру; алынған ИТ-дің жүктелген қосылғыштағы  бөлшек туындының ретіне де, жүктеме сипатына да байланысты бастапқы  ШЕ-нің шешілу мәселелерін зерттеу.
Зерттеу әдістері:
ШЕ-ді ИТ-ге келтіруде интегралдық теңдеулер әдісі қолданылды.Интегралдық теңдеуге есеп дифференциалдық бөлікті айналдыру арқылы келтірілді.Бастапқы есептің  жүктелген қосылғышының бөлшек туынды ретінің  шектік жағдайларын зерттеу кезінде  шектер теориясы әдістері қолданылды. Алынған интегралдық теңдеулердің ядроларында арнайы функциялар болғандықтан, интеграл мен қатарларды асимптотикалық бағалау әдістері қолданылды.
Осы есептің негізгі нәтижелері:
- қойылған ШЕ-ді арнайы функциялары бар ядросы бар екінші ретті Вольтерр ИТ-не (теңдеудегі жүктелген қосылғыш Капуто немесе Риман-Лиувиллдің бөлшек туындысы түрінде ұсынылған) келтіру;
- алынған ИТ-дің  шешімдерінің бар болуы мен жалғыздығының теоремаларын дәлелдеу және ИТ ядросы ерекшеліктерінің  ИТ-дің шешілу сұрақтарын зерттеу кезінде қойылған ШЕ-тің теңдеуінің дифференциалдық бөлігінің сипатымен байланысын көрсету.
Жаңалық дәрежесі-зерттелетін ШЕ-дің екінші ретті ядросында сингулярлығы бар   немесе ядросында арнайы функциялары бар Вольтерр ИТ-не келтіру және  бөлшек жүктемелі  жылуөткізгіштік теңдеуі  үшін ШЕ  шешуін талдау.
Бұл жоба идеяларының қолданыстағы аналогтардан түбегейлі айырмашылығы: бөлшекті жүктелген жылуөткізгіштік  теңдеулері үшін жаңа классикалық емес есептерді шешу; қарастырылатын мәселелердің жалғыздығы  бұзылған функциялардың кластарын анықтау.
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Report 62 p., 1 book, 34 src., 3 app.
LOADED EQUATION, FRACTIONAL DERIVATIVE, HEAT EQUATION, VOLTERRA INTEGRAL EQUATION, SPECIAL FUNCTION.
The research object is boundary value problems (BVP) for a heat equation with a fractional load.
Project goal – statement and study of the solvability of BVPs for a fractionally loaded heat equation in certain functional classes; reducing the BVPs to Volterra integral equations (IE) with kernels containing special functions; solvability investigation of the IEs depending both on the order of the fractional derivative in the loaded term of the initial BVP and on the behavior character of the load. 
Research methods: 
When reducing BVPs to the study of an integral equation, the method of integral equations was used. The problem was reduced to an integral equation by inverting the differential part. In the study of limiting cases of the fractional derivative order in the loaded term of the initial boundary value problem, the methods of the theory of limits were applied. Since the kernels of the obtained integral equations contained special functions, we used the methods of asymptotic estimates of the integral and series.
The main results of this report:
- reducing the posed BVP (the loaded term of the equation is represented as a Caputo’s or Riemann-Liouville’s fractional derivative) to a Volterra IE of the second kind with a kernel containing special functions;
- proof of existence and uniqueness theorems for solutions of the obtained IE and showing the connection between the singularities of the IE kernel and the character of the differential part of the equation of the posed BVP in the study of the IE solvability issues.
Degree of novelty is reducing the solvability issues of the investigated BVPs to solvability of the Volterra IE of the second kind with singularities in the kernel or with kernels containing special functions and analysis of solving the BVPs for the heat equation with a fractional load. The fundamental difference between the ideas of this project and existing analogues is: solving new nonclassical problems for fractionally-loaded heat equations; defining function classes for which the uniqueness of the problems under consideration is violated.
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INTRODUCTION

The study of fractional differential equations was actively carried out both before [1] — [7], and now interest in this area continues to grow [8] — [12]. This is due both to the development of the fractional integration and differentiation theory, as well as applications of the apparatus of fractional integration and differentiation in various fields of science. Also an important section in the theory of differential equations is the class of loaded equations, where the loaded term contains a differential or integro-differential operator that includes the operation of taking the trace of the desired function on manifolds of dimension less than the dimension of the desired function domain. In [13] on numerous examples A.M. Nakhushev showed the practical and theoretical importance of studies on loaded equations. In the papers of M.T. Jenaliev and students of his scientific school, the theory of loaded equations was further developed [14] — [20].
Of interest are boundary value problems for the fractionally loaded heat equation when the loaded term is presented in the form of a fractional derivative. In [21] the loaded term is the trace of the fractional order derivative on the manifold x=t, namely, the loaded term is represented as a Riemann-Liouville’s fractional derivative. The resulting Volterra singular integral equation has a nonempty spectrum for certain values of the fractional derivative order. In [22] — [23] the loaded term is presented in the form of a Caputo’s fractional derivative with respect to the time variable, and the derivative order in the loaded term is less than the order of the differential part. In [22] it is proved that there is continuity on the right for the order of the fractional derivative. Continuity on the left is broken. In [23] there is the continuity in the order of the fractional derivative in the loaded term of the boundary value problem.
The first section of the report contains some of the concepts and previously known results from the theory of fractional calculus, as well as definitions and some of the most useful properties of some special functions that will be used throughout the report.
Section 2 gives a statement of an inhomogeneous boundary value problem for the heat equation with a fractional load in functional classes that are natural for research (the loaded term is represented as a fractional Riemann-Liouville derivative with respect to the time variable). The problem is reduced to a Volterra integral equation of the second kind with a kernel containing a special function, namely, the degenerate hypergeometric Tricomi function. Next, we investigate the limiting cases for the order of the fractional derivative of the term with the load in the equation, and show the continuity in the order of the fractional derivative. The main result of this section is to establish the solvability of the integral equation depending on the order of the fractional derivative in the loaded term in the equation of the boundary value problem and depending on the nature of the line on which the load is given, for small values of time.

Section 3 gives a statement of boundary value problems for the heat equation with a fractional load (the loaded term is represented as a fractional Caputo derivative) in the class of functions  By inverting the differential part of the equation, the posed boundary value problem is reduced to an integral Volterra equation of the second kind with a kernel containing a special function, namely, the generalized hypergeometric series. Next, we investigate the limiting cases for the order of the fractional derivative of the term with the load in the equation of the boundary value problem and we show a discontinuity in the order of the derivative on the left in a variation interval for the value of the fractional derivative order. It is proved that the conditions for the solvability of the obtained integral equation depend on the order of the fractional derivative in the loaded term in the equation of the boundary value problem and the nature of the load.
The conclusion contains conclusions about the obtained main results and comments on them. 
Appendix A contains a list of publications by the authors of this report and their presentations at conferences.


MAIN PART OF THE RESEARCH WORK REPORT

1 Necessary information on fractional calculus and special functions

Let us first recall some previously known concepts and results. The first one is the definition of the Riemann– Liouville fractional derivative.



Definition 1 ([24]). Let . Then, the Riemann- Liouville derivative of the order  is defined as follows 


 			 (1.1)

For practical applications, the definition of the Caputo fractional derivative is significant. It is obtained after interchanging differentiation and integration in (1.1), that is, it differs from the Riemann-Liouville definition in that, first, the function is differentiated with the smallest integer order exceeding some non-integer order, and then the result is integrated with the order being their difference. In the Riemann-Liouville derivative, integration is first performed, and then differentiation is done.




Definition 2 ([25]). Let  (i.e.  is an absolutely continuous function). Then, the Caputo derivative of the order  is defined as follows 


 				 (1.2)

The fractional Riemann-Liouville derivative has an important drawback regarding its use in applications, in particular, the fractional Riemann-Liouville derivative of a constant is not equal to zero:




In contrast to the fractional Riemann-Liouville derivative, the fractional Caputo derivative of a constant is equal to zero:




Fractional differentiation according in the sense of Caputo can be applied not for all functions, in contrast to fractional differentiation in the sense of Riemann-Liouville. It is known that the basic relations, which are determined using the Caputo fractional derivatives, have an advantage in modeling viscoelasticity. This simplifies the understanding of the physical meaning of the problem, since the initial conditions can be written using the classical derivatives of integer order. In other words, the Caputo derivative is more practical and easier to use, but it is applicable to fewer functions.
From formula (1.1) it follows that


 				(1.3)

The derivatives determined by formulas (1.1) and (1.2) are related by the relation for example, in [26]


 					(1.4)

Fractional calculus can be thought of as a "laboratory" for special functions. We also give definitions and some properties of special functions that are needed throughout the work.
Error function and complementary error function have the form:




.

Definition 3 ([27; 119]). Linearly independent solutions of the equation







are the functions  and , where  is a degenerate hypergeometric series:





and is Tricomi's degenerate hypergeometric function [28; 1072]:
	

.

The degenerate Tricomi hypergeometric function can be represented as an integral ([29; 365], formula 72.2 (7)):


			(1.5)

For large values of z there is an asymptotic representation ([27; 127], formula 4.7 (1)):


 					(1.6)



when , 

where  is a generalized hypergeometric series defined by the formula [27; 136]


,

where



is Pochhammer's symbol.

For some values of their arguments, the degenerate hypergeometric functions are related to a parabolic cylinder function (Weber function)  [27; 212]


. 				(1.7)


Formula (1.7) is the definition of a parabolic cylinder function .

There is also a representation of the Tricomi degenerate hypergeometric function in terms of a Whittaker function  ([29; 264] formula 2.20):


.						(1.8)





For the function  is a branch point, and  is a essential singular point [28; 1074]. Therefore, we consider this function only for .
The natural development of fractional calculus and the theory of loaded equations is the theory of fractionally loaded differential equations. At the first stage of the study, we used the method of integral equations, in which the boundary value problem is reduced to solving the corresponding integral equation with further transformation of the kernel of the obtained equation. Such methods make it possible to formulate boundary value problems more compactly than differential equations, taking into account all the conditions of the problem.
The considered problem is reduced to an integral equation by inverting the differential part.

It’s known [30; 57], that in the domain  the solution to the boundary value problem of heat conduction






is described by the formula

, 		(1.9)

where


,

.


The Green function  satisfies the relation


.					(1.10)



2 Solvability of a boundary value problem for a fractionally loaded heat equation (the loaded term is represented as a fractional Riemann-Liouville derivative with respect to the time variable)

2.1 Statement of the boundary value problem for the heat equation with fractional load


In the domain  we consider the boundary value problem 


,				(2.1)

.							(2.2)

Here:

 is a complex parameter;




 is the Riemann- Liouville derivative of an order ,  from formula (1.1) when :


; 				(2.3)



 is a continuous increasing function, .
The problem is studied in the class of continuous functions.

2.2 Reducing the boundary value problem to a Volterra integral equation of the second kind with a kernel containing a special function (a Tricomi degenerate hypergeometric function)

Lemma 2.1 Boundary value problem (2.1) - (2.2) is equivalently reduced to a Volterra integral equation of the second kind with a kernel that contains a special function.
Proof. We invert the differential part of problem (2.1) - (2.2) by formula (1.9):


	(2.3)




where  - Green's function.
Taking into account relation (1.10) and introducing the notation




from (2.3) we get the following representation of the solution to the problem (2.1) - (2.2):


. 	(2.4)

Let us introduce the notation:


. 			(2.5)

Then representation (2.4) can be rewritten as:


. 				(2.6)





From (2.6) we take the derivative of the order  with respect to the variables  on both sides and put. On the left side, we get the function . We also introduce the notation according to formula (2.3):


.		 (2.7)

We first calculate the derivative:




 		(2.8)

where

				 (2.9)


We calculate .














			 (2.10)

where







To calculate the last integral, we use the formula 2.3.4 (6) from [31; 261]. Then we obtain


 		(2.11)


where  is the Tricomi degenerate hypergeometric function [29; 1072 ].
Substituting (2.11) into (2.10), we get








Then (2.9) takes the form




By virtue of the asymptotic formula (1.6)


is a bounded function and moreover, 


Therefore, (2.8) can be rewritten as (taking the derivative):






 			(2.12)


Let us introduce the notation . Then 







Since  we use formula (41) from [29; 368]:












Then expression (2.12) can be rewritten as:


 	(2.13)



Now from (2.6) after taking the fractional derivative of order  and substituting  taking into account the notation (2.7) and (2.13) we obtain the integral equation:






So, boundary value problem (2.1) - (2.2) has been reduced to the Volterra integral equation of the second kind:


						(2.14)


with the right-hand side , defined by formula (2.7), and the kernel 




					 (2.15)


where  is the Tricomi degenerate hypergeometric function that can be represented as an
integral (1.5).

2.3 Continuity in the order of the derivative in the loaded term of the problem

Lemma 2.2 For boundary value problem (2.1) - (2.2) there is continuity in the order β of the derivative in the loaded term of equation (2.1).
Proof. We consider the limiting cases for the fractional derivative order of the term with the load in the equation (2.1).

I. . Then from (1.3) we have 


.


From (2.1) - (2.2) we get a boundary value problem when:





where .
We write down a solution to problem (2.16) inverting the differential part by formula (1.9):


,				 (2.17)

where

.



When  taking into account the notation  from (2.17) we obtain the Volterra integral equation of the second kind:


, 				(2.18)


where .


Now we find  from (2.15). The function under the limit sign is definite and continuous for , therefore, we can make the passage to the limit taking into account formula (1.5) and formula 2.3.4 (5) [32; 260]:









So, 


.


Then equation (2.14) coincides with equation (2.18) for .

II. . Then from (1.3) we have



.


Then from problem (2.1) - (2.2) we obtain the problem when :





where .
We write down its solution inverting the differential part:


, 				(2.19)


where .

We calculate the derivative with respect to  of (2.19):


.



Substituting  and taking into account the notation , we obtain the Volterra integral equation of the second kind:


, 		(2.20)


where .


Taking into account formula (1.5) and the well-known relation  when taking the limit from (2.15) when  we get:




 					 (2.21)

To calculate the last integral, we use the formula (12) from [31; 262]. Then the limit relation (2.21) can be rewritten as:












Here, for the parabolic cylinder function  we used formula 9.251 from [28; 1080] when :


.

So for the kernel of equation (2.14) 

.
The obtained result coincides with the kernel of integral equation (2.20).
Lemma 2.2 is completely proved.

2.4 Connection of the singularities of the integral equation kernel with the fractional derivative order in the problem loaded term and with the load behavior



We investigate kernel (2.15) of integral equation (2.14), which has singularities for and .
Direct investigation of kernel (2.15) is difficult, since the kernel contains the degenerate hypergeometric Tricomi function. Therefore we find 


.




Theorem 2.1 Integral equation (2.14) with kernel (2.15) for  in the neighborhood of  is uniquely solvable in the class of continuous functions for any continuous right-hand side, defined by formula (2.7), if 



 and;


and .

Proof. We have




.					 (2.22)

The integral in the 1st term in (2.22) has the form:




				 (2.23)

To calculate the integral in the 2nd term of expression (2.22), we use the representation of the Tricomi function in terms of the Whittaker function by formula (1.8):




Then the integral in the 2nd term of the expression (29) takes the form









We used the formula 2.19.5 (13) from [29; 217]. 
So, 

.			 (2.24)




Let  when . Then (2.24) can be rewritten as (in the neighborhood of the point ):


.

For Whittaker function, we use formula 7.2.2 (5) from [29; 366]:


.

Then

.


For Tricomi function  we use representation (1.5) and then we apply formula (12) from [32; 262]:






 				(2.25)

So, substituting (2.23) and (2.25) into (2.22), we get:





			(2.26)


The following cases are possible (when ):



1) . If , then .

Вычислим , используя формулу 8.3 (1) из [32; 125] и формулу 194 (3) из [28; 299].






Then when  and  from (2.26) we have:

 		 (2.27)


We consider the case . It was shown above that


. 				(2.28)



If  at , then from (2.28) we have


. 			(2.29)

After introducing the replacement




integral (2.29) takes the form:


.

Then

					(2.30)





By the condition, the function  increases in the domain  and . Therefore, the case  is not considered.




Consider the case  and . Then in (33) argument of the parabolic cylinder function  when . Since there is an asymptotic expansion of the function (see formula 9.246 (1) [28; 1079]), we obtain


		 (2.31)




It remains to investigate the case  for different values . Let be .

For  equation (2.14) has the kernel:


 	(2.32)


and the right side according to formula (2.7) when .


Kernel (2.32) has singularities at  and .

We find .





Repeating the above calculations, we get a formula similar to (2.26), when 


. 		(2.33)


We calculate , using formula 9.241 (1) from [28; 1078]


 .

To calculate the integral

,
we use the formula 3.462 (3) from [28; 352]:


.

Then

.


Note that the argument of the parabolic cylinder function decreases exponentially with the denominator , remaining positive. It was previously calculated that 

.



So we obtain that  is a finite constant depending on .


Then from (2.33) we have (when  and ):


 				(2.34)



Now consider the case for  and . Since


,
then





Then

 					(2.35)


when , .
Summarizing results (2.27) - (2.35), we get the main result. The theorem is completely proved.
Remark 2.1 Under the conditions of the theorem, kernel (23) of the integral equation has a weak singularity. Therefore, the method of successive approximations can be used to find a unique solution to the equation (2.14) in the class of continuous functions .






Remark 2.2 If  and () for  at  integral equation (2.14) is not solvable by the method of successive approximations. It can be shown that the corresponding homogeneous equation for some values of the parameter  will have nonzero solutions.



3 Study of a boundary value problem for a fractionally loaded heat equation (the loaded term is represented as a fractional Caputo derivative with respect to the spatial variable)

3.1 Statement of the boundary value problem for the heat equation with fractional load


We consider the problem in a domain : 


,				(3.1)

.							(3.2)

Hear:

 is a complex parameter;




 is Caputo derivative (1.2) of an order ,  when :

.




 is a continuous increasing function,  or  is a positive const.
The problem is studied in the class of functions:




3.2 Reducing the BVP to a Volterra integral equation of the second kind with a kernel containing a special function (generalized hypergeometric series)


Lemma 3.1 BVP (3.1) - (3.2) is equivalently reduced to a Volterra integral equation of the second kind with a kernel that contains a generalized hypergeometric function when:




where


Is the Pochhammer symbol.
Proof. Let us introduce the notation


 				(3.3)

We invert the differential part of problem (3.1) - (3.2) by formula (1.9):


,
where

.

is the Green's function.
Taking into account relation (1.10), that is


,

we get the following representation of the solution to problem (3.1) - (3.2):


,				 (3.4)
where

.



From representation (3.4) we take the derivative of the order β with respect to the variables x on both sides and put . On the left side, we get the function . We also introduce the notation according to formula (3.3)


.

Then taking into account notation (3.3), equality (3.4) can be rewritten in the form:


.			 (3.5)

We calculate the fractional derivative changing the variable x to ξ:

















We have changed the order of integration . So we get

 (3.6)

According to formula 3.478 (3) [28, 356]:




,



where  when  
formula (3.6) can be rewritten as:




 						(3.7)

where




When  derivative (3.7) takes the form:



 		(3.8)

Taking into account (3.8), from equality (3.5) we obtain the Volterra integral equation of the second kind


					(3.9)

with a kernel

 	(3.10)

3.3 Study on continuity of the fractional derivative order in the interval of its changing

Lemma 3.2 For boundary value problem (3.1) – (3.2) continuity is broken at the left change interval boundary of the derivative order β in the loaded term of equation (3.1).
Proof. We consider the limiting cases for the fractional derivative order of the term with the load in equation (3.1).

I. . Then from formulas (1.3) – (1.4) and condition (3.2) we have


.

BVP (3.1) - (3.2) takes the form:


,					 (3.11)

.						 (3.12)


We denote . 
We write down solution to problem (3.11) - (3.12), inverting its differential part by formula (1.9):


.	 (3.13)

We denote

.			 (3.14) 

Taking into account the ratio (1.10) equality (3.13) take the form


.				 (3.15)

We differentiate equality (23) with respect to х, taking into account that 


.



Further, substituting , taking into account the notation , we obtain
Volterra integral equation of the second kind


,				 (3.16)

where


, .


The function  is defined by formula (3.14).

On the other hand, in equality (3.6) we take the limit when :






The function under the limit sign is definite and continuous at , therefore, it is possible to pass to the limit under the integral sign:









Finally, when   we get 


.



Then equation (3.10) when  and  takes the form:


,  					(3.17)

where


, .


Taking into account the above equation (3.16), we conclude that equation (3.10) does not coincide with equation (3.17) for .

II.  Then from formulas (1.3) – (1.4) and condition (3.2) we have


.

BVP (3.1) - (3.2) takes the form:


,					 (3.18)

.						 (3.19)
 
We denote

.							 (3.20)

We write down solution to problem (3.18) – (3.19) inverting its differential part by formula (1.9):




or

.


We take the 2nd order Caputo derivative and put . Then, taking into account the notation (3.20) and the following equality 


 ,

we obtain

,		 (3.21)

where

,

.				 (3.22)

On the other hand, from equality (3.10) we have 


 .

As 

 ,

then

.

The result coincides with expression (3.22) that is the kernel for equation (3.21).
So, the kernel of equation (3.9) has the form


		(3.23)






and the function (3.23)  suffers a discontinuity at the point  , as a function of , and the jump of this function is equal to  at the point .
Lemma 3.2 is completely proved.

Remark 3.1 Equation (3.17) can also be obtained by taking the limit  on (3.10):

.
As 





then 




Then equation (3.10) for  takes the form:


,

where 

.





Remark 3.2 We cannot directly take the limit  from expression (3.6), as at , since passing to the limit, we obtain an uncertainty of the form . Indeed, according to formula (3.478 (3)) from [28] at  the integral






diverges. Therefore, equality (3.6 ) requires further transformation.

3.4 Conditions for the solvability of the integral equation




We investigate kernel (3.10)  of integral equation (3.9), which has singularities when  and .


Direct investigation of kernel (3.10)  is difficult, since the kernel of the integral equation under study contains a generalized hypergeometric series. Therefore we find  and calculate

.






Theorem 3.1 Integral equation (3.9) with kernel (3.10) for  and  ∼ in the neighborhood of  is uniquely solvable in the class of continuous functions for any continuous right-hand side when

 or

 or

.
Proof. 

For research, we use the representation of kernel (3.10) on formula (3.6) when :


.

Then



 	(3.24)


To calculate the inner integral (3.24), we introduce a introduce a replacement and then we apply formula2.8.2 (3) from [33; 92]:










So we have


 		(3.25)

For research, we use the representation of expression (3.25) through the series


(3.26)





Taking  ∼ at  from (3.26) we obtain for:


.


Let 



If  then  and .
Then








Since at  ∼ when , from (3.26) we have for  and :


,

and in the second term of the last expression, the series is 




and that is a finite value.
From (3.26) it follows that for the condition



       when     

the following inequality must be true 


. 					(3.27)






We suppose that  is a continuous increasing function and  in the domain Q or  is a positive const. Then . Therefore, the case  is not considered.



From inequality (3.27) we have  when  we get again . 
Thus

,






when  ∼ at ,  and .

Consider the limit values .
It was shown above (3.26) that 


.


Then for  using formula 3.461 (1) [28] we obtain


.





From here if  ∼   when , we get



 .	 (3.29)


We consider the case . It was shown above (3.22) that


.

Then

.





From here if  ∼   when , we get 


		 (3.30)

Equalities (3.29) - (3.30) complete the proof of the theorem.

Remark 3.3. Under the conditions of the theorem, kernel (3.10) of integral equation (3.9) имеет слабую особенность. has a weak singularity. Therefore, the method of successive approximations can be used to find a unique solution to the equation (3.9) in the class of continuous functions. And the corresponding boundary value problems are well-posed in natural classes of functions, i.e. loaded term is a weak perturbation. In other cases of the parameter values β and ω integral equation (3.9) is not solvable by the method of successive approximations. It can be shown that the corresponding homogeneous equation for some values of the parameter  will have nonzero solutions. If the uniqueness of the solution to the first boundary value problem is violated, then in this case the load can be interpreted as a strong perturbation. So, the existence and uniqueness of solutions to the integral equation depends on the order of the fractional derivative in the loaded term.



CONCLUSION

During the reporting period (01.10.2020 – 30.09.2021) the following results were obtained: 
- the statement of boundary value problems for the fractionally-loaded heat equation is made (the loaded term of the equation is represented as a fractional Caputo derivative and as a fractional Riemann-Liouville derivative); 
- by inverting the differential part, the stated boundary value problems are reduced to the Volterra integral equation of the second kind with a kernel containing a special function (the hypergeometric function, representable as a generalized hypergeometric series, and the Tricomi degenerate hypergeometric function);
- the kernels of the obtained integral equations are estimated and the functional classes of the solution and the right-hand side of the equation are described;
- limiting cases of the order of the fractional derivative for continuity with respect to the derivative order are studied;
- the solvability theorems of obtained integral equations in certain functional classes are proved.
The scientific results obtained can be useful: in the study of fractionally loaded heat equations in the case when the order of the fractional derivative in the loaded term of the equation is greater than the order of the differential part, as well as in the construction of mathematical models of physical processes (diffusion in media with fractal geometry and memory, subdiffusion of particles), which lead to initial, boundary value and mixed problems for nonlocal partial differential equations of fractional order. Moreover, it is known that these equations belong to the class of loaded differential equations, which, as a rule, are not self-adjoint [34]. 
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Work schedule

	№ 
	Name of tasks, activities for the implementation of project objectives
	Project start date (dd/mm/yy)
	Duration
	Expected results of the project (in the context of tasks and activities)

	
	
	
	
	2020 year
	2021 year

	1
	2
	4
	5
	6
	7

	1
	Statement of boundary value problems (BVP) for the fractionally loaded heat equation (FLHE) (the loaded term of the equation is presented as a Caputo’s fractional derivative). Reducing the posed BVP to a Volterra integral equation (IE) of the second kind with singularities in a kernel or with a kernel containing special functions.
	01.10.2020-31.12.2020
	3
	BVPs for FLHE will be posed, and the loaded term of the equation is presented as a Caputo’s fractional derivative. By inverting the differential part, the set BVP will be reduced to a Volterra IE of the second kind with singularities in the kernel or with a kernel containing special functions.
	

	2
	Investigation of limiting cases of the fractional derivative order of the term with a load in the heat equation of the BVP.
Establishment of theorems on the existence and uniqueness of solutions to BVPs or related IE in certain functional classes depending on both the intervals of changing the fractional derivative order in the loaded term of the initial BVP and on the behavior character of the load. 
	01.01.2021-31.03.2021
	3
	
	The intervals for changing the parameters of the fractional integration and differentiation operators will be determined for which the problems are correct. The solvability theorems of BVP and associated IE in certain functional classes will be proved.
An article will be published in the Kazakhstan scientific journal «Bulletin of the Karaganda University. Mathematic series», recommended by Committee for Control of Education and Science of Ministry of Education and Science of the Republic of Kazakhstan with impact factor 0.098 (2017) in the Kazakhstan citation database, also included in the Web of Science database with the name «Bulletin of the Karaganda University-Mathematics».

	3
	Statement of BVP for the FLHE (the loaded term of the equation is represented as Riemann-Liouville’s fractional derivative, the load moves along an arbitrary law). Reducing the posed BVP to a Volterra IE  of the second kind with singularities in a kernel or with a kernel containing special functions.
	01.04.2021-30.06.2021
	
3
	
	BVP for FLHE will be posed (the loaded term of the equation is presented as a Riemann-Liouville’s fractional derivative). 
The the set problems will be reduced to the Volterra IE of the second kind with singularities in the kernel or with a kernel containing special functions by inverting the differential part of the problem.

	4
	Solving the obtained IE in an explicit form when studying the limiting cases of the fractional derivative order of the term with a load in the equation. Showing the relationship between singularities of the integral equation kernel and the differential part nature of the equation for the formulated boundary-value heat conduction problem when studying the solvability of IE.
	01.07.2021-30.09.2021
	3
	
	The obtained IE will be solved explicitly by the method of integral transforms or an estimate of the IE kernel will be made. Functional classes of the solution and the right side of the equation will be described. The limiting cases of the fractional derivative order for continuity with respect to the order of the fractional derivative will be investigated. 
An article in a peer-reviewed scientific publication on the scientific direction of the project will be published or accepted for publication. This publication will comply with requirements of the call  documentation of Section 7, that is, it will be included in 1 (first), 2 (second) or 3 (third) quartiles in the Web of Science database or have a CiteScore percentile in the Scopus database of at least 50.
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