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ABSTRACT 

Report consists of 50 pages, 1 book, 34 references, 2 appendixes. 
INVERSE PROBLEMS, STABILITY, INTEGRAL MANIFOLD, STOCHASTIC      DIFFERENTIAL EQUATIONS 
The object of the investigation are stochastic differential equations. The purpose of these investigations is to further develop methods for solving inverse problems of differential systems in the presence of random perturbations, to develop mathematical tools for studying such problems. Qualitative methods for studying differential equations, Lyapunov functions method, methods of stochastic differential and integral calculus are used.
There were obtained the following results:
The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations was solved by the quasi-inversion method.
The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the separation method was solved.
System of program motion in the presence of random perturbations in Lagrange variables was constructed.
System of program motion in the presence of random perturbations in canonical variables was constructed.
Sufficient conditions for the stability of the rotational motion of a body of variable mass on a straight trajectory were obtained in the presence of random perturbations.
Sufficient conditions for the stability of the rotational motion of a body of variable mass on a curvilinear trajectory were obtained in the presence of random perturbations.
The novelty of the results of investigation is the solving the posed problems under the additional assumption of the existence of random perturbations. The results of the research are theoretical. These results can be used in construction of mathematical models of dynamics of the real processes taking into account the action of random perturbing forces.
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INTRODUCTION

The report contains research on further development of methods for solving inverse problems of the differential systems. Inverse problems of differential systems are understood the problems of constructing force fields, and the problem of determining functionals that are stationary in the process of motion, the problems of the restoration and the construction of equations of motion of a mechanical system according to the given properties of motion. These problems continue to attract the attention of mathematicians and mechanics for their wide applied potential and go back to such classical inverse problems for differential systems as Newton's, Bertrand's, Suslov's, Meshchersky's and Helmholtz's problems. Solving these problems with further generalization of their physical interpretation revealed new positions and phenomena in the natural sciences. Some of them turned out to be the initial tasks in the formation and development of modern branches of science for the control of the movements of material systems.
Now possible formulations of inverse problems of differential systems are formulated. And general methods for solving these problems are fully developed for the class of ordinary differential equations.
At the same time, many papers on stochastic stability and stochastic control consider dynamical systems described by second-order differential equations of the Itô type. These equations describe numerous and important in the application models of mechanical systems considering the influence of external random forces, for example, the motion of an artificial Earth satellite under the action of gravity and aerodynamic forces, the fluctuation drift of a heavy gyroscope in a gimbal suspension, etc. Therefore, it seems important to generalize the methods for solving inverse problems of dynamics to the class of stochastic differential equations.
In the modern theory of inverse problems of differential systems, possible formulations of problems are formulated and general methods for solving these problems in the class of ordinary differential equations are developed. It turned out that if the given properties of the motion of a mechanical system can be analytically represented as the first or partial integrals of the corresponding equations of motion, then the solving the inverse problems of differential systems in the general case is reduced to the construction of differential equations from their given integrals and further, to the determination from them the required forces and moments, parameters and connections necessary for the implementation of the motion of the considered mechanical system with preset properties [1]. One of the general methods for solving inverse problems of differential systems in the class of ordinary differential equations (quasi-inversion method) was proposed by R.G. Mukharlyamov [2]. It should also be noted that the intensively developing theory of inverse problems of differential systems is a generalization of methods for solving classical inverse problems of dynamics. The main ideas of this theory were first formulated by N.P. Erugin [3], A.S. Galiullin [4, 5] and were further developed by I.A. Mukhametzyanov, R.G. Mukharlyamov and other authors [6, 7-10]. Moreover, for solving inverse problems of differential systems, the initial one is the problem of constructing differential equations from given integrals, posed by N.P. Erugin [3].
A new stage in the study of inverse problems of ordinary differential systems is associated with the growing interest in the study of the Helmholtz problem in recent years (see, for example, [11, 12]).  The classical Helmholtz problem [13] is the problem of constructing equivalent differential equations in Lagrange form from given second order ordinary differential equations. And the equations for which such a transition is possible are called Helmholtz systems [11-15]. Solving Helmholtz problem in one or another class of differential equations allows one to extend for this class of equations the well-developed mathematical methods of classical mechanics [11, 16, 17]. The two-volume monograph of the American scientist R.M. Santilli (1978, 1983) occupies a special place for the diversity of aspects of the Helmholtz problem and the completeness of its presentation. It is devoted to the problem of representation of ordinary differential equations of the second order in the form of the Lagrange, Hamilton and Birkhoff equations. In the monographs of A.S. Galiullin (1989, 1997, 2000) it is considered a generalization of Hamiltonian systems in the sense of reducibility of arbitrary ordinary differential equations to classical equations of dynamics and in particular, the problem of Hamiltonization of equations of systems of the program motion is solved. One of the basic requirements in the inverse problems theory of differential systems related to the operability of the system and its non-perturbability to perturbations is the requirement of stability of the given motion properties [5]. Therefore, the solving of the stability problem of program motion [18-24] is essential for the further development of a qualitative theory of the inverse problems of differential systems and the theory of construction of systems of program motion.
The fundamentals and methods for solving inverse problems of differential systems are developed mainly only for deterministic systems. Equations of these systems are ordinary differential equations. And in most cases, ordinary differential equations are a rather effective apparatus for modeling real processes taking place in dynamic systems. But increasing requirements for the accuracy and efficiency of material systems leads to a situation where many of the observed phenomena cannot be explained from the standpoint of deterministic processes. In particular, this circumstance requires using of probabilistic laws for modeling the behavior of real systems. Therefore, the problem of generalizing methods for solving inverse problems of differential systems to the class of stochastic differential equations is relevant.
This report assumes that the dynamics of the system is described by an ordinary differential equation, and fluctuations of its parameters are processes of the "white noise" type, the intensity of which may depend on the state of the system. A random process, caused only by initial deviations and fluctuations of parameters, is Markovian [25], and the equation describing its trajectory can be understood as Itô stochastic differential equation. Ito stochastic differential equations describe numerous and important models of mechanical systems in the application that take into account the influence of external random forces. For example, the motion of an artificial Earth satellite under the influence of gravitational and aerodynamic forces [26], or the fluctuation drift of a heavy gyroscope in a gimbal [27] and a lot others are described by stochastic differential equations.
n this report, we study the inverse problems of dynamics in a probabilistic formulation, we investigate the influence of random perturbing forces on the solvability of inverse problems of dynamics and on the stability of the given properties of motion. Within the framework of this report, the results of studies on the construction of a set of stochastic differential equations with a given stable integral manifold are presented. 
This report reflects research on the topic "Development of methods for solving inverse problems of differential systems in the presence of random perturbations". The results obtained by the performers are new and make a certain contribution to the modern theory of inverse problems of stochastic differential systems. For 2020 year of the reporting period 2020-2021, interim reports on research work " Development of methods for solving inverse problems of differential systems in the presence of random perturbations" was prepared, inventory number No. 0220РК01603.













MAIN PART OF THE REPORT ON SCIENTIFIC-RESEARCH WORK

1 Quasi-inversion method in the inverse problem of dynamics of a point of variable mass in the presence of random perturbations

Since the Meshchersky problem is one of the inverse problems of dynamics and, according to the well-known Galiullin's classification and it refers to the restoration problem, we first consider the restoration problem in the class of the second order stochastic differential equations of Itô type from the given properties of motion, when the control enters into the drift coefficient and by the quasi-inversion method we define the form of control parameters   that provide necessary and sufficient conditions for the existence of a given integral manifold.
1.1 Stochastic drift-controlled restoration problem.  Problem statement. Let us consider the second-order Ito stochastic differential equation



,                         (1.1)
  

It is required to determine the vector-function  included in the drift coefficient for the given integral manifold 



			(1.2)






here  is set of functions, which are continuously differentiable with respect to and  and twice continuously differentiable with respect to .



In other words, for the given  and , the control  should be defined so that the set (1.2) is the integral set of equation (1.1).	






It is assumed that the functions ,  , included in the above equation, have the smoothness necessary for further reasoning and satisfy the existence and uniqueness theorem up to stochastic equivalence of the solution of (1.1) with the initial condition = which is continuous strictly Markov process with probability 1 [4].











Here  is a system of random processes with independent increments, which, following [28], can be represented as a sum  of processes Wiener process  and Poisson process .  is the number of process  jumps in the interval [0, t] that fall on the set ;  is a vector function that maps space  into the space  of values of process  for any t.



This problem is one of the inverse problems of dynamics, and in the absence of random perturbations  it has been sufficiently fully investigated in [1,7], and the case  and  is a system of independent Wiener processes, as a particular form of processes with independent increments, is considered in [29].     
In this report, the quasi-inversion method is used to solve the stochastic recovery problem [7, p. 12].    
By Ito rule of stochastic differentiation [28, p.204] for solving the posed problem the equation of perturbed motion 


                             (1.4)








here   	 Following [28],  is a vector whose elements are the traces of the products of the matrices of the second derivatives of the corresponding elements  of the vector  with respect to components  by the matrix D



,  




We introduce arbitrary Erugin functions [3]: an m-dimensional vector function A and а -matrix B, with the properties   such that 


                                         (1.5)

takes place. Here  is the same process with independent increments included in (1.1) and represented as a sum of Wiener process and Poisson process [28]



 or  

Based on equations (1.4) and (1.5), we obtain the relations



                                           (1.6) 
                     

                                                              (1.7)



from which you need to determine the control and the matrix . To solve the problem, you need the following lemma. 
Lemma 1.1 [7, p. 12-13]. The set of all solutions of a linear system  


  (1.8)

is determined by the expression 
	

						(1.9)










Here  is matrix has rank .  is arbitrary scalar, is the cross product of vectors  and    is the matrix transposed to 




          Denoting , by formula (1.9) from (1.6), (1.7) we define the required vector – function  and columns ,  of [image: ] in the form : 


                      (1.10)

                                                                 (1.11)

Therefore, the following theorem is true.



Theorem 1.1 A necessary and sufficient condition that second-order Ito differential equation (1.1)  has a given integral manifold (1.2) is that the control function  has the form (1.10) and the columns  of diffusion matrix  have the form (1.11).


Remark 1.1 If  then  and a solution of this problem coincides with the solution of the reconstruction problem previously considered in [5] in the presence of random perturbations from the class of independent Wiener processes. 











Remark 1.2 For , formula (1.9) takes the form  since in this case, the first term of the formula as a cross product of  vectors in dimensional space identically equals to zero , and the second term  takes the form , since for , the rectangular matrix  becomes square matrix, and under the assumption  we have 
1.2 The linear case of a stochastic problem with drift control. Let a second-order Ito stochastic differential equation, linear in drift


                                (1.12)


be given. It is required the control vector-function  by given integral manifold 


                                          (1.13)














That is, by the given -matrices  of the -dimensional function , also by the given -matrices , -matrix  and -dimensional function , it is required to determine the vector function and -matrix  so that for the constructed equation (1.12) the given properties (1.13) are an integral manifold.
In this problem the equation of perturbed motion (1.4) has the form


         (1.14)



On the other hand, following Erugin's method with the help of an arbitrary vector-function  and a matrix-function  with the property , we have


.                                           (1.15)

Hence, relations (1.14) and (1.15) imply the equalities


   (1.16)

Further, from (1.16) using Lemma 1.1, we have


                                                            (1.17)


                                        (1.18)









here        are -th columns of matrices  and  respectively.  are arbitrary scalar values. This proves the following theorem.
Theorem 1.2 A necessary and sufficient condition that second-order Ito stochastic differential equation (1.12) linear in drift, has a given linear integral manifold (1.2) is that the control parameter has the form (1.17) and the diffusion matrix has the form (1.18).


Remark 1.2 In the linear case, in contrast to the nonlinear one , the conditions of solvability in Theorem 1.2 in the presence of random perturbations from the class of processes with independent increments coincide with the conditions of solvability in a similar linear case in the presence of random perturbations from the class of independent Wiener processes [29].
1.3 Scalar case of the reconstruction problem with drift controls. Let a second-order Ito stochastic differential equation


                              (1.20)


be given. It is required to determine the scalar function  for a given integral manifold


                                            (1.21)




In other words, for given  and  define the control parameter  in such a way that the set (1.21) be an integral set of equation (1.20).     
According to the stochastic differentiation rule, we compose the equation of perturbed motion


              (1.22)







Here  , We introduce arbitrary Erugin’s scalar functions  and   with the properties  and such that


                                                (1.23)

In view of (5.3) and (5.4), we arrive at the relations


                            (1.24)


                                                                           (1.25)


Then, by virtue of equalities (1.24) and (1.25), the control parameter  and the diffusion coefficient are defined in the form


   ,          (1.26)


                                                      (1.27)

Consequently, the following theorem holds.

Theorem 1.3 A necessary and sufficient condition that second-order scalar differential equation of Ito type (1.20) has a given integral manifold (1.21) is that the control parameter  has the form (1.26) and diffusion coefficient has the form (1.27).
Thus, we obtained necessary and sufficient conditions for the solvability of the reconstruction problem with drift control in the presence of random perturbations from the class of processes with independent increments in general nonlinear, linear and scalar nonlinear cases. The considered setting generalizes the reconstruction problem in the presence of random perturbations from the class of independent Wiener processes, previously studied in [29].
1.4 Statement and solution of Meshchersky's stochastic problem. Find the law of change in the mass of a point, at which it describes a given trajectory under the action of given external forces [30, p. 19].

Let us consider the problem of realizing the motion of a heavy point of variable mass in a homogeneous gravity field, namely, vertical ascent according to the laws of change in the range y and height z 



                                                                                      (1.28)

The equations of point motion [1] taking into account the action of random perturbing forces have the following form 


                                  (1.29)  
                               




here  is medium resistance per unit mass;  is point speed;  are the ratio of the projections of the velocities of the changing mass and the mass of the point itself on the coordinate axis y, z.



It is required to restore the equations of motion (1.29) (that is, to determine the laws of variation of quantities ,  and ) so that they admit a given particular motion (1.28).
The perturbed motion equations have the form


                                                   (1.30)








Further, following Erugin’s method [3], we introduce functions  ,, with the properties  and such that


                                                                                                                (1.31)



Comparison of the systems of equations (1.30) and (1.31) leads, if we exclude strictly vertical and strictly horizontal motions (i.e.,  and  are not identically zero), to relations that solve the posed Meshchersky stochastic problem


                                                                                            (1.32)




In particular, for   and  conditions (1.32) coincide with conditions in the class of second-order ordinary differential equations [1, p. 17].
2 Separation method in the inverse problem of dynamics of a point of variable mass in the presence of random perturbations

The nonlinear general case of the reconstruction problem. We consider the second-order Ito stochastic differential equation



,      .                 (2.1)  


It is required to determine a vector-function included in the drift coefficient, given the integral manifold




            	(2.2)

We use the separation method [7, p. 12] to solve the stochastic reconstruction problem. In order to solve the posed problem, we apply the Ito stochastic differentiation rule [28, p. 204] and construct the equation of perturbed motion 


                   (2.3)



where   	


 and by following [28], we mean the vector 



,  






Let us introduce arbitrary Yerugin functions [3]: an m-dimensional vector-function  and a -matrix  such that ,  and     


                                         (2.4)

By comparing equations (2.3) and (2.4), we get the relations


                                          (2.5)


                                                                                    (2.6) 

















from which we need to determine the control  and the matrix . Let  and  stand for the -vector  and the   -matrix  , respectively.  To solve the problem, we use the separation method. Supposing that , we represent the matrix  in the form  where the matrices  and  are of dimensions  and  respectively. The control parameter is represented as , where  We then can rewrite (2.5) as , or


.                                                  (2.7)                                               


Suppose that . Then from (1.7) we have


                                                 (2.8)
















Further, let us consider the relation    where  is an -matrix. We represent the matrix  and the -matrix  as  and   respectively. Here , , and  are the matrices of dimensions , , ,  and , respectively. We then rewrite (2.6) in the form


                                                                                               (2.9)


Assuming , from (2.9) we have 


                                                                                          (2.10)


for an arbitrary  from the class K.











Theorem 2.1 Let  and let the matrices  and  be such that  and . Then,  for the second-order differential equation of Ito type (2.1) to have a given integral manifold (2.2), it is sufficient that the m-dimensional part  of the control parameter  has the form  (2.8) for arbitrary  from the class K, and the -submatrix  of the diffusion matrix  has the form (1.10) for  arbitrary  from the class K.
The linear case of the stochastic problem with drift control. For the given second-order Ito stochastic differential equation, linear in drift,


                                   (2.11)

it is required to determine the vector control function by the given linear integral manifold 


                                              (2.12)














That is, given the -matrices  and -dimensional function , the -matrices , -matrix  and -dimensional function , it is required to determine the vector function  and the -matrix  so that for the constructed equation (2.11) the given properties (2.12) are an integral manifold.
In the problem under consideration, the equation of perturbed motion (2.3) is of the form


         (2.13)




On the other hand, by Yerugin's method, for an arbitrary vector-function  and a matrix-function  such that , we have


.                                           (2.14)

Hence, relations (1.13) and (1.14) imply the equalities


        (2.15)




























To solve the linear problem by the separation method, let us first introduce the following notation:  Under the assumption , we represent the matrix  as  where the matrices  and  are of dimensions and, respectively. The control parameter  is represented in the form , where   We further represent the -matrix  as , where the submatrices  and  are of dimensions  and , respectively. The -matrix is represented as  with the submatrices  and  of dimensions and, respectively.


The equalities (2.15) then take the form  , or 
 

                                                                                              (2.16)

                                                                                             (2.17)



Hence, assuming  and , we have the following relations 


                                                                                                 (2.18)


                                                   (2.19)













Theorem 2.2 Let  and let the matrices  and  be such that and . Then, for the second-order equation linear in drift Ito stochastic differential (2.11) to have a given linear integral manifold (2.12), it is sufficient that the -dimensional part  of the control parameter  is of the form (2.18) for  arbitrary , and the -submatrix  of the diffusion matrix  is of the form (2.19) for arbitrary 

Remark 2.1 In the linear setting  takes place as opposed to the nonlinear case.























3 Problem of constructing a system of program motion in Lagrange variables in the presence of random perturbations

The Lagrange equations are constructed by the given properties of motion in the class of Ito stochastic differential equations. The random perturbing forces are assumed to be of the class of processes with independent increments. The results are illustrated by the example of the motion of an artificial Earth satellite under the action of gravitational and aerodynamic forces.  
Problem statement.  Let the set  



                                       (3.1)

be given. It is required to construct stochastic equations of the Lagrangian structure 



 ,                            (3.2)


so that set  (3.1) is an integral manifold of equation (3.2).











Here  are systems of random processes with independent increments, which, following [28], can be represented as a sum of processes:  is a Wiener process.   is a Poisson process.  is the number of process  jumps in the interval [0, t] that fall on the set ; is vector function mapping space  to value space  of process  for any t.

The set problem was considered in the class of ordinary differential equations in [31]. The stochastic Helmholtz problem (the problems of constructing stochastic equations of the Lagrangian structure equivalent to a given second-order stochastic Ito equation) is considered in [32].  In [33, 34] the above problem is considered under the assumption that the system  is a system of independent Wiener processes (as a special case of processes with independent increments).
To solve the posed problems at the first stage for a given set by the quasi-inversion method [7] in combination with Erugin's method [3] and by virtue of stochastic differentiation of a complex function in the case of processes with independent increments [28], a second-order Ito differential equation


                                          (3.3)


is constructed so that the set  is an integral manifold of the constructed equation (3.3).  And, further, at the second stage, equivalent stochastic equations of the Lagrangian structure are constructed using the constructed Ito equation.
3.1 Construction of stochastic equation of Lagrangian structure (3.2) by the given properties of motion (3.1). Previously, the equation of the perturbed motion


                                 (3.4)










is drawn up according to the Ito stochastic differentiation rule, here   , and by , following [28], we mean a vector whose elements are the traces of the products of the matrices of the second derivatives of the corresponding elements  of the vector  with respect to the components  on the matrix             





 And, following Yerugin's method [3], we introduce arbitrary vector-function  and matrix  with the properties ,  such that


                                              (3.5) 
 
Comparing equations (3.4) and (3.5), we obtain the relations


                                                 (3.6)



[bookmark: _Hlk84963867]To determine the sought functions and  from equalities (3.6) we need the following statement.
Lemma 3.1 [7, p.12-13]. The set of all solutions of a linear system






 ,  ,                   (3.7)

here matrix Н has rank equal to m, is determined by the expression 


                                                             (3.8)


Here  is scalar,









is the cross product of vectors  and arbitrary vectors    are unit vectors of space 








 is matrix transposed to  By Lemma 3.1, we define a vector function  and a matrix  in the form


                                (3.9)


,                                                 (3.10)












here is -th column of the matrix ,   is -th column of the matrix ,   are arbitrary scalars.
Consequently, it follows from (3.9), (3.10) that the set of second-order Ito differential equations possessing a given integral manifold (3.1) has the form


	

Further, we expand the expression  according to Ito stochastic differentiation rule in the case of processes with independent increments	[1]


                  (3.11)



here     

. Therefore, taking into account (3.11), equation (3.2) takes the following form 





        .                                   (3.12)

Or, taking into account (3.12) and equation (3.3), we have 





 .                                         (3.13)

Relation (3.13) implies the equalities




;   ,   .  (3.14)

Theorem 3.1 To construct a stochastic equation of Lagrangian structure (3.2) by a given set (3.1) such that the set (3.1) is an integral manifold of the constructed equation, it is necessary and sufficient to fulfill conditions (3.14).
3.2 Example.  Consider the stochastic problem of constructing a Lagrange function by a given property of motion, using the example of the motion of an artificial Earth satellite under the action of gravitational and aerodynamic forces [26].
Let the properties of the motion be given in the form 
  

                   .                         (3.15)

Then the perturbed motion equation (3.4) takes the form


,              (3.16)


.



Let us introduce Erugin’s functions ,  with the property  and such that the relation


                                                                (3.17) 
 



takes place. From relations (3.16), (3.17) it follows that the set of equations (3.3), in our example having the form , possesses the integral manifold (3.15) if and  have, respectively, the forms


               (3.18)  
                
The equation of motion of an artificial Earth satellite under the action of gravitational and aerodynamic forces, following [26], can be written in the form


,                                          (3.19)




here  is a pitch angle, functions ,  have the forms
  


                   (3.20) 




Let us construct the Lagrangian according to equation (3.19). First, in equation (3.19), one should take into account relations (3.18), which ensure the integrality of the given set (3.15). It follows from the equalities  that the four parameters  determining the dynamics of the satellite motion (3.20) must satisfy the following relations  

Then, by definition from [16], (3.19) admits an indirect analytical representation in terms of a stochastic Lagrangian equation if there exists a function  such that the identity


                                (3.21)



takes place. We find a function  so that the necessary and sufficient Helmholtz conditions [16, p. 107] for the existence of the Lagrangian satisfied for the scalar equation


.




This condition is satisfied by a function of the form  Substituting  in (3.19), we obtain  


Thus, the required Lagrangian is constructed in the form , which provides a representation of equation (3.19) in the form of a Lagrangian structure equation .   



















4 Problem of constructing a system of program motion in canonical variables in the presence of random perturbations

Let the set



      .                                  (4.1)

be given. It is required to construct a set of stochastic equations of the Hamiltonian and Birkhofian structure 


                                            (4.2)  


            (4.3)


so that the set  (4.1) is the integral manifold of the constructed stochastic equations of the Hamiltonian (4.2) and Birkhofian structures (4.3).
Let us give a scheme for solving the problems: at the first step, for a given set (4.1), by the quasi-inversion method [7] in combination with Erugin's method [3], and by virtue of the stochastic differentiation of a complex function, a second-order Itô differential equation 


                                              (4.4)


is constructed so that the set is the integral manifold  of the constructed equation (4.4). And, further, at the second step, using the constructed stochastic equation (4.4), the equivalent stochastic equations of the Hamiltonian structure and also the Birkhofian structure are constructed.
4.1 Construction of the stochastic equation of the Hamiltonian structure (4.2) by the given properties of motion (4.1). Previously, using Ito stochastic differentiation formula of a complex function, an equation of perturbed motion 

                              (4.5)








is compiled. Here ,     . Further, in order to the set (4.1) be an integral manifold of equation (4.4), we introduce arbitrary Erugin functions [3]: vector function   and matrix , possessing properties ,  , and such that


                                                                                         (4.6)  

From (4.5) and (4.6) the following equations follow


                                  (4.7) 



To determine the sought functions and  from equalities (4.7) we need the following statement.
Lemma 4.1 [7, p.12-13]. The set of all solutions of a linear system






 ,  ,                      (4.8)

here matrix Н has rank equal to m, is determined by the expression 


                                                                  (4.9)








Here  is scalar,  is the cross product of vectors  and arbitrary vectors    are unit vectors of space 





 here   is matrix transposed to  By Lemma 4.1 we determine the form of the vector-function  and the columns of the matrix 


,                       (4.10)



 ,    ,                                       (4.11)












here  is i-th column of the matrix ,   is i-th column of the matrix    ,   are arbitrary scalar values. From the form of (4.10) and (4.11) follows the general form of the set of second-order Ito differential equations (4.4) having a given integral manifold (4.1) 	And to construct the Hamilton function, we introduce a new variable  and rewrite the constructed equation (4.4) in the form

                                        (4.12)








here  and  have the forms (4.10) and (4.11) respectively.  Using             we rewrite equation (4.12) in the form


.                                                  (4.13)





Further, using  and    and also taking into account that  we rewrite the stochastic equation of the Hamiltonian structure (4.2) in the form


                                               (4.14)




If we introduce the inverse matrix to the   and vector , then equation (4.14) transforms to the equivalent equation
  

                                                     (4.15)



Consider the problem of indirect representation of equation (4.13) in the form of an equation of Hamiltonian structure (4.15), that is, using some matrix   we consider relation or  


                      (4.16)


here   To fulfill the identity (4.16) it is necessary to fulfill the conditions 


                                           (4.17)



,                               (4.18)
 

                                                         (4.19)



From relations (4.16) and conditions (4.17)-(4.19) it follows  and this implies 
Theorem 4.1 For indirect construction of the stochastic Hamiltonian equation (4.2) by the given set (4.1) so that the set (4.1) is an integral manifold of equation (4.15) it is necessary and sufficient to fulfill conditions (4.17)-(4.19).
4.2 Construction the stochastic equation of the Birkhofian structure (4.3) by the given properties of motion (4.1). To solve the problem, we consider the relation






 ,  (4.20)  
  
which holds identically under the following conditions




,  ,  .             (4.21)                              

Theorem 4.2 To construct the stochastic equation of the Birkhoffian structure (4.3) by the given set (4.1), so that the set (4.1) is the integral manifold of equation (4.3), it is necessary and sufficient to satisfy conditions (4.21).



























5 Lyapunov functions method in the stability problem of rotational motion of a body of variable mass on a straight trajectory in the presence of random perturbations

We consider stability problem of the program motion of a heavy point of variable mass under the assumption that the forces of action of the medium on the point along the tangent and normal to the trajectory have the form  и , here  is speed of the point, are coefficients of the influence of the medium on the point, allowing to take into account the amendments of the linear law along the entire the program trajectory.
Problem statement. The equations of motion of a heavy point of variable mass    in the vertical plane  form the following system 


                              (5.1)


here  are ratios of the velocity projections of the changing mass [30] and the point on the coordinate axes .
Suppose that the point makes a program motion given in the form


                                                                                    (5.2)

We compose the equations of the perturbed motion to study the stability of the program motion (5.2). We introduce the perturbations 

                                                   (5.3)

1) For  we have


              (5.4)



And, since  and  are solutions (for given ) of the given equation then  holds. And, therefore, (5.4) can be rewritten as 
2) For  we have


        (5.5)



Similarly, since  и  are solutions (for given ) of the equation (5.1) then  Hence, from (5.5) we obtain  Further, from (5.3) we have  и  As a result, we obtain a system of equations for the perturbed motion corresponding to the unperturbed motion 




or




The necessary conditions for the feasibility of a given motion (5.2) have the form

             (5.6)









Since for a given movement (5.2)     where the functions ,  have the property  and such that  takes place.
It follows from (5.6) that the necessary conditions take the form 


                                     (5.7)

Hence, taking into account (5.7), it follows that the equations of the perturbed motion with respect to  have the 


                    (5.8)



And the equations of the perturbed motion with respect to the velocities ,  (  are written as 




Let us introduce the notation





             (5.9)

Then (5.8) can be rewritten as

                                         (5.10)
 
And, to obtain stability conditions, we take a Lyapunov function of the form  which, being definitely positive, due to the equations in the variations of velocities 


                                            (5.11)

has a generating operator







Let  then the generating operator  take the form 
.

And for asymptotic stability with respect to the velocities  we require a certain negativity of the generating operator . For this, we use the Sylvester criterion. Following Sylvester's criterion, the necessary and sufficient conditions for the definite negativity of the quadratic form  are the conditions

   .                         (5.12)



Or, taking into account the notation (5.9), we rewrite the conditions of asymptotic stability (5.12) with respect to velocities  and  () in the form 



  
    
And by virtue of the equations



stability takes place with respect to the coordinates x and z ().











6 Lyapunov functions method in the stability problem of rotational motion of a body of variable mass on a curvilinear trajectory in the presence of random perturbations

Consider the case when the center of gravity of a body of variable mass moves along a certain the program curve in the vertical plane. The corresponding equations of the perturbed motion constitute the following system 


                 (6.1)


here  are velocity perturbations [12]. And, to obtain stability conditions, we take a Lyapunov function of the form  which, being definitely positive, due to equations (6.1) has a generating operator 







Let а   then generating operator  has the form



And for asymptotic stability with respect to the velocities , we require a certain negativity of the generating operator . For this, we use the Sylvester criterion. Following Sylvester's criterion, the necessary and sufficient conditions for the definite negativity of the quadratic form  are     .




CONCLUSION

This report contains investigations on theme "Development of methods for solving inverse problems of differential systems in the presence of random perturbations" in the field of the theory of inverse problems of stochastic differential systems. The results are aimed at investigating the solvability of inverse problems of differential systems in the presence of random perturbations, the effect of random perturbing forces on the solvability of inverse problems of dynamics and the stability of given properties of motion.
1 The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations was solved by the quasi-inversion method.
2 The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the separation method was solved.
3 System of program motion in the presence of random perturbations in Lagrange variables was constructed.
4 System of program motion in the presence of random perturbations in canonical variables was constructed.
5 Sufficient conditions for the stability of the rotational motion of a body of variable mass on a straight trajectory in the presence of random perturbations were obtained.
6 Sufficient conditions for the stability of the rotational motion of a body of variable mass on a curved path in the presence of random perturbations were obtained.
This report presents studies covering the theory of inverse problems of stochastic differential systems and Lyapunov's theory of stability, which in recent years have been widely used in the study of complex nonlinear processes. 
The obtained results can be used in specific research in related sciences.
1 article in the journal included in Scopus and Web of Science, 2 articles in the journal included in the list of Committee for Control in the Sphere of Education and Science and 1 thesis of the report, in the proceedings of the international conference were published. 
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APPENDIX B
Work schedule

1. Republican State Enterprise 
 «Institute of Mathematics and Mathematical Modeling»
Ministry of Education and Science of the Republic of Kazakhstan
Committee of Science

1.1 By priority: 8. Scientific research in the field of natural sciences.
1.2 By sub-priority: 8.1 Fundamental and applied research in the field of mathematics and mechanics.
1.3 On the topic of the project: No AP08955847 «Development of methods for solving inverse problems of stochastic differential systems in the presence of random perturbations».
1.4 The total amount of the project is 5 000 000,00 (five million) tenge, including with a breakdown by years, for the performance of work in accordance with paragraph 3: 
- for 2020 - in the amount of 3 000 000,00 (three million) tenge; 
- for 2021 - in the amount of 2 000 000,00 (two million) tenge.

2. Characteristics of scientific and technical products by qualification characteristics and economic indicators
2.1 Direction of work: qualitative theory of differential equations. 
2.2 Scope: mathematical modeling. 
2.3 Final result:
- for 2020: The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations will be solved by the quasi-inversion method. System of program motion in the presence of random perturbations in Lagrange variables will be constructed. Sufficient conditions for the stability of the rotational motion of a body of variable mass on a straight trajectory in the presence of random perturbations will be obtained.
- for 2021: The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the separation method will be solved. System of program motion in the presence of random perturbations in canonical variables will be constructed. Sufficient conditions for the stability of the rotational motion of a body of variable mass on a curved path in the presence of random perturbations will be obtained.
The results of this research project for the entire period will be published:
- at least 1 (one) article in a peer-reviewed scientific publication on the scientific direction of the project, included in the quartiles Q1, Q2 or Q3 of the Web of Science base or having a CiteScore percentile in the Scopus database of at least 50 (fifty), or being published in specified editions;
- as well as at least 1 (one) article in a peer-reviewed foreign and/or domestic publication with a non-zero impact factor (recommended by the Committee for Control in the Sphere of Education and Science).  
2.4 Patentability: not patentable. 
2.5 Scientific and technical level (novelty): high. 
2.6 The use of scientific and technical products is carried out: by the Contractor. 
2.7 Type of use of the result of scientific and (or) scientific and technical activities: theoretical.
3. Name of work, terms of their implementation and results

	Phase refe
rence code
	The name of works under the contract and the main stages of its implementation
	Deadline
	Expected Result

	
	
	Start
	Ending
	

	2020

	I
	To solve the inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the quasi-inversion method.
	October 2020
	December
2020
	The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations will be solved by the quasi-inversion method.

	II
	To construct system of program motion in the presence of random perturbations in the Lagrange variables.
	October 2020
	December
2020
	System of program motion
in the presence of random perturbations in Lagrange variables will be constructed.

	III
	Using Lyapunov functions method to solve the problem of stability of the rotational motion of a body of variable mass on a straight trajectory in the presence of random perturbations.
	October 2020
	December
2020
	Sufficient conditions for the stability of the rotational motion of a body of variable mass on a straight trajectory in the presence of random perturbations will be obtained.

	2021

	IV
	To solve the inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the separation method.
	January 2021
	March
2021
	The inverse problem of the dynamics of a point of variable mass in the presence of random perturbations by the separation method will be solved.

	V
	To construct system of program motion in the presence of random perturbations in canonical variables.
	April
2021
	June
2021
	System of program motion in the presence of random perturbations in canonical variables will be constructed.

	VI
	Using Lyapunov functions method to solve the problem of stability of the rotational motion of a body of variable mass on a curved trajectory in the presence of random perturbations.
	July
2021
	September
2021
	Sufficient conditions for the stability of the rotational motion of a body of variable mass on a curved path in the presence of random perturbations will be obtained.
The results of this research project for the entire period will be published:
- at least 1 (one) article in a peer-reviewed scientific publication on the scientific direction of the project, included in the quartiles Q1, Q2 or Q3 of the Web of Science base or having a CiteScore percentile in the Scopus database of at least 50 (fifty), or being published in specified editions;
- as well as at least 1 (one) article in a peer-reviewed foreign and/or domestic publication with a non-zero impact factor (recommended by the Committee for Control in the Sphere of Education and Science).  
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